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Abstract

In this paper, the solution of back-Euler implicit difference scheme for a semi-linear
parabolic equation is proved to converge to the solution of difference scheme for the corre-
sponding semi-linear elliptic equation as ¢ tends to infinity. The long asymptotic behavior
of its discrete solution is obtained which is analogous to that of its continuous solution. At
last, a few results are also presented for Crank-Nicolson scheme.
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1. Introduction

Consider the following initial-boundary value problem

O = du— o)+ fe), (yt) € QX Ry, (L.11)
ulag =0, (1.1.2)
u|t:0 = UO(way)a (way) € Qa (113)

where A is Laplac’s operator, Q2 is a rectangular [0,]%, Ry = (0,00), ¢'(u) > 0. As t tends to
oo and ¢'(u) satisfies some conditions, the solution of (1.1) converges to that of the following
semi-linear elliptic boundary value problem

Au—o(u)+ f(z,y) =0, (z,y) €, (1.2.1)
ulon =0,

Comparing to the case of continuous problem, it is very interesting to discuss the asymptotic
behavior of discrete solution of difference scheme for (1.1). For one-dimensional problem (1.1)
and ¢(u) = u3, Hui Feng and Long-jun Shen proved the solution of backward Euler difference
scheme and forward Euler difference scheme converge to the solution of the difference scheme
for the relevant nonlinear stationary problem as ¢ tends to infinity and obtained the long time
asymptotic behavior of discrete solution in [1] and [2] respectively by energy method.

In this paper, we consider back-Euler implicit difference scheme for (1.1) and give the
asymptotic error estimates by using Browder fixed point theorem, maximum principle and
energy method. For the Crank-Nicolson difference scheme, some similar results are also given.
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Let h, At,, be the space step-size and the time step-size respectively, h = [/J, where J is
an integer. Denote Qp = {(z;,y;) | ; = th,y; = jh,0 < i,j < J}and H = {w | w =
{wi;}] o, wio = wiy =woj =wy; =0,0< 4,5 < J}.

For w € H, introduce the following notations:

SawWiy1 ;= (Wit1,; —wig)/h,  Syw; i1 = (wij41 —wis)/h,
Sqwij = (Wit1,; — 2wi; +wim1g) /B, Swij = (i1 — 2wi; +wij1)/h?,

_ 52 2
Ay Wi = 5xwij + 5ywij,

J—-1J-1
lolle =, _max fwgl, ol = |72 35 3 (i),
i=1 j=1
J—-1J-1 J—-1J-1
owwll = [h2 | 30D (awiyy )2+ Y D (Oywi i 4)?),
=0 j=1 i=1 j=0
J—-1J-1
B ENEDIPI NS
i=1 j=1

It is easy to know that ||w]|., ||w||, ||0rw]|| and || A w|| are all norms of the space H. In
addition, if v € H and w € H, we define the inner product

J—-1J-1

(’U,’LU) = h2 Z Z VijWij .

i=1 j=1
It is obvious that

lwll = v/ (w, w).

The back-Euler implicit difference scheme for (1.1) we will consider is as follows

n n—1

% = Apuiy — o(uiy) + fzi,95),

1<i,j<J—1n=1,23, - (1.3.1)
ujy = upy = ug; =uy; =0,0<4,5 < Jn=1,23,-, (1.3.2)
u?j =wuo(zi,y;), 0<14,5 < J. (1.3.3)

For (1.2), we construct the following difference scheme
Apujy; = ¢(uj;) + fxi,y;) =0, 1<4,5 < J -1, (1.4.1)

* * * * ..
Uiy = uzy = ug; =uy; =0,0<4,5 < J,

In next section, the difference schemes (1.3) and (1.4) are proved to have unique and bounded
discrete solutions respectively. In section 3, the asymptotic error estimates are given, from which
it is known that the solution of (1.3) converges to the solution of (1.4).

The main result of this paper is Theorem 3.1 proved in section 3.

2. Preliminary Results

For our need, we list following lemmas.



