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Abstract. Our aim in this paper is to study a coupled Cahn–Hilliard system for
copolymer/homopolymer mixtures. We prove the existence, uniqueness and reg-
ularity of solutions. We then prove the existence of finite dimensional global attrac-
tors.
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1 Introduction

Our aim in this paper is to study a coupled Cahn–Hillard model for copolymer/ho-
mopolymer mixtures.

The original Cahn–Hilliard equation,

∂u

∂t
+∆2u−∆ f (u)=0,

was initially proposed to model phase separation processes in binary alloys (see [6, 7]).
Since then, this equation, or some of its variants, were successfully applied to many
other applications than just phase separation in alloys. We can mention, for instance,
dealloying (this can be observed in corrosion processes; see [14]), population dynam-
ics (see [11]), tumor growth (see [1, 15, 16, 21, 26]), bacterial films (see [22]), thin films
(see [31]), chemistry (see [35]), image processing (see [5, 8, 13]) and even astronomy,
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with the rings of Saturn (see [33]), and ecology (for instance, the clustering of mussel-
s can be perfectly well described by the Cahn–Hilliard equation; see [24]). We refer
the interested reader to [25, 28] for reviews on the Cahn–Hilliard equation and some
of its variants, as well as their mathematical analysis. The numerical analysis of the
Cahn–Hilliard equation was addressed, e.g., in [37, 38, 40, 41] (see also [25] for more
references).

Block copolymer materials are important in engineering as they have the ability to
create a wide variety of micro-structures resulting from a compromise between phase
segregation and polymer architecture which prevents complete phase separation (see,
e.g., [4,12,20]). In particular, diblock copolymers have been studied from a mathemati-
cal and numerical point of view (see, e.g., [9, 17] and references therein).

In this paper, we consider a coupled Cahn–Hilliard system considered in [2, 3] (see
also [10]) to study the phase separation of mixtures consisting of a homopolymer and
a copolymer. More precisely, the two phase variables were introduced to describe
the macro-phase separation between the homopolymer and copolymer, as well as the
micro-phase separation between the two components of the diblock copolymers. The
model consists of the coupling of the Ohta–Kawasaki equation,

∂u

∂t
+∆2u+σu−∆ f (u)=0, σ>0,

where u is the difference between u and its spatial average (see [29]; this equation actu-
ally is a variant of the Cahn–Hilliard–Oono equation,

∂u

∂t
+∆2u+σu−∆ f (u)=0, σ>0,

proposed in [30] to model long-ranged effects), describing microscopic phase segrega-
tion, and the Cahn–Hillard equation. A related sharp interface model was proposed
in [34], where global energy minimizers were studied. More precisely, there, existence
and characterization of minimizers, together with upper and lower bounds on their
energy, were obtained in one space dimension. In higher space dimensions, one only
has upper bounds. Another related three-components model was considered in [18,19],
where the existence and stability of equilibria, which are minimizers of the energy, were
studied (see also [36] for a similar model with nonlocal interactions).

Efficient numerical simulations for the coupled Cahn–Hilliard model were performed
in [23], based on an uncoupled and second-order unconditionally energy stable scheme.
More precisely, there, two time marching schemes were proposed and their unique
solvability and unconditional energy stability were established.

In this paper, we address the mathematical analysis of the problem. More precisely,
we first prove the existence, uniqueness and regularity of solutions. We then address
the asymptotic behavior of the associated dynamical system, in terms of finite dimen-
sional global attractors.




