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Abstract: Let L be the infinitesimal generator of an analytic semigroup on L2(Rn)

with pointwise upper bounds on heat kernel, and denote by L−α/2 the fractional

integrals of L. For a BMO function b(x), we show a weak type LlogL estimate

of the commutators [b, L−α/2](f)(x) = b(x)L−α/2(f)(x) − L−α/2(bf)(x). We give

applications to large classes of differential operators such as the Schrödinger operators

and second-order elliptic operators of divergence form.
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1 Introduction and Main Results

Suppose that L is a linear operator on L2(Rn) which generates an analytic semigroup e−tL

with a kernel at(x, y) satisfying an upper bound of the form

|at(x, y)| ≤ t−
n
m g

(
|x− y|m

t

)
, (1.1)

where m is a positive fixed constant and g is a positive, bounded, decreasing function

satisfying

lim
r→∞

rn+εg(rm) = 0 (1.2)

for some ε > 0.

Received date: May 17, 2016.
Foundation item: The Science and Technology Research (Z2014057) of Higher Education in Hebei Province,

the Doctoral Foundation (L2015B05) of Hebei Normal University, and the NSF (A2015403040) of Hebei Province.
* Corresponding author.
E-mail address: liuxianjun@126.com (Liu X J), yanxuefang2008@163.com (Yan X F).



74 COMM. MATH. RES. VOL. 33

For 0 < α <
2n

m
, the fractional integrals L−α/2 of the operator L is defined by

L−α
2 f(x) =

1

Γ

(
α

2

) ∫ ∞

0

e−tL(f)
dt

t−
α
2 +1

(x). (1.3)

Note that if L = −∆ is the Laplacian on Rn, then L−α
2 is the classical fractional integrals

Iα (see, for example, Chapter 5 in [1]),

Iα(f)(x) =
∫
Rn

f(y)

|x− y|n−mα
2
dy, 0 < α <

2n

m
.

Let b be a BMO function on Rn. The commutator of b and L−α
2 is defined by

[b, L−α
2 ](f)(x) = b(x)L−α

2 (f)(x)− L−α
2 (bf)(x).

It is well known that when b ∈ BMO(Rn), the commutator [b, Iα] is bounded from

Lp(Rn) to Lq(Rn), 1 < p <
n

α
,
1

q
=

1

p
− α

n
(see [2]), and of weak type LlogL estimate for

p = 1 (see [3] and [4]). For commutators of fractional integrals on homogeneous spaces, we

refer the reader to [5], also to [6] for commutators of fractional integrals on non-homogeneous

spaces.

The aim of this paper is to prove the following estimate.

Theorem 1.1 Let b ∈ BMO, Φ(t) = t(1 + log+ t). Then for every 0 < α <
2n

m
, and

1

q
=

1

p
− mα

2n
,

(i) ∥[b, L−α
2 ]f∥q ≤ c∥b∥∗∥f∥p, 1 < p <

2n

mα
;

(ii) When p = 1, [b, L−α
2 ] is of weak type L logL, that is,

|{x ∈ Rn : |[b, L−α
2 ](f)(x)| > λ}|

1
q

≤ C

[ ∫
Rn

Φ

(
∥b∥∗|f(x)|

λ

)
dx

][
1 +

mα

2n
log+

∫
Rn

Φ

(
∥b∥∗|f(x)|

λ

)
dx

]
, (1.4)

where ∥b∥∗ denotes the BMO norm of b(x).

Our result extends the results of [3] and [4] from (−∆) to a general operator L, while

we only assumes pointwise upper bounds on kernel at(x, y) of e−tL and no regularity on its

space variables. Under our assumptions, the kernel of the operator L−α
2 does not have any

regularity on space variables x and y. This allows flexibility on the choice of operator L in

applications.

The paper is organized as follows. In Section 2, we recall some important estimates

on BMO functions, maximal functions and fractional integrals. In Section 3, we prove

some estimates on fractional integrals, which play a key role in the proof of the main result

Theorem 1.1, which will be shown in Section 4 by using the approach of [4] and [7], combining

with some estimates on the sharp maximal function M#
L f . We conclude this paper by giving

applications to large classes of differential operators which include the Schrödinger operators

and second-order elliptic operators of divergence form.


