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Abstract

Let S(R?) be the class of all infinitely differential functions which, as well as
their derivatives, are rapidly decreasing on R?. Here we define a kind of semi-
norms which is equivalent to the usual family of semi-norms on the Schwartz
space S(R?).
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1 Introduction

In the recent years, the Schwartz space as well as their application are concerned
in many publication ([1-5]). In this paper, we first give the usual family of semi-
norms on the Schwartz space S(R?). A new family of semi-norms is defined, which
is based on the operators we constructed.

Using the new family of semi-norms, we can consider the method to discuss the
Schwartz space in terms of the sequential theory.

Let I_Q|r denote the set of all two-tuple of non-negative integers. For a € I_%, let

lo| = a1 + ao. (1.1)
For a multi-index a and = € R?, let olad
«
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The Schwartz space S(R?) is defined to be the class of all infinitely differentiable
complex-valued functions ¢ on R? such that

lim [z*DPy| =0, (1.3)

|x|—o00

for all multi-indices o and 3. The space S(R?) is closed for the differential operators
and multiplication by polynomials.
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2 Some Definitions

In this section, we introduce some definitions. Let R? be the 2-dimensional
Euclidean space.

Definition 2.1 A semi-norm on a vector space V is a map p : V. — [0, 00)
satisfying

(i) p(u+v) < p(u) + p(v) for u,v € V;

(i) p(au) = |a|p(u) for a € C(or R).
A family of semi-norms {pq}aea is said to be separate points if

(iii) pa(u) =0 for all @ € A implies u = 0,
where o = (a1, a2) are two-tuple of non-negative integers ([1]).

Definition 2.2 Let f € S(R?) and || - ||a,5,00 be defined by

918l
= ||lz*D”? :H R P S H
il = 127D e = |af'a32 oo ]
o oy HB1+p2) f (2 1)
= Ssup Ssup ‘l’ Lo " ——F——F%- ‘ :
eRmeR| T2 Dz 9z

Then {|| - ||a,6700}a,ﬂeli is the usual family of semi-norms on S(R?).

Definition 2.3 Let V be a vector space and u € V. Let {pa}aca and {dp}pep
be two families of semi-norms on a vector space V where A and B are some index
sets. The families of semi-norms are equivalent if and only if they satisfy:

(i) For each a € A, there exist by,be € B and C > 0, such that

pa(u) < C(dp, (u) + dp, (u));
(ii) for each b € B, there exist aj,a2 € A and C’ > 0 such that
db(u) < C/(pal (u) + Pasy (u))

Definition 2.4 A family of semi-norms {ps}aca on a vector space V is called
directed if for a, 5 € A and u € V, there exist v € A and C > 0 such that

palu) + pa(u) < Cp, (u). (2.2)
Definition 2.5 Let f € S(R?) and || - ||o,5.2 be define by

oz = Dl = ( [ 1D o)

Then {|| - Ha,ﬁﬂ}a,ﬁeﬁ is the usual family of semi-norms on S(R?).

Definition 2.6 Holder inequality: Let E be a measurable set of Lebesgue, z(t)
and y(t) be measurable functions in E. Then p and ¢ are positive numbers such
that %4— % =1, then



