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Abstract: The existence of positive solution is proved for a (k, n — k) conjugate
boundary value problem in which the nonlinearity may make negative values and
may be singular with respect to the time variable. The main results of Agarwal et al.
(Agarwal R P, Grace S R, O’Regan D. Semipositive higher-order differential equa-
tions. Appl. Math. Letters, 2004, 14: 201-207) are extended. The basic tools are the
Hammerstein integral equation and the Krasnosel’skii’s cone expansion-compression
technique.
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1 Introduction

Let n > 2,1 <k <n—1 be two positive integers and A > 0 be a positive parameter. In
this paper, we study the existence of positive solution to the following nonlinear (k, n — k)
conjugate boundary value problem:
b (=D PuM(t) = Af(t, u(t), 0<t<l,
) {u<i>(0)—0, u9) (1) =0, 0<i<k-1,0<j<n—k-1.
The solution u* of the problem (P) is called positive if u*(¢) > 0 for 0 < ¢ < 1.

For the function f(t, z), we use the following assumptions:

(A1) f:(0,1) %[0, 400) = (—o0, +00) is continuous.

(A2) There exists a nonnegative function h € L1[0, 1] N C(0, 1) such that

f(t, )+ h(t) >0, (t, x) € (0, 1) x [0, +00).
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(A3) For each r > 0, there exists a nonnegative function j,. € L'[0, 1] N C(0, 1) such
that
f(t, ) + h(t) < jr(t), (t, z) € (0, 1) x [0, 7].

The assumptions (A2) and (A3) show that f(¢, ) may be singular at ¢t = 0 and ¢ = 1,
and may not have any numerical lower bound. Therefore, the problem (P) is singular and
semipositone. The problems of this type arise naturally in chemical reactor theory, see [1].

In applications, one is interested in showing the existence of positive solution for some
A. When h(t) = M > 0, the problem (P) has been frequently investigated in recent years,
for example, see [2-9] and the references therein.

In 2004, Agarwal et al.[® established the following existence theorem of positive solution:

Theorem 1.1([8], Theorem 2.3) Suppose that the following conditions are satisfied:
(al) f:]0, 1] x [0, 4+00) — (—o0, +00) is continuous and there exists a constant M > 0
such that f(t, x) + M > 0 for any (t, x) € [0, 1] x [0, +00);
(a2) There exists a continuous and nondecreasing function ¢ : [0, +00) — [0, +00) such
that
¢(x) >0, 0<z<+o00,

and

[t z)+ M <((x), (& x) €0, 1] x [0, +00);

AM
(a3) There exists a positive number r1 > —- such that
n!

1
< .
() max [ Gt s <
1
(ad) There exist a 6 with 0 < § < 3 and a continuous and nondecreasing function
£: (0, 400) — (0, +00) such that
ft, )+ M > &(x), (t, ) €[5, 1 =] x (0, +00);

(ab) There exists an € with

AM
0<5§1—|—, re >y
n.ro
such that
1-6
>
AE(ebrs) [ax : G(t, s)ds > rq,
where

§F(1 — o)k, n < 2k;
| SR =6)k,  n> 2k
Then the problem (P) has at least one positive solution u* € C"~1[0, 1] N C™(0, 1).
In Theorem 1.1, G(t, s) is the Green function of the problem (P) with f(¢, z) = 0. For

the expression of G(t, s), see Section 2. The function h(t) = M is a constant and the
nonlinearity f(t, ) is continuous on [0, 1] x [0, +00).



