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Abstract: In this paper we discuss diagonally implicit and semi-implicit methods
based on the three-stage stiffly accurate Runge-Kutta methods for solving Stratonovi-
ch stochastic differential equations (SDEs). Two methods, a three-stage stiffly accu-
rate semi-implicit (SASI3) method and a three-stage stiffly accurate diagonally im-
plicit (SADI3) method, are constructed in this paper. In particular, the truncated
random variable is used in the implicit method. The stability properties and numer-
ical results show the effectiveness of these methods in the pathwise approximation of
stiff SDEs.
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1 Introduction

In this paper we consider numerical methods for the strong solution of the stochastic differ-
ential equations

dy(t) = f(y(t))dt + g(y(t)) o dW (),  y(to) = yo, t € [to,T], ye R™  (L.1)
in Stratonovich form, which can be written in autonomous form without loss of generality,
where W (t) is a Wiener process, whose increment
AW (t) = W(t+ At) — W(t)
is a Gaussian random variable N (0, At).

For solving SDEs, Riimelin!l has presented a general class of stochastic Runge-Kutta
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(SRK) methods with strong order 1.0 given by

S S
Yi=y, +hY agf(Y)+ 1> byg(Yy), i=1--s,
j=1 j=1
S S
Y1 = Y ThY_ i f(Y)+ 1) g(Yy),
j=1 j=1
which can be represented by the so-called Butcher tableau
aT AT
Here A = (a;j) and B = (b;;) are s x s matrices of real elements, while a” = (a1, , )
tny1
and v = (y1,--+,7s) are row vectors in R?, h is a step size, and J; = odW.

tn
In determinate case, the implicit methods are suitable for solving stiff ordinary differential
equations (see [2]). However, there is no simple stochastic counterpart of the deterministic
implicit Euler method, i.e., the method

Yni1 = Yn T [ (Uny1)h + 9y ) AW,
fails because, for example, for linear It6 equation
dy(t) = ay(t)dt + by(t)AW (1), y(to) = yo, y € R,
we have
E|(1 — ah — bAW,,) ™| = 40.

In this paper we propose to make use of the truncated random variable and stiff accuracy
to avoid analogous case.

In recent years many efficient numerical methods have been constructed for solving dif-
ferent types of SDEs with different properties (for example, see [3]-[8]). In particular, several
authors have presented the different efficient implicit methods for stiff SDEs (see [9]-[13]).
Milstein et al.l'] have introduced the balanced implicit methods. Their strong convergence
order is merely 0.5 all right, but the results show effectiveness of these methods in the path-
wise approximation of stiff SDEs. Burrage and Tian” presented a class of stiffly accurate
methods based on the two-stage Runge-Kutta methods and splitting techniques for stiff
SDEs. Wang!'¥ has considered three-stage explicit and semi-implicit methods.

In this paper we are to construct a class of stiffly accurate methods based on the three-
stage diagonally implicit Runge-Kutta methods for stiff SDEs. In Section 2 we present a
diagonally implicit method and a semi-implicit method which are based on a classical deter-
ministic three-stage Runge-Kutta method. The stability properties and numerical results of
these methods are reported in Sections 3 and 4, respectively.

2 Stiffly Accurate Diagonally Implicit SRK Methods

For computing solutions of SDE (1.1), we present a class of three-stage stiffly accurate
diagonally implicit SRK methods, namely,



