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Abstract: Let L be the infinitesimal generator of an analytic semigroup on L*(R™)
with pointwise upper bounds on heat kernel, and denote by L~/? the fractional
integrals of L. For a BMO function b(z), we show a weak type LlogL estimate
of the commutators [b, L™%?](f)(z) = b(x)L~*?(f)(x) — L™°/?(bf)(z). We give
applications to large classes of differential operators such as the Schrédinger operators
and second-order elliptic operators of divergence form.
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1 Introduction and Main Results

Suppose that L is a linear operator on L?(R™) which generates an analytic semigroup e~**

with a kernel a;(z, y) satisfying an upper bound of the form

_n f(|z—y"
e I < g (200, (1)

where m is a positive fixed constant and ¢ is a positive, bounded, decreasing function
satisfying
lim r"Tg(r™) =0 (1.2)

r—00

for some € > 0.
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2
For 0 < a < —n, the fractional integrals L~%/2 of the operator L is defined by
m

7% () = F<1a> | et (19
2

Note that if L = —A is the Laplacian on R™, then L~ % is the classical fractional integrals
T, (see, for example, Chapter 5 in [1]),

O e = 2

. n_mdy7 l<a< —.
R o — g% m

Let b be a BMO function on R™. The commutator of b and L~ 2 is defined by

[b, L™2](f)(2) = b(a)L™% (f)(2) — L™% (bf ) ().
It is well known that when b € BMO(R"), the commutator [b, Z,] is bounded from

1 1
LP(R™) to LY(R"), 1 <p < ﬁ, R (see [2]), and of weak type LlogL estimate for
a’'q p n
p =1 (see [3] and [4]). For commutators of fractional integrals on homogeneous spaces, we
refer the reader to [5], also to [6] for commutators of fractional integrals on non-homogeneous
spaces.

The aim of this paper is to prove the following estimate.

2
Theorem 1.1  Let b € BMO, &(t) = t(1 +log™ t). Then for every 0 < a < —n7 and
m

1 1 ma

g p 2n’
@) N, L2 fllg < cllbllell fllpy 1<p < .
ma
(ii) Whenp=1, [b, L™ %] is of weak type Llog L, that is,

o

{z e R™ : [[b, L™E)(f)(z)| > A}|7

< C[/ ¢<“’H*|Af(f”)>d4 {1+ ?—Sbg*/n @(W)dx} (1.4)

where ||b]|.« denotes the BMO norm of b(x).

Our result extends the results of [3] and [4] from (—A) to a general operator L, while
we only assumes pointwise upper bounds on kernel a;(z, y) of e *£ and no regularity on its
space variables. Under our assumptions, the kernel of the operator L~ 2 does not have any
regularity on space variables x and y. This allows flexibility on the choice of operator L in
applications.

The paper is organized as follows. In Section 2, we recall some important estimates
on BMO functions, maximal functions and fractional integrals. In Section 3, we prove
some estimates on fractional integrals, which play a key role in the proof of the main result
Theorem 1.1, which will be shown in Section 4 by using the approach of [4] and [7], combining
with some estimates on the sharp maximal function Mf f. We conclude this paper by giving
applications to large classes of differential operators which include the Schrédinger operators

and second-order elliptic operators of divergence form.



