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1 Introduction

One of the outstanding problems in four-dimensional topology is to find the minimal genus
of an oriented smoothly embedded surface representing a given homology class in a smooth
4-manifold. There are a lot of results on this question in the literature. They can be divided
into two classes, those proved by classical topological methods and those proved by methods
of gauge theory. On the classical side, a major step forward was made by Rokhlin!!l, Hsiang
and Szczarbal?l who introduced branched covers to study this problem for divisible homology
classes.

The applications of gauge theory to this problem were initially concerned with the repre-
sentability of homology classes by spheres (see the Lawson’s survey article [3]). They usually
relied on Donaldson’s early theorem (see [4]) on four-manifolds with b < 2. Substantial
progress was made recently by Kronheimer and Mrowkal5-% who developed gauge theory for
singular connection with non-trivial holonomy around a loop linking an embedded surface
Y. They used this to prove that if X has non-trivial Donaldson invariants (see [7]), then

1
the genus g(X) of X' satisfies g(X) > 1+ 522 except that X is an inessential sphere or a

(8] combined the classical method

sphere of self-intersection —1. Later Kotschick and Mati¢
using branched covers with gauge theoretic arguments to prove some results about the lower

bound on the genera of surfaces representing certain divisible classes in 4-manifolds.
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These results were obtained under the assumption that the 4-manifold is simply con-
nected. In this paper, we discuss this problem for 4-manifold X with H;(X; Z) finite. Here
we do not use Donaldson theory, but use some results obtained by using Seiberg-Witten
theory. Together with the classical method for branched coverings, we get some results
about the lower bound on the genera of surfaces representing certain divisible classes in
some 4-manifold X with Hy(X; Z) finite.

2 Branched Coverings and Preliminary Results

Let X be a closed 4-manifold with H;(X; Z) finite, B C X be a connected closed oriented

surface representing a homology class v € Ho(X; Z), and g be the genus of B. Split
Hy(X; Z)=FrHo(X; Z)® TorHy(X; Z),

and denote by by the second Betti number of X. Suppose that p is a prime such that p”

devides v|pm,(x; z)- Let T C X be a tubular neighborhood of the branch locus B, and

3

W = closur(X — T).
Lemma 2.1  Hy(W) is a finite group, and it contains a subgroup G = Z,r.

Proof. By excision and duality, we have
H, (W)= H¥W, 0W) = H*(X, N)= H3(X, B).
The exact sequence of the pair (X, B) gives
s HA(X) 5 H2(B) D HR(X, B) LS HR(X) — 0,
and since H%(B) = Z, i* is determined by
* |remrz2(x): FrH?*(X) — H?(B).
Let
VlFeH,(x) = P U,
and choose a base vy, -+, vy, for FrHo(X) with v; = u. Let ¢1, -+, ¢p, be the dual base
for FrH*(X), and € H*(B) dual to [B] € Ha(B). Since i*|pp2(x) = Hom(i*, 1), we have
(o) =p"n,  T(G) =0, i=2,- b
Let G be the subgroup of H*(X, B) generated by o*u. Then G = Z,» and G C ker j*.
Since H*(X) = H;(X) is a finite group, H3(X, B) is a finite group. This completes the
proof of Lemma 2.1.
Now let V' — W be the unramified covering corresponding to the homomorphism
m(W) = HH(W) — Z,r.
Since the normal bundle Np has degree [B]?, and p” | [B]?, there is a p"-fold cover of Np
by the line bundle of degree [B]?/p" given by (w, z) — (w?", ). Using the identification
of T with N we get a p” cover T — T ramified along B. It is easy to see that we can
constructed a p"-fold branched covering Y — X with Y = V U T, branched along B C X.

Proposition 2.1 If p" is the mawimal power of p dividing v |rep,(x, z), then
H\(Y; Z,)=0.



