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Abstract. In this paper, we study the role of mesh quality on the accuracy of lin-
ear finite element approximation. We derive a more detailed error estimate, which
shows explicitly how the shape and size of elements, and symmetry structure of
mesh effect on the error of numerical approximation. Two computable parameters
G. and G, are given to depict the cell geometry property and symmetry structure of
the mesh. In compare with the standard a priori error estimates, which only yield
information on the asymptotic error behaviour in a global sense, our proposed er-
ror estimate considers the effect of local element geometry properties, and is thus
more accurate. Under certain conditions, the traditional error estimates and super-
covergence results can be derived from the proposed error estimate. Moreover, the
estimators G. and G, are computable and thus can be used for predicting the vari-
ation of errors. Numerical tests are presented to illustrate the performance of the
proposed parameters G, and G,.
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1. Introduction

We discuss the role of mesh quality on the accuracy of finite element approximation
on triangular meshes. The existing a priori error estimate are in a asymptotic sense

H’LL - uhHV < Chmv

where V is an appropriate space, C' and m are some positive real numbers independ of
the mesh size h. The asymptotic estimate shows that the difference between an exact
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solution u and an finite element approximation u;, tends to zero as the mesh size h — 0.
In general, it is a very difficult task to explicitly evalute how the constant C' depends on
the mesh quality. To our best knowledge, the role of the cell gemoetry and mesh qual-
ity on the accuracy of approximation is not widely addressed in the literature. Some
discussion of this topic can be found in [1,19]. In [16], Yi and Huang established a
fundamental error estimation on general mesh, and designed a computable parameter
to depict the role of mesh quality on the accuracy of finite element approximation.

The standard a priori error estimate is often insufficient since: i) it only yield infor-
mation on the asymptotic error behaviour, and is useless for the adaptive meshes with
local refinement; ii) the value of the constant C' depends on the exact solution u and
can be very large on a mesh with “bad” cell geometry; iii) the value of the constant
C' also can be infinitesimal on a mesh with higher quality. To make the estimate more
accurately, an obvious remedy is to refine the estimation by considering how the C' de-
pends on finite element mesh. The question then is how to discribe the mesh quality’s
effect on the accuracy of finite element approximation and how to quantify the approx-
imation error on a mesh with element size vary greatly. These considerations clearly
show the need for an estimation which can show the role of the cell geometry and mesh
quality on the accuracy of finite element approximation. Of course, the derived error
estimation should be localized and should show explicitly how the constant C' depends
on the shape and size of elements. Moreover, the calculation of the error estimator can
be a priori extracted from the cell geometry and mesh quality.

The objective of this paper is to study the role of cell geometry and the symme-
try structure of mesh on the accuracy of finite element method. We discuss how the
accuracy of finite element approximation depends on the cell geometry and the mesh
structure. In detail, we proposed the following error estimations:

IV (ur —up)|| S Ge + Gy + hoot,
|u —upllee < Gy + hoot,

where uy, is the fintie element approximation and u; is the piecewise linear interpolant
of u, h.o.t denotes the higher order terms, and G, and G,, are defined as follows:
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The details are stated in Section 2. The error estimations show explicitly how the
errors depend on the shape and size of elements, and symmetry of the mesh. The two
computable parameters G, and G, are proposed for depicting the cell geometry and
symmetry structure of the mesh. As a by-product, we are easy to obtain various known
superconvergence results based on the presented parameters.
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