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Abstract: In this paper, it is proved that under certain conditions, each Jordan left
derivation on a generalized matrix algebra is zero and each generalized Jordan left
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1 Introduction

Let us begin with the definition of generalized matrix algebras given by a Morita context. Let
R be a commutative ring with identity. A Morita context consists of two R-algebras A and
B, two bimodules 4 Mp and pN,4, and two bimodule homomorphisms called the pairings
Pyn M %) N — Aand Ynyp : N <§> M — B satisfying the following commutative

diagrams:
M@N@M _®un®Mm Ao M NOIM@N_Ywu®Ixn B®N

In ®@¥YN M = IN®PuN o~
M® B = N®A =
B M A N
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Let us write this Morita context as (A, B, AMB7 BNAa @MNa WNJ\I)- If (A, B, 14]\437 BNA,
Dy, Unar) is a Morita context, then the set

v 5 ]=qn b

forms an R-algebra under matrix-like addition and matrix-like multiplication, where at least

aeA,meM,neN,beB}

one of the two bimodules M and N is distinct from zero. Such an R-algebra is called a

A M
. .[1,3] .
N B ] Li and Wei , Li

and Xiaol¥, Xiao and Weil®! jointly studied linear mappings of generalized matrix algebras,

generalized matrix algebra and is usually denoted by G = [

such as derivations, Lie derivations, commuting mappings and semi-centralizing mappings.

Let A be a unital algebra over R, and M be a left A-module. Recall that an R-linear map
f from A into M is called a left derivation if f(ab) = af(b) +bf(a) and called a generalized
left derivation if there exists another R-linear map d such that f(ab) = af(b) + bd(a).
Further, an R-linear map J from A into M is called a Jordan left derivation if J(a?) =
2aJ(a) for all a € A, and called a generalized Jordan left derivation if J(a?) = aJ(a)+ad(a),
where d is a Jordan left derivation. Let M be a A-A-bimodule. An R-linear map f from A
into M is called a derivation if f(ab) = f(a)b+af(b) for all a,b € A, a generalized derivation
if f(ab) = f(a)b+ ad(b), where d is a derivation from A to M and a Jordan derivation if
J(a?) = J(a)a + aJ(a) for all a € A.

Note that the concept of Jordan left derivation were introduced by Bresar and Vukman!(6.
Han and Weil” studied generalized Jordan left derivations of semiprime algebras. They
proved that any generalized Jordan left derivation on a semiprime algebra of characteristic
not 2 is a generalized left derivation and is also a generalized derivation. The aim of this
note is to study Jordan left derivations and generalized Jordan left derivations of generalized
matrix algebras. We prove that under certain conditions, each Jordan left derivation on G
is zero. As a by-product, we get that under certain conditions, each generalized Jordan left
derivation of G is a generalized left derivation.

2 Jordan Left Derivations of Generalized Matrix Alge-
bras

From now on, we always assume that all algebras and modules considered in this note are
2-torsion free. Let us first describe the general form of Jordan left derivations on generalized
matrix algebras.

Lemma 2.1  An additive map © from G into itself is a Jordan left derivation if and only

if it is of the form:
a m B a m G
n b N ’ n b €%

d

04:A— A T1:A—M, vy:B— N, u:B—DB

where

are all R-linear maps satisfying the following conditions:



