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Abstract. Let L=−∆+V be the Schrödinger operator on R
d, where ∆ is the Laplacian

on R
d and V 6= 0 is a nonnegative function satisfying the reverse Hölder’s inequality.

The authors prove that Riesz potential Iβ and its commutator [b,Iβ] associated with L

map from M
p,q
α,v into M

p1,q1
α,v .
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1 Introduction

In this paper,we consider the Schrödinger differential operator

L=−∆+V

in R
n, n≥3.The function V is non-negative, V 6=0, and belongs to a reverse Hölder class

RHq for some exponent q>n/2, i.e., there exists a constant C such that

( 1

|B|

∫

B
V(y)dy

)
1
q
≤

C

|B|

∫

B
V(y)dy,

for every ball B⊂R
n.

The authors in [1] extended the classe of BMO functions to the new class BMOθ
L

with
θ > 0. According to [1],the new BMO space BMOθ

L
with θ > 0 is defined as a set of all

locally integrable functions b satisfying

C

|B|

∫

B
|b(y)−bB|dy≤

(

1+
r

ρ(x)

)θ

,
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where B = B(x,r), and bB = 1
|B|

∫

B
b(y)dy. The norm for b ∈ BMOθ

L
is denoted by ‖b‖θ .

Clearly BMOθ1
L
⊂BMOθ2

L
for θ1≤ θ2 and BMO0

L
=BMO.

Let p∈ [1,∞), α∈ (−∞,∞) and λ∈ [0,n), for f ∈ L
p
loc(R

n) and V∈RHq (q>1), we say

f ∈M
p,q
α,v(R

n) (Morrey spaces related to the nonnegative potential V) provided that

‖ f‖M
p,q
α,v(Rn)= sup

B(x0,r)⊂Rn

(

1+
r

ρ(x0)

)α

|B|
1
q −

1
p

(

∫

B(x0,r)
| f (x)|p

)
1
p
<∞,

where B=B(x0,r) denotes a ball with centered at x0 and radius r.

It is well known that the boundedness of the standard Calderón-Zygmund operators
and their commutators have been established on the class of Morrey spaces [3]. Hence,it
will be an interesting question whether we can establish the boundedness of fractional
integrals related to Schrödinger operators on Morrey spaces with nonegative potentials.
Let’s give the definition of the fractional integral associated with L and and its commu-
tator, which can be seen in [4].

Definition 1.1. Let L=−∆+V with V ∈RHn/2 for q≥n/2, the L-fractional integral op-
erator is defined by

I
β

f (x)=L
− β

2 f (x)=
∫ ∞

0
e−tL f (x)t−

β
2 −1dt

for 0<β<n. Let b∈BMO, the commutator of Iβ is defined by

[b,Iβ] f (x)=bIβ f (x)−Iβ(b f )(x).

We can formulate our results as follows.

Theorem 1.1. Suppose V∈RHn/2, α∈ (−∞,∞), and 0<β<n. If

1< p<
n

β
,

1

q
=

1

p
−

n

β
,

1

q1
=

1

p1
−

n

β
,

then

‖Iβ f‖
M

q,q1
α,v

≤C‖ f‖
M

p,p1
α,v

.

Theorem 1.2. Let b∈BMO, V∈RHn/2, α∈ (−∞,∞), and 0<β<n. If

1< p<
n

β
,

1

q
=

1

p
−

n

β
,

1

q1
=

1

p1
−

n

β
,

then

‖[b,Iβ f ]‖
M

q,q1
α,v

≤C‖ f‖
M

p,p1
α,v

.


