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Abstract. In this paper, we generalize the direct method of lines for linear elasticity
problems of composite materials in star-shaped domains and consider its applica-

tion to inverse elasticity problems. We assume that the boundary of the star-shaped

domain can be described by an explicit C1 parametric curve in the polar coordinate.
We introduce the curvilinear coordinate, in which the irregular star-shaped domain

is converted to a regular semi-infinite strip. The equations of linear elasticity are
discretized with respect to the angular variable and we solve the resulting semi-

discrete approximation analytically using a direct method. The eigenvalues of the

semi-discrete approximation converge quickly to the true eigenvalues of the elliptic
operator, which helps capture the singularities naturally. Moreover, an optimal error

estimate of our method is given. For the inverse elasticity problems, we determine

the Lamé coefficients from measurement data by minimizing a regularized energy
functional. We apply the direct method of lines as the forward solver in order to

cope with the irregularity of the domain and possible singularities in the forward
solutions. Several numerical examples are presented to show the effectiveness and

accuracy of our method for both forward and inverse elasticity problems of compos-

ite materials.
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1. Introduction

With the growing application of composite materials, the linear elasticity problem
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of composite materials has drawn a great deal of attention from mathematicians and

engineers. In this paper, we focus on both forward and inverse linear elasticity prob-

lems of composite materials in star-shaped domains. We first describe and make some

assumptions on the geometry of the star-shaped domain Ω =
⋃K

k=1Ωk ⊂ R
2, where

Ω stands for the whole material composed of K kinds of different materials and Ωk

stands for the k-th kind of material. We assume that the boundary Γ = ∂Ω is star-

shaped with respect to the origin O and can be described by an explicit C1 parametric

curve in the polar coordinates. To be more precise, we assume that Γ can be parame-

terized as a (piecewise) C1 function of the angular variable φ, denoted by r̃(φ), such

that r̃(0) = r̃(2π) and r̃(φ) ≥ r0 > 0 for any 0 ≤ φ ≤ 2π. This assumption on the

geometry of Γ is made so that the curvilinear coordinate which will be introduced in

(2.1) is well defined; see also (2.3)-(2.11). Without loss of generality, we also assume

that all the interfaces between different materials meet at the origin and each interface

Ωk−1 ∩Ωk is a line segment

Lk =
{
(r, θ) | θ = θk, 0 ≤ r ≤ r̃(θk)

}
for k = 1, . . . ,K,

where Ω0 = ΩK , θ1 = 0 (See Fig. 1).

Figure 1: Composite materials in a star-shaped domain.

We also let θK+1 = 2π. We consider the following Navier’s equations in Ω with Dirichlet

boundary conditions, which describe the equilibrium state in linear elasticity:

−∇ · σk = 0 in Ωk,

uk = fk on Γk,

uk−1|θ=θ−
k
= uk|θ=θ+

k
,

σk−1 · nk|θ=θ−
k
= σk · nk|θ=θ+

k

(1.1)

with

σk = 2µkε(u
k) + λk∇ · ukI, ε(uk) =

1

2

(
∇uk + (∇uk)T

)
, (1.2)

where k = 1, . . . ,K, Γk = ∂Ωk
⋂
∂Ω, f is a given vector-valued function on Γ

f |Γk
= fk =

(
fk1 , f

k
2

)T
,


