
Communications
in
Mathematical
Research
34(4)(2018), 363–370

Location of Zeros for the Weak Solution

to a p-Ginzburg-Landau Problem

Zhan De-sheng
(Department of Basic, Maanshan Technical College, Maanshan, Anhui, 243031)

Communicated by Wang Chun-peng

Abstract: This paper is concerned with the asymptotic behavior of the solution uε

of a p-Ginzburg-Landau system with the radial initial-boundary data. The author

proves that the zeros of uε in the parabolic domain B1(0) × (0, T ] locate near the

axial line {0}× (0, T ]. In particular, all the zeros converge to this axial line when the

parameter ε goes to zero.
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1 Introduction

Let n ≥ 3 and B = {x ∈ Rn; |x| < 1}. Write BT = B × (0, T ], where T ∈ (0, ∞). We are

concerned with the asymptotic behavior of the weak solution uε of the following problem:

ut = div(|∇u|p−2∇u) +
1

εp
u(1− |u|2), (x, t) ∈ BT , (1.1)

u(x, t)∂B = x, t ≥ 0, (1.2)

u(x, 0) =
x

|x|
, x ∈ B, (1.3)

when ε → 0. Recall that a weak solution of (1.1) is a measurable function u : BT → Rn,

such that

esssup
t∈(0, T )

∥u( · , t)∥2L2(B) + ∥∇u∥pLp(BT ) < ∞,

and for any ϕ ∈ C∞
0 (BT ),∫

BT

uϕtdxdt =

∫
BT

|∇u|p−2∇u∇ϕdxdt− 1

εp

∫
BT

uϕ(1− |u|2)dxdt. (1.4)
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Moreover, if a function u is a weak solution of (1.1), and lim
t→0+

∫
B

|u(x, t)− x

|x|
|dx = 0, then

u solves (1.1)–(1.3) in weak sense.

In the case of p = n = 2, the problem can be used to described the properties of vortices

in the study of the phase transition, such as the theories of superconductor, superfluids and

XY-magnetism (see [1] and the references therein).

When max
{
2,

n

2

}
< p < n, the author proves that the zeros of uε in the parabolic

domain B1(0) × (0, T ] locate near the axial line {0} × (0, T ]. In addition, the author also

consider the Hölder convergence of the solution when the parameter ε tends to zero (see [2]).

Indeed, the restriction max
{
2,

n

2

}
< p < n is not essential. It comes from the technique

deficiency in the proof of Proposition 2.3 in [2]. We expect those results in [2] are still true

in the wider extent for the value of p.

We shall prove the following theorems:

Theorem 1.1 Assume 1 < p ≤ n, and let uε be the weak solution of (1.1)–(1.3). Then

for any σ > 0, there exists a constant h (independent of ε) such that{
(x, t) ∈ B × [0, T ]; |uε(x, t)| <

1

2

}
⊂ Ω ,

where
Ω = (B(0, hε)× [σ, T ]) ∪ (B(0, σ)× [0, σ]), p ∈ (2, n);

Ω = (B(0, hε)× [0, T ]) ∪ (B × [0, σ]), p = n or p ∈ (1, 2).

Remark 1.1 Theorem 1.1 implies that all the zeros of uε are located near {0} × [0, T ]

when ε → 0 and σ is sufficiently small. Namely, there does not exist any zero in the domain

far away from {0} × [0, T ] since

|uε(x, t)| ≥
1

2
, (x, t) ∈ Ω . (1.5)

Theorem 1.2 Under the same assumption of Theorem 1.1, for any σ > 0, there exists a

C > 0 such that

sup
t∈[σ,T ]

[ ∫ t

0

∫ 1

0

∣∣∣∣ ∂∂τ uε(x, τ)

∣∣∣∣2 dxdτ + Eε(uε(x, t), B)

]
≤ C, p ∈ (1, n); (1.6)

sup
t∈[σ,T ]

[ ∫ t

0

∫ 1

0

∣∣∣∣ ∂∂τ uε(x, τ)

∣∣∣∣2 dxdτ + Eε(uε(x, t), B \B(0, σ))

]
≤ C, p = n, (1.7)

where

Eε(u,B) =
1

p

∫
B

|∇u|pdx+
1

4εp

∫
B

(1− |u|2)2dx.

By the same argument in [2], from (1.5)–(1.7) we can also derive the Hölder convergence

of ∇uε when 2 < p ≤ n. Moreover, we also have the following convergence result:

Theorem 1.3 Assume that max

{
1,

8

n+ 2

}
< p ≤ n, and uε is the weak solution of

(1.1)–(1.3). We have

lim
ε→0

∇uε = ∇ x

|x|

in C
α,α2
loc ([B \ {0}]× (0, T ], Rn) for some α ∈ (0, 1).


