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Abstract

This paper is devoted to analysis of the nonconforming element approximation to the
obstacle problem, and improvement and correction of the results in [11], [12].

Key words: Obstacle problem, Nonconforming finite element.

1. Introduction

For the conforming (i.e. C°—) linear finite element approximation to the obstacle problem,
the error bound O(h) has been obtained by Falk [5] in homogeneous boundary data and Brezzi
et.al., [3] in nonhomogeneous data and with lower order term. The author considered noncon-
forming (i.e. nonC°%-) finite element approximation to the obstacle problem in [10] and [11].
Later, [12] presented a rigorous proof of the error bound O(h) and correction of the proof in [11]
for nonconforming linear element approximation to the obstacle problem under the hypothesis
that the free boundary has finite length as in [3].

In general, the length of the free boundary could be not finite, because there exist probably
infinite simply connected coincidence sets, while the length of the boundary of each such coin-
cidence set is finite for the smooth solution of the obstacle problem. In fact, one can constructe
example of infinite simply connected sets in a bounded domain, with property that the total
length of the boundaries of all the sets is infinite. Thus it makes sense to estimate the error
bound of nonconforming linear element approximation to the obstacle problem without the
hypothesis of finite length of the free boundary.

In this paper, by the similar way as [3], we obtaine the error bound O(h) for the noncon-
forming linear element approximation to the obstacle problem without the hypothesis of finite
length of the free boundary. And in [10], [11] the author also analyzed Wilson’s element for the
obstacle problem with an unnatural construction of the discrete convex set K. In this paper
we consider Wilson’s element approximation to the obstacle problem with a natural and simple
construction of the discrete convex set K}, and obtaine the same error bound O(h) as in [10],
[11].

Let Q be a bounded convex domain in R? with smooth boundary ), and f € L?(Q),x €
H?(Q),g be the trace of a function in H?(Q) on 0N and y < g on 9Q. Let us consider the
following obstacle problem:

to find u € K, such that (1.1)
a(u,v —u) > (f,v —u) Y veK, )
where
K={veH"(Q):v>x aein Qu=g on 90}, (1.2)
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a(u,v) = /QVU - Vudz, (f,v) = /Q f-vdz. (1.3)

It is well known that (see [4]) problem (1.1) is equivalent to the following differential problem:

—Au=f in Qt ={zeQ:u(x) > x(z)},
—Au>f in Q" ={z € Q:u(z) =x(z)}, (1.4)
u>x in Q, and u=g on 0.

For the regularity of the solution of the obstacle problem (1.1), we now present a very
impotant result by Brezis:
Lemma 1.1 (see [6], [7]). If f € L°(Q) N BV (Q),(g,x) € C3(Q) with x < g on Q and 9
is sufficiently smooth, then the problem (1.1) has a solution

1
u € WP (Q), 1<p<oo, s<2+1—). (1.5)

We now consider the finite element approximation to problem (1.1). Let 7, be a regular
subdivision on Q, Q = Ure7, T, with T € T, denoting the element, and let V;, C L?(Q)
be the finite element space with norm || - [|», and Kj, C V3 be a closed convex subset as an
approximation of K. Then the finite element approximate problem of (1.1) is the following:

{ to find up € Kp, such that (1.6)
ap(un,vh —up) > (f,vn — up) vV v, € Kp. ’
where
ap(un,vp) = Z / Vup - Vopdz. (1.7)
T

TeTh

2. The Nonconforming Linear Element Approximation

Let Ty, be a regular triangulation of (2, the vertices of the element T be denoted by a},1 <
i < 3, and the midpoints of the edges of the element T be denoted by m},1 < i < 3. And let
X}, denote the nonconforming linear element space with respect to the triangulation 7. Let

(see Fig.2.1)

Vi = {vp € Xp s vop(m) = g(Pp) V nodes m € 004}, (2.1)
Ky ={op € Vo :on(m]) > x(m]) ¥V T €Ty and m ¢ 00}. (2.2)
Let
VY ={vp € Xp :vp(m) =0 V nodes m € 00}, (2.3)
then
lwlln = an(wn, wy)? (2.4)

is a norm in V,?.

In order to estimate the error bound of the approximate problem (1.6), firstly we have the
abstract error estimate:
Lamma 2.1. Assume that u and uy denote the solutions of the problems (1.1) and (1.6)
respectively. Then Yvy, € K}, the following inequalities hold:

llw = unlln < [lu—vnlln + [lvn — unlln, (2.5)



