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Abstract

Consider the Cauchy problem for the n-dimensional incompressible Navier-
Stokes equations: ∂

∂tu−α△u+(u·∇)u+∇p = f(x, t), with the initial condition
u(x, 0) = u0(x) and with the incompressible conditions ∇ · u = 0, ∇ · f = 0
and ∇ · u0 = 0. The spatial dimension n ≥ 2.

Suppose that the initial function u0 ∈ L1(Rn) ∩ L2(Rn) and the external
force f ∈ L1(Rn×R+)∩L1(R+, L2(Rn)). It is well known that there holds the
decay estimate with sharp rate: (1 + t)1+n/2

∫
Rn |u(x, t)|2dx ≤ C, for all time

t > 0, where the dimension n ≥ 2, C > 0 is a positive constant, independent
of u and (x, t).

The main purpose of this paper is to provide two independent proofs of
the decay estimate with sharp rate, both are complete, systematic, simplified
proofs, under a weaker condition on the external force. The ideas and methods
introduced in this paper may have strong influence on the decay estimates with
sharp rates of the global weak solutions or the global smooth solutions of similar
equations, such as the n-dimensional magnetohydrodynamics equations, where
the dimension n ≥ 2.
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1 Introduction

1.1 The mathematical model equations
Consider the Cauchy problem for the n-dimensional incompressible Navier-Stokes

equations
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∂

∂t
u− α△u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0, ∇ · f = 0, (1)

u(x, 0) = u0(x), ∇ · u0 = 0. (2)

The real vector valued function u = u(x, t) represents the velocity of the fluid at

position x and time t. The real scalar function p = p(x, t) represents the pressure of

the fluid at x and t. The positive constant α > 0 represents the diffusion coefficient.

1.2 Previous related results
The existence of a global weak solution or a global smooth solu-

tion: Suppose that the initial function u0 ∈ L2(Rn) and the external force f ∈
L1(R+, L2(Rn)). Then there exists a global weak solution u ∈ L∞(R+, L2(Rn)),

such that ∇u ∈ L2(R+, L2(Rn)). Moreover, for the spatial dimension n = 2, if

the initial function u0 ∈ L1(R2) ∩ H2m+1(R2) and the external force f ∈ L1(R2 ×
R+) ∩ L1(R+, L2(R2)) ∩ L2(R+,H2m(R2)), then there exists a global smooth solu-

tion u ∈ L∞(R+,H2m+1(R2)), such that ∇u ∈ L2(R+,H2m+1(R2)), for any posi-

tive integer m ≥ 1. Under additional conditions, the solution is infinitely smooth:

u ∈ C∞(R2 × R+). There holds the following solution representation

u(x, t) =
1

(4παt)n/2

∫
Rn

exp

[
−|x− y|2

4αt

]
u0(y)dy

+

∫ t

0

1

[4πα(t− τ)]n/2

{∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
f(y, τ)dy

}
dτ

−
∫ t

0

1

[4πα(t− τ)]n/2

{∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
(u · ∇)u(y, τ)dy

}
dτ

−
∫ t

0

1

[4πα(t− τ)]n/2

{∫
Rn

exp

[
− |x− y|2

4α(t− τ)

]
∇p(y, τ)dy

}
dτ,

where

p(x, t) = (−△)−1
n∑

k=1

n∑
l=1

∂2

∂xk∂xl
[uk(x, t)ul(x, t)],

for all x ∈ Rn and t > 0.

The decay estimates with sharp rates: Suppose that the initial function

u0 ∈ L1(Rn) ∩ L2(Rn) and the external force f ∈ L1(Rn × R+) ∩ L1(R+, L2(Rn)).

Then there holds the following decay estimate with sharp rate

(1 + t)1+n/2

∫
Rn

|u(x, t)|2dx ≤ C,

for all t > 0, where C > 0 is a positive constant, independent of u and (x, t).


