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Abstract. In this paper, we will obtain the weak type estimates of intrinsic square func-
tions including the Lusin area integral, Littlewood-Paley g-function and g∗λ-function

on the weighted Morrey spaces L1,κ(w) for 0<κ<1 and w∈A1.
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1 Introduction and main results

Let R
n+1
+ =R

n×(0,∞) and ϕt(x)= t−n ϕ(x/t). The classical square function (Lusin area
integral) is a familiar object. If u(x,t)=Pt∗ f (x) is the Poisson integral of f , where

Pt(x)= cn
t

(t2+|x|2)(n+1)/2

denotes the Poisson kernel in R
n+1
+ . Then we define the classical square function (Lusin

area integral) S( f ) by (see [16, 17])

S( f )(x)=

(
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Γ(x)
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t1−n dydt

)1/2

,

where Γ(x) denotes the usual cone of aperture one:

Γ(x)=
{

(y,t)∈R
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Similarly, we can define the cone of aperture β for any β>0:

Γβ(x)=
{

(y,t)∈R
n+1
+ : |x−y|<βt

}

and the corresponding square function

Sβ( f )(x)=

(

∫∫

Γβ(x)

∣

∣∇u(y,t)
∣

∣

2
t1−n dydt

)1/2

.

The Littlewood-Paley g-function (could be viewed as a “zero-aperture” version of S( f ))
and the g∗λ-function (could be viewed as an “infinite aperture” version of S( f )) are de-
fined respectively by

g( f )(x)=

(

∫ ∞

0

∣

∣∇u(x,t)
∣

∣

2
tdt

)1/2

and

g∗λ( f )(x)=

(

∫∫

R
n+1
+

(

t

t+|x−y|

)λn
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2
t1−n dydt

)1/2

, λ>1.

The modern (real-variable) variant of Sβ( f ) can be defined in the following way (here
we drop the subscript β if β=1). Let ψ∈C∞(Rn) be real, radial, have support contained
in {x : |x|≤1}, and

∫

Rn ψ(x)dx=0. The continuous square function Sψ,β( f ) is defined by
(see, e.g., [2, 3])

Sψ,β( f )(x)=

(

∫∫

Γβ(x)

∣

∣ f ∗ψt(y)
∣

∣

2 dydt

tn+1

)1/2

.

In 2007, Wilson [25] introduced a new square function called intrinsic square function
which is universal in a sense (see also [26]). This function is independent of any particular
kernel ψ, and it dominates pointwise all the above-defined square functions. On the other
hand, it is not essentially larger than any particular Sψ,β( f ). For 0< α≤ 1, let Cα be the
family of functions ϕ defined on R

n such that ϕ has support containing in {x∈R
n :|x|≤1},

∫

Rn ϕ(x)dx=0, and for all x,x′∈R
n,

|ϕ(x)−ϕ(x′)|≤ |x−x′|α.

For (y,t)∈R
n+1
+ and f ∈L1

loc(R
n), we set

Aα( f )(y,t)= sup
ϕ∈Cα

∣

∣ f ∗ϕt(y)
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∣= sup
ϕ∈Cα
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∣
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∣

.

Then we define the intrinsic square function of f of order α by the formula

Sα( f )(x)=

(

∫∫

Γ(x)

(

Aα( f )(y,t)
)2 dydt

tn+1

)1/2

.


