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Abstract. In this paper we will show that if an approximation process {Ln}n∈N is shape-

preserving relative to the cone of all k-times differentiable functions with non-negative k-th

derivative on [0,1], and the operators Ln are assumed to be of finite rank n, then the order

of convergence of DkLn f to Dk f cannot be better than n−2 even for the functions xk, xk+1,

xk+2 on any subset of [0,1] with positive measure. Taking into account this fact, we will

be able to find some asymptotic estimates of linear relative n-width of sets of differentiable

functions in the space Lp[0,1], p ∈ N.
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1 Introduction

In various applications it is necessary to approximate functions preserving their properties

such as monotonicity, convexity, concavity, etc. The last 25 years have seen extensive research

in the theory of shape preserving approximation by means of polynomials and splines. The most

significant results can be found in [1], [2].

Note that if a function f has some shape properties, it usually means that the element f

belongs to a cone V in C[0,1]. A linear operator L defined in C[0,1] is said to be shape-preserving

relative to the cone V , if L(V ) ⊂V .

One of the most examined classes of linear shape-preserving operators is the class of linear

positive operators. It is well-known that one of the shortcomings of linear positive operators is

their slow convergence. It was shown by P. P. Korovkin[3] that the order of approximation by

positive linear polynomial operators of degree n can not be better than n−2 in C[0,1] even for the

functions 1, x, x2. Moreover, V. S. Videnskii[4] has shown that the result of [3] does not depend

on the properties of polynomials but rather on the limitation of dimension.

Supported by RFBR (grant 10-01-00270) and the president of the Russian Federation (NS-4383.2010.1).



Anal. Theory Appl., Vol. 28, No.1 (2012) 39

A function f : [0,1] → R is said to be p-convex, p ≥ 1, on [0,1] iff for all choices of p + 1

distinct t0, · · · , tp in [0,1] the inequality

[t0, · · · , tp] f ≥ 0

holds, where

[t0, · · · , tp] f =
p

∑
j=0

( f (t j)/w′(t j))

denotes the p-th divided difference of f at 0 ≤ t0 < t1 < · · · < tp ≤ 1, and w(t) =
p

∏
j=0

(t − t j).

Note that 2-convex functions are just convex functions. The class of all p-convex functions

on [0,1] is denoted by ∆p[0,1]. If f ∈ Cp[0,1], then f ∈ ∆p[0,1] iff f (p)(t) ≥ 0, t ∈ [0,1]. Let

∆0[0,1] := { f ∈C[0,1] : f (t) ≥ 0, t ∈ [0,1]}.

Let 0 ≤ h ≤ k be two integers and let σ = (σh, . . . ,σk)∈ Rk−h+1, σi ∈ {−1,0,1} be such that

σhσk 6= 0.

Following the idea of [5] denote

∆h,k(σ) := { f ∈C[0,1] : σi f ∈ ∆i[0,1], h ≤ i ≤ k}.

We will use the notations σ [k] =
(

σ
[k]
i

)k

i=h
with σ

[k]
i = 0 for i 6= k and σ

[k]
k = σk.

A linear operator mapping C[0,1] into a linear space of finite dimension n is called an oper-

ator of finite rank n. Let Dk denote the k-th differential operator, Dk(x) := dk f (x)/dxk .

Denote e j(t) = t j, j = 0,1, · · · . Let Ω ⊂ [0,1] be a measurable set with meas(Ω) 6= 0. Let

{Ln}n∈N, Ln : Ck[0,1] → Ck(Ω), be a sequence of linear shape-preserving operators, such that

for all n ∈ N we have Ln(∆
h,k(σ)) ⊂ ∆h,k(σ [k]) and Ln is of finite rank n. Extending the results

of Korovkin[3], of Videnskii[4] , of Vasiliev and Guendouz [6], in this paper we will show that the

measure of the set of all x ∈ Ω, such that

lim
n→∞

n2|DkLne j(x)−Dke j(x)| = 0, j = k, k + 1, k + 2,

is equal to zero. Using this fact, we will find asymptotic estimates of linear relative n-width of

sets of differentiable functions in the space Lp[0,1].

2 The Order of Approximation by Means of Linear Shape-Preserving Operators

Let E ⊂ [0,1] be a closed set with meas(E) > 0. Given m ∈ N, denote X = {xi}, where

xi =
i

m
, i = −1,0,1, · · · ,m + 1.


