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1 Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space, E∗ is the dual space of E

and J : E → 2E
∗
is the normalized duality mapping defined by

J(x) = {f ∈ E∗ : ⟨x, f⟩ = ∥x∥∥f∥, ∥f∥ = ∥x∥}, x ∈ E,

where ⟨ · , · ⟩ denotes duality pairing between E and E∗. A single-valued normalized duality

mapping is denoted by j.

Let K be a nonempty subset of E and T : K → K be a mapping. T is said to be

asymptotically nonexpansive (see [1]) if there exists a sequence {hn} ⊂ [1,∞) with lim
n→∞

hn =

1 such that

∥Tnx− Tny∥ ≤ hn∥x− y∥, x, y ∈ K, n ≥ 1.

Proposition 1.1 [2] Let K be a nonempty subset of E, and {Ti}Ni=1 : K → K be N asymp-

totically nonexpansive mappings. Then there exists a sequence {hn} ⊂ [1,∞) with hn → 1
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such that

∥Tn
i x− Tn

i y∥ ≤ hn∥x− y∥, n ≥ 1, x, y ∈ K, i = 1, 2, · · · , N. (1.1)

Let K be a nonempty closed convex subset of E, x0 ∈ K be any given point and

{Ti}Ni=1 : K → K be N asymptotically nonexpansive mappings. Let {hn} be the sequence

defined by (1.1) and L = sup
n≥1

hn. Then the sequence {xn} ⊂ K defined by

x1 = α1x0 + (1− α1)T1x1,

x2 = α2x1 + (1− α2)T2x2,

...
xN = αNxN−1 + (1− αN )TNxN ,

xN+1 = αN+1xN + (1− αN+1)T
2
1 xN+1,

...
x2N = α2Nx2N−1 + (1− α2N )T 2

Nx2N ,

x2N+1 = α2N+1x2N + (1− α2N+1)T
3
1 x2N+1,

...

(1.2)

is called the implicit iterative sequence for a finite family of asymptotically nonexpansive

mappings {T1, T2, · · · , TN}, where τ ≤ αn ≤ 1− τ <
1

L
for all n ≥ 1 and some τ > 0.

Note that each n ≥ 1 can be written as n = (k−1)N + i, where i = i(n) ∈ {1, 2, · · · , N},
and k = k(n) ≥ 1 is a positive integer with k(n) → ∞ as n → ∞. Hence we can write (1.2)

in the following compact form:

xn = αnxn−1 + (1− αn)T
k(n)
i(n) xn, n ≥ 1. (1.3)

In 2006, Chang et al.[2] studied the iteration process (1.3) and proved the following weak

convergence theorem.

Theorem 1.1 Let E be a real uniformly convex Banach space satisfying Opial condition,

K be a nonempty closed convex subset of E, {T1, T2, · · · , TN} : K → K be N asymptotically

nonexpansive mappings with F =
N∩
i=1

F (Ti) ̸= ∅, {αn} be a sequence in [0, 1] and {hn} be

the sequence defined by (1.1) with L = sup
n≥1

hn ≥ 1 satisfying the following conditions:

(i)
∞∑

n=1
(hn − 1) < ∞;

(ii) There exist constants τ1, τ2 ∈ (0, 1) such that

τ1 ≤ 1− αn ≤ τ2, n ≥ 1.

Then the implicit iterative sequence {xn} defined by (1.3) converges weakly to a common

fixed point of {T1, T2, · · · , TN} in K.

Only Theorem 1.1 has been obtained from the weak convergence problem for the sequence

defined by (1.3). The purpose of this paper is to prove a new weak convergence theorem

of the iteration scheme (1.3) for N asymptotically nonexpansive mappings in a uniformly

convex Banach space.


