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Abstract. We present a second order scheme for the barotropic and full Euler equa-
tions. The scheme works on staggered grids, with numerical unknowns stored at dual
locations, while the numerical fluxes are derived in the spirit of kinetic schemes. We
identify stability conditions ensuring the positivity of the discrete density and energy.
We illustrate the ability of the scheme to capture the structure of complex flows with
1D and 2D simulations on MAC grids.
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1 Introduction

This work is concerned with the development of numerical schemes on staggered grids
for the Euler equations. Using staggered grids is non standard for the discretization of
hyperbolic system (see e.g. [11,19,26,36,50]), since, when stored on a collocated grid, the
unknowns of the system are usually gathered in a single vector-valued unknown allow-
ing to identify the wave structure of the system in order to built upwinding techniques.
The motivation of the use of staggered grids comes from the attempt to have an unified
approach with an incompressible code, see e.g. [25, 28, 51, 53–55]. This is particularly rel-
evant when dealing with low-Mach simulations since letting the Mach number go to 0
enforces incompressibility and collocated approaches might lead to numerical difficul-
ties in this regime, and to the development of spurious instabilities due to an “odd-even
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decoupling”, see [20, 21, 57] and the references therein. This is also of interest in multi-
fluid flows simulations that involve additional solenoidal constraints on a velocity field,
see e.g. [6, 16, 17, 47]: coupled with a projection approach, the staggered method makes
the discretization of the mass conservation equations for all the species interacting in the
mixture and the definition of the pressure field (the Lagrange multiplier associated to the
solenoidal constraint) compatible.

We first deal with the barotropic Euler system
{

∂tρ+∇ ·(ρu)=0,

∂t (ρu)+∇·(ρu⊗u)+∇(p(ρ))=0.
(1.1)

This model describes the evolution of a compressible fluid (in the absence of external
forces). The unknowns ρ and u stand respectively for the local density and velocity field
of the fluid. They depend on the time and space variables, t>0 and x∈R

N . The model
assumes that the pressure p depends on the density ρ only. Here and below, we suppose
that the pressure law ρ 7→ p(ρ) belongs to C2([0,∞)) and satisfies

p(ρ)>0, p′(ρ)>0, p′′(ρ)>0, ∀ρ>0.

For instance, these properties hold for the classical power-law p(ρ) = λργ with λ > 0
and γ> 1. We refer the reader to the classical treatises [11, 19, 26, 36, 50] for a thorough
introduction to these equations and for a description of the numerical issues. Our aim is
here to extend at the second order and to higher dimension the scheme introduced in [5].
This scheme is characterized by the following two main features:

• first of all, as said previously, it works on staggered grids, meaning that densities
and velocities are stored on different grid points;

• second of all, the fluxes are defined with a flavor of kinetic schemes [18, 22, 23, 32,
44, 45].

Consequently, the scheme differs in many aspects from standard approaches, for which
we refer the reader e.g. to [11, 50]. In particular, due to the staggered discretization, the
system is not treated “as a whole”, but each equation are updated successively, which
makes the numerical analysis different, see e.g. [4, 24, 28, 30, 49]. Next, the definition
of the fluxes involves the characteristic speeds of the system, but, despite the “kinetic”
motivation, their evaluation do not require to compute complicated integrals. They are
defined by simple formula and they do not require additional computational cost. The
scheme can be shown to preserve the positivity of the density and the entropy dissipation
property under a suitable CFL condition [5], it is thus consistent with the Euler system [4].

Next, we address the full Euler model

∂t




ρ
ρu

ρE


+∇·
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ρu
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
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