JOURNAL OF PARTIAL DIFFERENTIAL EQUATIONS doi: 10.4208/jpde.v31.n3.3
J. Part. Diff. Eq., Vol. 31, No. 3, pp. 224-236 September 2018

Global Existence and Blow Up of Solutions in a Cauchy
Viscoelastic Problem

LIU Gongweil"*and TIAN Shuying?

1 College of Science, Henan University of Technology, Zhengzhou 450001, China.
2 School of Science, Wuhan University of Technology, Wuhan 430070, China.

Received 6 July 2017; Accepted 5 July 2018

Abstract. The Cauchy problem for a viscoelastic equation with nonlinear damping
and source terms is considered. We establish the nonexistence result of global solu-
tions with initial energy controlled above by a critical value by modifying the method
introduced in a work by Autuori et al. in 2010. Then we establish global existence for
arbitrary initial data or the energy in potential well. These improve earlier results in
the literatures.
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1 Introduction
In [1], Messaoudi considered the following initial-boundary value problem

t
utt—Au-i—/o g(t—s)Au(s)ds+|u|"2u; = |u|P~2u, xeQt>0,

u(0,x)=up(x), ui(0,x)=uq(x), xe),
u(t,x)=0, (tx)€Ry x9Q,

(1.1)

where Q is a bounded domain of RY (N >1) with a smooth boundary 0Q), p >2,m >2,
and g is a nonincreasing positive function. He showed, under suitable assumptions on g,
that the solutions with negative initial energy blow up in finite time if p>m and continue

to exist if m > p provided that max{m,p} < % if N>3.
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In the absence of the viscoelastic term, the problem (1.1) has been extensively studied
and results concerning the global existence and nonexistence have been established by
many authors. Levine [2,3] showed that solutions with negative initial energy blow up
in finite time in the case of linear damping. Georgiev and Todorova [4] extended Levine’s
results to the nonlinear damping via a method different from the one known as the con-
cavity method used by Levine. Vitillaro [5] extended the result in the situation where the
solution has positive energy. In the presence of the viscoelastic term (i.e. §#0), the blow
up result [1] was improved by the same author [6] and Wu [7]. Recently, Wu et al. [8]
considered the problem (1.1) with general damping and source terms, they established
the nonexistence result of global solutions with the initial energy controlled by a critical
value by modifying the method in a work Autuori et al. [9] in 2010, see [10,11] for more
general results.

For the problem in RN, Todorova [12] studied the following problem

st — ANuA-g2 () u+ Jug) ™ 2up = |u|P2u, in (0,00) xRN, (1.2)

He showed the results similar to [4] when g(x) is a decaying function. For more related
results, we refer the readers to [13-15]. In [15], the author considered the linear damping
case and obtained that the solution blows up in finite time when the initial energy is
nonpositive. We also mention the work [16], Todorova considered the Cauchy problem
(1.2) with g(x) =1 and obtained the solution is global and blows up in finite time under
suitable conditions by the ideas of the potential well theory.

In the presence of the viscoelastic term, Kafini and Messaoudi [17] considered prob-
lem (1.1) when m =2 and QO =RY, and obtained the results similar to [15]. Later, Lu and
Li [18] considered the following Cauchy problem with nonlinear damping term

t
utt—A“+/0 g(t—8)Au(s)ds+u+|us|™ 2us=|ulP~>u, in (0,00) x RN

with compactly supported initial data u(0,x) =uo(x),u(0,x) =u;(x). They also obtained
that the solution blows up in finite time when the initial energy is negative and a global
existence result under suitable assumptions.

Motivated by these papers, in this work, we intend to study the following Cauchy
problem

t
{ utt—Au-l-/O g(t—s)Au(s)ds+u+|ue|"2u; = f(x,u), (t,x) € (0,00) xRN, (1.3)

u(0,x)=uo(x), u(0,x)=uq(x), x€RN,

where g, f,up and u; are functions to be specified later. Such problems arise in viscoelas-
ticity and in systems governing the longitudinal motion of a viscoelastic configuration
obeying a nonlinear Boltzmann’s model. Our aim is to extend the results of [8,12,17,18]
to our problem.



