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Abstract. In this paper, we introduce a stabilizer free weak Galerkin (SFWG) finite

element method for second order elliptic problems on rectangular meshes. With

a special weak Gradient space, an order two superconvergence for the SFWG finite
element solution is obtained, in both L2 and H1 norms. A local post-process lifts

such a Pk weak Galerkin solution to an optimal order Pk+2 solution. The numerical

results confirm the theory.
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1. Introduction

A new stabilizer free weak Galerkin method is developed to solve the following

second order elliptic problem:

−∆u = f in Ω, (1.1)

u = g on ∂Ω, (1.2)

where Ω is a bounded polygonal domain in R2, which can be subdivided into rectan-

gular meshes.

The weak Galerkin (WG) finite element methods introduced in [24, 25] provide

a general finite element technique for solving partial differential equations. The novelty

of the WG method is the introduction of weak function and its weakly defined deriva-

tives. The weak functions possess the form of v = {v0, vb} with v = v0 representing the

value of v in the interior of each element and v = vb on the boundary of the element.
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The weak derivative ∇wv for a weak function v is defined as distributions. WG method

uses polynomials (Pk(T ), Ps(e), [Pℓ(T )]
d) to approximate (v0, vb,∇wv) accordingly. The

WG methods have been applied for solving various PDEs such as Sobolev equation, the

Navier-Stokes equations, the Oseen equations, time-dependent Maxwell’s equations,

elliptic interface problems, biharmonic equations, etc, [1,5–17,21–23,26,27,30].

For some special combinations of the WG element (Pk(T ), Ps(e), [Pℓ(T )]
d), stabi-

lizer is no longer needed in the corresponding weak Galerkin finite element formula-

tions, which leads to a stabilizer free weak Galerkin method. The stabilizer free weak

Galerkin method was first introduced in [28] on polygonal/polyhedral meshes and

then has been applied for the second order problems, the Stokes equations and the

biharmonic equation [2,18,29].

This paper has two purposes:

1. Developing a new SFWG method with an order two superconvergence for the

problem (1.1)-(1.2).

2. Providing necessary theory for a subsequent paper, order two superconvergent

conforming discontinuous Galerkin method on rectangular meshes.

A WG element (Pk(T ), Pk+1(e),BDM[k][T ]) on rectangular mesh is used in this sta-

bilizer free weak Galerkin finite element method. We prove that the SFWG method

converges to the true solution of (1.1)-(1.2) with a convergence rate two orders higher

than the optimal order in both an energy norm and the L2 norm theoretically and nu-

merically. We further define a local post-process which lifts such a Pk weak Galerkin

solution to an optimal order Pk+2 solution. It is proved and numerically verified.

2. The weak Galerkin finite element scheme

Let Th be a partition of the domain Ω consisting of rectangles. Denote by Eh the set

of all edges in Th, and let E0
h = Eh\∂Ω be the set of all interior edges. For every element

T ∈ Th, we denote by hT its diameter and the mesh size by h = maxT∈Th hT for Th.

For a given integer k ≥ 1, let Vh be the weak Galerkin finite element space associ-

ated with Th defined as follows:

Vh =
{

v = {v0, vb} : v0|T ∈ Pk(T ), vb|e ∈ Pk+1(e), e ⊂ ∂T , T ∈ Th
}

(2.1)

and its subspace V 0
h is defined as

V 0
h = {v : v ∈ Vh, vb = 0 on ∂Ω}. (2.2)

We would like to emphasize that any function v ∈ Vh has a single value vb on each edge

e ∈ Eh.

On each rectangle T ∈ Th, the BDM finite element space is defined by [4]

BDM[k+1](T ) = Pk+1(T )
2 ⊕ curlxk+2y ⊕ curlxyk+2.


