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Abstract: In order to obtain much faster convergence, Müller introduced the left Gamma quasi-

interpolants and obtained an approximation equivalence theorem in terms of ω2r
ϕ (f, t)p. Guo

extended the Müller’s results to ω2r
ϕλ(f, t)∞. In this paper we improve the previous results and give

a weighted approximation equivalence theorem.
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1 Introduction

Gamma operators are given by

Gn(f, x) =

∫ ∞

0

gn(x, t)f
(n

t

)

dt, x ∈ I = [0,∞), (1.1)

with the kernel

gn(x, t) =
xn+1

n!
e−xttn.

Sometimes, we also use an alternate representation

Gn(f, x) =
1

n!

∫ ∞

0

e−ttnf
(nx

t

)

dt, x ∈ I. (1.2)

These operators have been investigated in a series of papers (see [1]–[4] and the references

therein). The optimal degree of approximation of the method of Gamma operators Gn in

Lp space is O(n−1). In order to obtain much faster convergence, quasi-interpolants G
(k)
n of

Gn in the sense of Sablonnière[5] are considered in [6]–[9].
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We first recall the construction of the left Gamma quasi-interpolants (see [8])

G(k)
n (f, x) =

k
∑

j=0

αn
j (x)DjGn(f, x), 0 ≤ k ≤ n, (1.3)

where Dj =
dj

dxj
, D0 = id and αn

j (x) ∈ Π j (the space of algebraic polynomials of degree

at most j). In [8] Müller obtained an approximation equivalence theorem: for f ∈ Lp(I),

1 ≤ p ≤ ∞, ϕ(x) = x, n ≥ 4r, r ∈ N , and 0 < α < r, one has

‖G(2r−1)
n f − f‖p = O(n−α) ⇐⇒ ω2r

ϕ (f, t)p = O(t2α). (1.4)

In [7] Guo et al. gave a weighted approximation equivalence theorem for G
(2r−1)
n (f, x) in

L∞ space: for f ∈ L∞(I), 0 ≤ λ ≤ 1, ϕ(x) = x, w(x) = xa(1 + x)b (a ≥ 0, b is arbitrary),

n ≥ 4r, and 0 < α < 2r, one has

|w(x)(G(2r−1)
n (f, x) − f(x))| = O((n− 1

2 ϕ1−λ(x))α) ⇐⇒ ω2r
ϕλ(f, t)w = O(tα). (1.5)

In this paper we consider a weighted approximation for G
(2r−1)
n,s (f (s), x) in L∞ space.

Theorem 1.1 For f (s), wf (s) ∈ L∞(I), 0 ≤ λ ≤ 1, ϕ(x) = x, w(x) = xa(1 + x)b,

n − s ≥ 4r, 0 < α − s < 2r, s ∈ N0 = N
⋃

{0}, one has

|w(x)(G(2r−1)
n,s (f (s), x) − f (s)(x))| = O((n− 1

2 ϕ1−λ(x))α−s) ⇐⇒ ω2r
ϕλ(f (s), t)w = O(tα−s).

(1.6)

In L∞ space, when s = 0, (1.6) is (1.5); when s = 0, a = b = 0, λ = 1, (1.6) is (1.4).

Throughout this paper ‖·‖ denotes ‖·‖∞, and C denotes a positive constant independent

of n, x and not necessarily the same at each occurrence.

2 Preliminaries and Lemmas

In this section, for 0 ≤ λ ≤ 1, 0 < α−s < 2r, s ∈ N0, we first give some notations as follows:

‖f‖0 = sup
x∈(0,∞)

|w(x)ϕ(α−s)(λ−1)(x)f(x)|,

C0
λ,w = {f |wf ∈ L∞, ‖f‖0 < ∞},

‖f‖2r = sup
x∈(0,∞)

|w(x)ϕ2r+(α−s)(λ−1)(x)f (2r)(x)|,

C2r
λ,w = {f ∈ C0

λ,w : f (2r−1) ∈ A.C.loc, ‖f‖2r < ∞}.

The modulus of smoothness and K-functional we will use later are defined as follows (see

[1]):

ωr
ϕλ(f, t)w =







sup
0<h≤t

‖w△r
hϕλf‖, a = 0;

sup
0<h≤t

‖w△r
ϕλf‖[t∗,∞) + sup

0<h≤t∗
‖w~△r

hf‖[0,12t∗], a > 0,

where

t∗ =







(rt)
1

1−λ , 0 < t <
1

8r
, 0 ≤ λ < 1;

0, λ = 1,


