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Abstract. For a real valued function f defined on a finite interval / we consider the prob-

lem of approximating f from null spaces of differential operators of the form L,(y) =

n
Z aky/(k>, where the constant coefficients a; € R may be adapted to f.
k=0

We prove that for each f € C<")(I ), there is a selection of coefficients {ay,---,a,} and

a corresponding linear combination
-
Sn(fJ) = Zbke it
k=1

of functions Yy (7) = eM in the nullity of L which satisfies the following Jackson’s type

inequality:

1/qpl2|l1]
(m) _ gm) < 1| e L
||f n (fJ)H‘X’ — |a”|2n,m,]/p|l”|n,m,1 || n(f)”pa

1 1
where |A,,| :ml?x|lk|, 0<m<n—1,p,g>1,and — + - =1.
P 4q
For the particular operator M, (f) = f + 1/(2n)! ") the rate of approximation by the

eigenvalues of M, for non-periodic analytic functions on intervals of restricted length is
established to be exponential. Applications in algorithms and numerical examples are dis-

cussed.
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1 Introduction

The problem of approximating a real valued function f on a finite interval / by linear com-
binations from subsets of the set E = {¢*|1 — complex number} is studied extensively. The
most classical approach is the Fourier series expansion when one uses expanding subspaces

ill

Sy = span{1,e ,eT™} and the linear combination is the solution of the extremal problem

ETy(f) = mlan Z cxe™ [2(1)

where

1/p
b0 = (flrora) " o<p<s

and || fl|e = inlf\f(t)\ are the norms of f in the spaces L,(I),0 < p < co. The exponents ik lie on
te

the imaginary axis and are predetermined for any function f. The "goodness" of approximation

is measured by the rate at which ETy(f) approaches 0 as N — oo. To characterise the classes of

functions with the same rate of approximation for smooth functions it is important to establish

Hf Hz

Jackson’s type estimates of the form ETy(f) < , in L for example. The maximum
o determines the rate of approximation, for more detalls see [6]. One way to generalize the
classical Fourier series is to replace Sy by the set of eigenfunctions of predetermined differential
operators, Sturm-Liouville and self-adjoint operators, and etc., for details see [1].

The goal of the present paper is to study approximation by finite linear combinations of
elements of E with exponents A;,k = 1,...,n adapted to f. For a given function f on a fi-

nite interval I we determine A’s as the characteristic roots of the linear differential operator
n
EDY ary® (t),a; € R, that minimizes ||L,(f,t)||2(1). For a particular operator L, the
k=0

space of solutions to the equation L, (y,t) = 0 is called null space of L, or fundamental set of

solutions. That space is spanned by n functions, y;(f) = e*! k= 1,...,n, where A; are the roots
n

of the corresponding characteristic polynomial P,(1) = Z arA¥. Once the optimal operator L,
k=0
is determined we approximate f in L,, p > 0 by linear combinations from the finite dimensional

null space of L,. Fourier and polynomial approximations could be considered in that setting

with predetermined operators. For the particular sequence of operators L, (f) = f (") the funda-

mental set of solutions are the power functions y;(¢) = t*,k = 0,...,n — 1. For the operators
N
Sy = H (D + ikId), where i = —1,DFf = fX) and Id(f) = f is the identity operator the
k=—N
fundamental set of solutions is the set of the Fourier modes ¢ .k = —N,--- N.

It is well known, see [6], that if the function f is non-periodic on I the rate of convergence of

the Fourier series is 1 /n. In Section 2 we establish exponential decay of the rate of approximation



