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Abstract. In this paper, we develop a spectral method for the nonlinear Fokker-Planck
equations modeling the relaxation of fermion and boson gases. A full-discrete general-
ized Hermite spectral scheme is constructed. Its convergence and stability are proved
strictly. Numerical results show the efficiency of this approach and coincide well with
theoretical analysis.
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1 Introduction

In recent years, the more and more attentions were paid to the problems defined on un-
bounded domains. It is natural to take Hermite (or Laguerre) polynomial/functions as
basis functions for the problems defined on the whole line (or half line), see for exam-
ple [4, 8, 11, 14, 16, 22, 23, 25, 28, 32, 33]. In earlier studies, with respect to the problems de-
fined on the whole line, ones take the Hermite orthogonal polynomials with the weight

function eλv2
(λ is a non-zero constant) as the basis functions which lead to non-uniform

weights. The non-uniform weights are not natural for certain underlying physical prob-
lems, see for example [1–3,10,11,13,17,19,26] and the references therein. In addition, for
the problems with variable coefficients or nonlinear wave equations, such as the Fokker-
Planck equations in statistic physics or Dirac equation in quantum mechanics, the solu-
tions decay to zero at infinity. The non-uniform weights will destroy the symmetry and
positive definiteness of the bilinear operators as well as the conservation properties, and
then lead to complications in analysis and implementation. In such cases, we prefer to
consider approximations by Hermite functions with weight χ(v)≡1 (see [15, 24, 31, 34]).
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In this paper, we consider the Fokker-Planck equations modeling the relaxation of
fermion and boson gases. Let v be the velocity of particles, R={v |−∞<v<∞}. Denote
by W(v,t) the probability density. What’s more, W0(v) represents the initial state. For

simplicity, let ∂zW=
∂W

∂z
, etc.. We think of the following Cauchy problem (see [28]),





∂tW(v,t)=∂v(vW(v,t)(1+kW(v,t)))+∂2
vW(v,t), v∈R, 0< t≤T, k=±1,

W(v,t)→0, |v|→∞, 0< t≤T,

W(v,0)=W0(v), v∈R.

(1.1)

The Fokker-Planck equations have been put forward as kinetic models for the relax-
ation to equilibrium for bosons (k=1) and fermions (k=-1), see [5, 9, 20] and the refer-
ences therein. These models have been introduced as a simplification with respect to
Boltzmann-based models as in [7, 21]. Carrillo, Rosado, and Salvarani [6] indicated that
in which way the entropy method applies for quantifying explicitly the exponential decay
towards Fermi-Dirac and Bose-Einstein distributions in the one-dimensional case. Also,
some authors considered Fokker-Planck equations in an infinite channel or the whole line
by using Laguerre functions coupled with domain decomposition (see [18, 27, 28]). The
domain decomposition method needs much more basis functions and is extremely com-
plicated to analyze and implement for the problems defined on unbounded domains. In
particular, it costs a lot of work to match the numerical solutions on the common bound-
ary of the adjacent subdomains. Thus it is more appropriate to consider approximations
by Hermite functions Hσ

n (v) (see [31]) directly.
This paper aims at expounding on the generalized Hermite spectral method to the nu-

merical solution of problem (1.1). Firstly, the main difficulty in dealing with (1.1) numer-
ically is caused by the two order difference terms of nonlinear ∂v(vW(v,t)(1+kW(v,t))).
To estimate the errors rooted in the nonlinear terms, we need serval inverse inequalities.
Next, we need a few lemmas in time t- direction for numerical analysis of the full-discrete
scheme of (1.1). In addition, the fact that the terms ∂2

vW(v,t) and ∂vW(v,t) in (1.1) possess
the coefficients 1 and v varying from −∞ to ∞, brings some difficulties in actual computa-
tion and numerical analysis (see [28]). To remedy the deficiency, we need a nonstandard
projection of generalized Hermite functions (see [29]). Then a generalized Hermite spec-
tral scheme for (1.1) can be constructed, and its convergence and stability can be proved
too. Since in many cases, W(v,t) decays very fast as v→∞, it is better to use the gener-
alized Hermite functions as the basis functions in actual computation (see [24, 31]). They
are L2(R)- orthogonal system with regard to weight χ(v)≡ 1, lead to a much simplified
analysis, more precise error estimates and easier algorithms. We also design an efficient
algorithm for actual computation, and present some numerical results showing the effi-
ciency of this approach.

This paper is organized as follows. In Section 2, we introduce some results on the
generalized Hermite approximation, which play important roles in the numerical anal-
ysis of spectral methods for various differential equations in an infinite interval. Then


