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Abstract

In the present work we are going to solve the boundary value problem for the quasilinear
parabolic systems of partial differential equations with two space dimensions by the finite
difference method with intrinsic parallelism. Some fundamental behaviors of general finite
difference schemes with intrinsic parallelism for the mentioned problems are studied. By the
method of a priori estimation of the discrete solutions of the nonlinear difference systems,
and the interpolation formulas of the various norms of the discrete functions and the fixed—
point technique in finite dimensional Euclidean space, the existence of the discrete vector
solutions of the nonlinear difference system with intrinsic parallelism are proved. Moreover
the convergence of the discrete vector solutions of these difference schemes to the unique
generalized solution of the original quasilinear parabolic problem is proved.
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1. Introduction

1. In [1]-[4] the finite difference methods with intrinsic parallelism for the multi-dimensional
boundary value problems of the semilinear parabolic system are studied, where the difference
approximations for the derivatives of second order are taken to be the various linear combi-
nations of the two or four kinds of difference quotients. All of these general finite difference
schemes having the intrinsic character of parallelism are proved to be stable and convergent
conditionally, where some restriction conditions on time—step must be satisfied. Some special
finite difference schemes with intrinsic parallelism for the linear parabolic problems have been
discussed in [5] and [6]. These special difference schemes are proved to be stable and convergent
unconditionally in discrete norms L> and H', and the convergence order is O(7 + h) though
the truncation error at the subdomain boundaries is O(1). For the one-dimensional quasilin-
ear parabolic systems we have also constructed some general difference schemes with intrinsic
parallelism and proved that they are unconditional stable and convergent in [7].

2. Difference Schemes with Intrinsic Parallelism

2. Consider the boundary value problems for the two dimensional quasilinear parabolic
systems of second order of the form

Ut = A(%y,tau)(um + uyy) + B(mayatau)uﬂt + C’(w,y,t,u)uy + f(mayatau) (1)

* Received September 30, 2002.

DThe project is supported by China “National Key Program for Developing Basic Sciences” G1999032801,
the National Natural Science Foundation of China (No. 19932010), the National High Technology 863-11
(N0.2001AA111040) and the Foundation of CAEP (20020652 and ZX0107).




42 L. SHEN, G. YUAN

where (z,y) € Q = (0,11)%x(0,12), ¢t € (0,T], and u(z, y, t) = (u1(z,y,t), uz(z,y,t), -, um(z,y,t))
is a m—dimensional vector unknown function (m > 1); A(z,y,t,u), B(z,y,t,u) and C(z,y,t,u)

are given m X m matrix functions, and f(x,t,u) is a given m—dimensional vector function and

_ Ou _ Ou _ 8%u _ 8%u _ Ou : : :
Up = 5oy Uy = 5o Usa = g5, Uyy = 5% and u; = 7 are the corresponding m—dimensional

vector derivatives of the m—dimensional unknown vector function u(z,y,t).
Let us consider in the rectangular domain Q7 = Q x [0, T] the boundary value problem for
the system (1) with homogeneous boundary conditions
u(z,y,t) =0, (r,y) €90Q,0<t<T, (2)
and the initial condition
w(z,y,0) = o(z,y), (v,y) €L (3)

Suppose that the following conditions are satisfied.

(I) A(z,y,t,u), B(z,y,t,u), C(z,y,t,u)and f(z,y,t,u) are continuous functions with re-
spect to (z,y,t) € Q7 and continuously differentiable with respect to u € R™; and there are
constants Ag > 0, By > 0,Cy > 0 and C' > 0 such that |A(z,y,t,u)| < Ao, |B(z,y,t,u)| <
Bo, |/, ,t,u)| < Co, and |f(z,y,t,u)| < |£(z,y,t,0)] + Clul.

(IT) There is a constant oo > 0, such that, for any vector & € R™, and for (x,y,t,u) €
Qr x R™,

(57 A(CE, Y, t7 U’)g) Z UO|€|2'

(III) The initial value m-dimensional vector function ¢(z,y) € C*(Q) and ¢(z,y) = 0 for
(x,y) € 00N.

3. Divide the domain Qr = {0 < z < 1;,0 <y < 15,0 < ¢ < T} into small grids by the
parallel planes = z; (i = 0,1,---,I),y =y; (j =0,1,---,J) and t = t" (n = 0,1,---,N)
with x; = ihy, y; = jhy and t" = n1, where Thy =1;,Jhy =l and N7 =T, I,J and N are
integers and hi,hs and 7 are the steplengths of grids. Denote va = {v};|i = 0,1,---,I;j =
0,1,---,J;n=0,1,---, N} the m—dimensional discrete vector function defined on the discrete
rectangular domain Qa = {(z;,y;,t")|i = 0,1,---,I;j = 0,1,---,J;n = 0,1,---, N} of the
grid points.

Let us now construct the general difference schemes with intrinsic parallelism for the bound-
ary value problem (1), (2) and (3):

'UTH'I —
1) - 1) An—i—l A,Un+1 +Bn+16; Z—i—l +Cn+16; Z—i—l +fn+1’ (I)A
t=12,---,I-1;5=1,2,---,J—1;n=0,1,--- /N — 1),
where
*
n+1 2 n+l 2 n+1
A vy —6 2V T 6 vV
o N ntl Al n+X7; nl |, nHA
Vipr,; — 205 vy . Vi1l — 205 vy
h2 h% ’
+1 _ 1 50, nt1
Al = A(zi,y;,t", 6 Vi),
+1 _ +1 50, n+1
Bl = B(wi,y;,t"", 60,
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C = C(z;,y;,t", 6 v ),
fnJrl = f(mi)yjathrl 60UT'L'+1)' (4)

50 n+1 60 n+1 50 n+1 and 51 n+1 61 n+1

. . . <0, n+1
In this difference scheme, the expressions § v 2Vij > 0yU;;

can be taken in the following manner. We can take

<0, n+1 n n+1 n n+1
§ Uij - >‘ alz] z+lg + :u’zja%] i— 13 + >‘ a3l] ij+1
n+1
+:u’zga4zg z] 1 + aSz] + alz] z+1]

n n
+a;;0; 1 + Q505540 + QY351 T Q055 (5)



