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Abstract. In this paper, the Chebyshev-Galerkin spectral approximations are em-
ployed to investigate Poisson equations and the fourth order equations in one dimen-
sion. Meanwhile, p-version finite element methods with Chebyshev polynomials are
utilized to solve Poisson equations. The efficient and reliable a posteriori error esti-
mators are given for different models. Furthermore, the a priori error estimators are
derived independently. Some numerical experiments are performed to verify the the-
oretical analysis for the a posteriori error indicators and a priori error estimations.
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1 Introduction

Either Galerkin spectral methods or p-version finite element methods provide higher ac-
curate approximations with relatively small number of unknowns (see, for example, [5,8,
20,21]). In order to get a numerical solution with acceptable accuracy, one may enhance
the degrees of polynomial basis if the a posteriori error indicators are larger than given
criterions (see [2,7]). However, a posteriori error estimations for the p-version FEM and
spectral Galerkin methods have been much less developed. In the past decades, there
are some papers on this topic in literatures (see, for instance, [4,13,14,17,19] and the ref-
erences therein). Recently, Guo summarized some theoretical results of a posteriori error
estimations for high order finite element methods, Zhou and Yang employed Legendre
polynomials to construct an improved a posteriori error estimator for Galerkin spectral
method in one dimension and analysed its reliability and efficiency, more details please
refer to [14,24].
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There have been extensive works using finite element methods to analyse the fourth
order equations (see [6, 10, 18] and the references cited therein). In many engineering
applications, some mathematical models have been described by the first bi-harmonic
equations. However, there are less works on a posteriori error estimations of Chebyshev-
Galerkin spectral methods governed by the first bi-harmonic equations.

This work investigates the a posteriori error indicators of spectral Galerkin methods
with Chebyshev polynomials for two kinds of model problems in one dimension. The
analyses show that the a posteriori error estimators can be reformulated with a simple
form, which can be easily used in some applications.

The outline of this paper is as follows. In Section 2, we state the model problem-
s in one dimension and recall some well-known results of Chebyshev polynomials and
the a priori error estimates. In Section 3, we construct the Chebyshev-Galerkin spectral
approximation scheme and derive the a posteriori error indicator, meanwhile, we prove
its efficient and reliable properties. In Section 4, we investigate the p-version finite el-
ement methods for the model problem, and study the corresponding a posteriori error
estimations. In Section 5, we deduce the a posteriori error indicator for the fourth order e-
quations in one dimension. Finally, various numerical examples are presented in Section
6 to exhibit the accuracy and efficiency of our results.

2 Poisson equations and Chebyshev-Galerkin spectral
approximations

We give some basic notations which will be used in the sequel. Let Q= (—1,1) with the
boundary set 00 = {—1,1}, w(x) be a positive weight function on (). We shall use the
weighted Sobolev spaces H!(Q)) (m=0,+£1,---) whose norms are denoted by ||-||,,,o. In
particular, the norm and inner product of L2 (Q)) are denoted by || ||, and (+,") ., respec-
tively. Meanwhile, we use the standard notations of Sobolev spaces (see [1]). Let Ty (x)
be the k-th degree Chebyshev polynomial. Denoting by Sy the space of polynomials of
degree <N, we set

Sy=span{Ty(x),Ti(x),--, Tn(x)}, Vn={veSNn:0[3n=0},

where
'1}+1:2ij_'1}71/ j:1/2/"'/

with To = 1, T] =X, Tz :2x2—1.
Let the scalar product in weighted space L2 (Q)) as

(U,w)w:/vaw,
where w(x)=1/v1—x2.



