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Existence and Uniqueness of Smooth Solution for
a Four-waves Coupled System*

Mingyue Lin' and Jingjun Zhang?'

Abstract In this paper, we consider a four-waves coupled system which de-
scribes the interaction between particles. Based on the uniform bound and
the strong convergence property in the lower order norm, local existence and
uniqueness of smooth solution are established by a limiting argument. More-
over, we show that the solution exists globally in the two-dimensional case
under certain condition on the size for L? norm of the initial data.
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1. Introduction

In this paper, we consider the Cauchy problem for a four-waves coupled system
which reads

(i(8) + vedy) + al) Ac = gnAc, (1.1)
(i(8s + vrdy) + BA) Ap = %nAR, (1.2)
(10, +7A) E = gnE (1.3)
(af—ng)n:aA(\E|2+b|AC|2+c|AR|2), (1.4)
(Ac, Ap, E,n)(0) = (ac, ag, e,n0), ne(0) = ny. (1.5)

In this system, Ac = Ay + e ?Y Ap where A is the incident laser field and Ap is
the Brillouin component, Ag is the Raman backscattered wave, E is the electronic-
plasma wave and n is the variation of density of ions. Furthermore, Ac, Ag, E and
n are functions of (z,t) € R? x R with Ac, Ag and E the vector fields such that
Ag, Ag, E: R — €9, and with n the scalar field such that n : R+ — R. In
this paper, we mainly consider the dimension d = 2,3. The coefficients «, 3, v, v¢,
VR, a, b, c and vy in the above system are real physical constants with «, 3, v > 0.
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In equation (1.1) and (1.2), y represents the second component of the variable z,
namely, z = (z1,y,x3) when d=3 and = = (z1,y) when d = 2. With this notation,
the Laplacian A is defined by

2 2 2 - 2 2
A=02 +02 402, ifd=3, A=02 +d2ifd=2.

In the following arguments of the paper, we often regard y to be x5 for simplicity.
System (1.1)-(1.5) was derived by M. Colin and T. Colin [1] which is a complete
set of Zakharov’s equations type describing laser-plasma interactions and we have
omitted the quasilinear part in this context.

Ignoring the effect of the scattering fields Ac and Apg, system (1.1)-(1.5) is
reduced to the classical Zakharov system [18]. Due to its physical importance, the
Zakharov system has been studied intensively in mathematics since the works [6,15]
and many important developments were obtained in the past decades ( [5]). Further,
omitting the term ny, the system is reduced to the cubic Schrédinger equation which
has been studied by many researchers, see for example [2,8,12,13] and the references
cited therein. For the three-waves (Ac, Agr and F) interacted system, the authors
in [9-11] studied the local well-posedness theory.

The work is concerned with the existence and uniqueness of the smooth solution
for the four-waves coupled system (1.1)-(1.5). We first introduce a vector-valued
function V to rewrite the original system (1.1)-(1.5) as a Hamilton form.

b2
(i(0h +vody) + ad) Ac = ZnAc, (1.6)
b
(i(9, + vrd,) + BA) Ap = gnAR, (1.7)
(i0; +yA)E = gnE (1.8)
Vi +02Vn+aV (|E|” + blAc|? + ¢|Ar|?) = 0, (1.10)
(AC7AR7Ean7V)(O) = (a07a’R767n05V0)' (111>

Throughout the paper, we denote by LP (Rd) the Lebesgue space equipped with
the norm

1
lullzr = (/ |u(a:)|pdx) if 1 <p< +oo
Rd
and
[u|| Lo = esssup{|u(z)|;z € R9}.

Forse R, H S(Rd) denotes the nonhomogeneous Sobolev space defined by
R = {u € SR | ully gy = [ | (14 167)° P < +oc,
where u(€) is the Fourier transform of w.

The main results of the paper are stated in the following theorems.

Theorem 1.1. Letting d = 2,3, assume that ac, ar, ¢ € H™(R?), ng, Vy €
H™ YR, m > 4 is an integer and ab > 0. Then system (1.6)-(1.11) admits a
unique solution (Ac, Agr, E,n,V) such that

Ac, Ar, E€C([0,T);H™ (RY)), n, Ve C ([0,T); H" " (RY)),
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