
JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS
J. Part. Diff. Eq., Vol. 33, No. 2, pp. 158-170

doi: 10.4208/jpde.v33.n2.5
June 2020

Existence of Solutions for a Parabolic System

Modelling Chemotaxis with Memory Term

WU Shaohua and LIU Lei∗

School of Mathematics and Statistics, Wuhan University, Wuhan 430072, China.

Received 13 March 2020; Accepted 18 April 2020

Abstract. In this paper, we come up with a parabolic system modelling chemotaxis
with memory term, and establish the local existence and uniqueness of weak solutions.
The main methods we use are the fixed point theorem and semigroup theory.
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1 Introduction

We consider in this paper a parabolic-parabolic system modelling chemotaxis, which ex-

plains the movement of population density or the movement of single particles. The

movement behavior of many species is guided by external signals, for instance, amoebas

move upwards chemical gradients, insects orient towards light sources, the smell of a

sexual partner makes it favorable to choose a certain direction.

The basic model of chemotaxis was introduced by Keller and Segel in [1], and this

reads

ut=∇(∇u−χ(v)u∇v), (1.1)

εvt =∆v+g(u,v), (1.2)

where u represents the population density and v denotes the density of the external s-

timulus, χ is the sensitive coefficient, the time constant 0≤ ε≤1 indicates that the spatial

spread of the organisms u and the signal v are on different time scales. The case ε = 0

corresponds to a quasi-steady state assumption for the signal distribution.
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Since the KS model is designed to describe the behavior of bacteria, the question arises

whether or not this model is able to show aggregation. A number of theoretical research

found exact conditions for aggregations and for blow-up [2–16]. Besides, free boundary

problems for the chemotaxis model is considered [17–24].

The possibility of blow-up has been shown to depend strongly on space dimension.

For instance, in the case of χ is a constant, and g(u,v) =−γv+αu, finite time blow-up

never occurs in 1-D case [25] (unless there is no diffusion of the attractant v, [26, 27]),

but can always occur in N-D cases for N ≥ 3. For the 2-D case, it depends on the initial

data, i.e. there exists a threshold; if the initial distribution exceeds its threshold, then the

solution blows up in finite time, otherwise the solution exists globally [28].

We introduce a memory term in equation (1.1), i.e.

ut=∇(∇u−χ(v)u∇v)+uq
∫ t

0
up(·,τ)dτ, (1.3)

where p,q≥0 are nonnegative constants.

There are two main sources of motivation for our investigation of (1.3). One of them

is the semilinear heat equation model with memory,



















ut=∆u+uq
∫ t

0
up(·,τ)dτ in Ω×(0,T),

u(·,0)=u0 in Ω×{0},

u=0 on ∂Ω×(0,T),

(1.4)

and the other is


















ut=∆u in Ω×(0,T),

u(·,0)=u0 in Ω×{0},

∂u

∂n
=uq

∫ t

0
up(·,τ)dτ on ∂Ω×(0,T).

(1.5)

It is known that the solutions of (1.4) and (1.5) are global in the case of 0≤p+q≤1 [29,30].

Let g(u,v) =−γv+αu, χ(v) = χ is a constant, and supplement equations (1.3), (1.2)

with some initial boundary conditions, then we obtain the following system















































ut=∇(∇u−χu∇v)+uq
∫ t

0
up(·,τ)dτ in Ω×(0,T),

εvt =∆v−γv+αu in Ω×(0,T),

u(·,0)=u0 in Ω×{0},

v(·,0)=v0 in Ω×{0},

∂u

∂n
=

∂v

∂n
=0 on ∂Ω×(0,T).

(1.6)


