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Abstract

In this paper, with the help of Lyapunov functional approach, sufficient
conditions for the asymptotic stability of zero solution for a certain fourth-
order non-linear delay differential equation are given.
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1 Introduction

As we know, the stability of zero solution plays an important role in the theory
and applications of differential equations. In recent decades, by constructing Lya-
punov functions or functionals many results have been obtained on the behaviour of
solutions for higher order non-linear ordinary differential equations or higher order
non-linear differential equations with delay, see [1-12, 14-16]. However, it is worth
noting that there are only a few papers on the stability of solutions for certain fourth
order non-linear differential equations with delay.

In [1], Sinha investigated the asymptotic behaviour of the solutions for a non-
linear differential equations with finite lag

2O () + 1@ (0)F (1) + fa(@(0), 8(6)E(0) + g(&(t — 7)) + hla(t —r)) = 0. (L.1)
In [2], Tunc considered a fourth-order non-linear delay differential equation
oW 4 (&) F + h(@)d + @it — 1)) + fla(t — 1)) =0 (1.2)

and gave the asymptotic stability of solutions for (1.2).
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In [3], the authors studied the fourth-order delay differential equation of the form
oW+ ¢(@)F + h(x,@,8) + g(@(t — 7)) + f(a(t—r)) =0 (1.3)

and obtained sufficient conditions for the asymptotic stability of solutions.
In this paper, we investigate the same problem for the following fourth-order
non-linear delay differential equation

e 4 fi(x, @, 3, F) 4 fol,d,2) + fa(@(t —r)) + fa(z(t —r))
=p(t,x, &, %, 7,2t —r),x(t —r)) (1.4)

by constructing a new Lyapunov functional, where r is a positive constant, fi(z,Z, Z,
T), fo(x,z,%), f3(&) and f4(x) are continuous differential functions and f2(0,0,0) =
f3(0) = f4(0) = 0, where we assume that the derivatives a%fg(l’, Yy Z), 8%]‘2(;10, Y, 2),
f4(y) and fj(x) exist and are continuous for all z, y, z. The dots indicate differen-
tiation with respect to t.

2 Preliminaries

Before giving the main result of this paper we need the following definitions and
stability criteria for the general autonomous delay differential system. We consider

= f(xy), z=2zx(t+0), —-r<6<0,t>0, (2.1)

where f : Cy — R™ is a continuous mapping with f(0)=0, Cy={¢<C([-r,0],R") :
lloll < H} and for Hy < H, there exists an L(H;) > 0, such that |f(¢)| < L(H;)
when ||¢|| < Hy, where H; and H are positive constants.

Definition 2.1%% An element ¥ € Cp is in the w-limit set of ¢, say, Q(¢), if
z(t,0,¢) is defined on [0,00) and there is a sequence {t,} with ¢, — oo as n — oo,
such that ||z¢, (¢) — || — 0 as n — oo, where xy, (¢) = z(t,+6,0, ¢) for —r < 6 < 0.

Definition 2.224 A set Q C Cy is an invariant set if for any ¢ € Q, the
solution x(¢,0, ¢) for (2.1) is defined on [0, 00), and z+(¢) € Q for ¢ € [0, 00).

Lemma 2.1 [f¢ € Cy satisfies that the solution x¢(¢) for (2.1) with zo(¢) =
¢ is defined on [0,00) and ||xi(¢)|| < Hi < H fort € [0,00), then Q(¢) is a non-
empty, compact, invariant set and dist(z¢($), 2(¢p)) — 0 as t — oo.

Lemma 2.2 Let V : Cyp — R be a continuous functional satisfying a local
Lipschitz condition, V(0) =0 and that

(i) Wi(6(0)]) < V() < Wa(llgll) where Wi(r) and Wa(r) are wedges;

(ii) Via.)(¢) <0, for ¢ < Ch.

Then the zero solution for (2.1) is uniformly stable. If we define Z = {¢ € Cy :



