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Abstract. Using an integral identity for a once differentiable mapping, this paper es-
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particular, our results improve and extend some known ones in the literature. Finally,
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1 Introduction

Throughout the present paper, we use I ⊆R to denote the real interval, I◦ to denote the
interior of I.

Let f : I⊆R→R be a convex function and a,b∈ I with a<b, then

f
( a+b

2

)

≤
1

b−a

∫ b

a
f (x)dx≤

f (a)+ f (b)

2
. (1.1)

This remarkable result is well known in the literature as Hermite-Hadamard’s in-
equality for convex mapping. Both inequalities hold in the reversed direction if f is con-
cave.

We know two kinds of s-convexity/concavity (0< s≤1) of real valued functions are
famous in the literature.

A function f : R+→R, where R+=[0,+∞) is said to be s-convex function in the first
sense, if the inequality

f (αµ+βν)≤αs f (µ)+βs f (ν)

holds for all µ,ν∈R+, and all α,β≥0 with αs+βs =1.
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Definition 1.1. ([7]) The function f : I ⊆ [0,∞)→R is said to be s-convex function in the
second sense on I, if the inequality

f (λx+(1−λ)y)≤λs f (x)+(1−λ)s f (y) (1.2)

holds for all x,y∈ I, λ∈ [0,1] and for some fixed s∈ (0,1].

In this paper we mainly study Hadamard’s integral inequalities for s-convex and s-
concave mappings in the second sense. Kavurmaci et al. proved the following result
connected with the right part of (1.1) in [9].

Lemma 1.1. ([9] Lemma 1) Let f : I ⊆R→R be a differentiable mapping on I◦, where a,b∈ I
with a<b. If f ′∈L[a,b], then the following equality holds:

(b−x) f (b)+(x−a) f (a)

b−a
−

1

b−a

∫ b

a
f (u)du

=
(x−a)2

b−a

∫ 1

0
(t−1) f ′(tx+(1−t)a)dt+

(b−x)2

b−a

∫ 1

0
(1−t) f ′(tx+(1−t)b)dt.

(1.3)

In recent years, a lot of inequalities of Hermite-hadamard type for convex and s-
convex functions were presented, some of them can be reformulated as the following
theorems.

Theorem 1.1. ([6]) Suppose that f : [0,∞)→ [0,∞) is an s-convex function in the second sense,
where s∈ (0,1], and let a,b∈ [0,∞), a<b. If f ∈L[a,b], then the following inequalities hold:

2s−1 f
( a+b

2

)

≤
1

b−a

∫ b

a
f (x)dx≤

f (a)+ f (b)

s+1
. (1.4)

Theorem 1.2. ([11] Theorem 2.1) Let f : I ⊆R →R be a differentiable mapping on I◦, where
a,b∈ I◦ with a<b and let q>1. If | f ′|q is convex on [a,b], then the following inequality holds:

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤

(

3
1− 1

q

8

)

(b−a)
(

∣

∣ f ′(a)
∣

∣+
∣

∣ f ′(b)
∣

∣

)

. (1.5)

Theorem 1.3. ([1] Theorem 2.5 and [10] Theorem 2) Let f : I →R, I ⊆R be a differentiable
mapping on I◦ such that f ′ ∈ L[a,b], where a,b∈ I , a< b. If | f ′|q is concave on [a,b], for some
fixed q>1, then the following inequalities hold:

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
b−a

4

( q−1

2q−1

)

q−1
q

[

∣

∣

∣ f ′
( a+3b

4

)
∣

∣

∣+
∣

∣

∣ f ′
(3a+b

4

)
∣

∣

∣

]

(1.6)

and
∣

∣

∣

∣

f (a)+ f (b)

2
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
b−a

4

( q−1

2q−1

)

q−1
q

[

∣

∣

∣
f ′
( a+3b

4

)
∣

∣

∣
+
∣

∣

∣
f ′
(3a+b

4

)
∣

∣

∣

]

. (1.7)
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Theorem 1.4. ([10] Theorem 3) Let f : I→R, I⊆ [0,∞) be a differentiable mapping on I◦ such
that f ′∈L[a,b], where a,b∈ I with a<b. If | f ′ |q is s-convex on [a,b], for some fixed s∈(0,1) and
q>1, then the following inequality holds:

∣

∣

∣

∣

f (a)+ f (b)

2
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
b−a

2

[

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q) 1
q
+
(
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

.

(1.8)

For some recent results connected with convex, s-convex and other forms of convex,
the reader can refer to [2, 3-5, 8, 12, 14-15] and the references therein.

Based on our previous works [13, 16], in this paper we are going to introduce new
Hadamard’s integral inequalities with two parameters for a class of s-convex and s-
concave functions and improve some known results in the form of corollaries.

2 Main results

Before proceeding towards our main theorems regarding of Hadamard type inequality
for the s-convex function, we need a variant of integral identity, which is derived from
Lemma 1.1.

Lemma 2.1. Let f : I ⊆R →R be a differentiable mapping on I◦, where a,b ∈ I with a< b. If
f ′∈L[a,b], then the following equality holds:

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

=
(b−x)2

b−a

∫ 1

0
(y−t) f ′

(

tx+(1−t)b
)

dt−
(x−a)2

b−a

∫ 1

0
(y−t) f ′

(

tx+(1−t)a
)

dt.

(2.1)

for each x∈ (a,b) and y∈ [0,1].

Proof. We note that

J=
(b−x)2

b−a

∫ 1

0
(y−t) f ′

(

tx+(1−t)b
)

dt−
(x−a)2

b−a

∫ 1

0
(y−t) f ′

(

tx+(1−t)a
)

dt.
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Integrating by parts, we get that

J=
(b−x)2

b−a

[

y−t

x−b
f
(

tx+(1−t)b
)
∣

∣

1

0
+

1

x−b

∫ 1

0
f
(

tx+(1−t)b
)

dt

]

−
(x−a)2

b−a

[

y−t

x−a
f
(

tx+(1−t)a
)
∣

∣

1

0
+

1

x−a

∫ 1

0
f
(

tx+(1−t)a
)

dt

]

=
(b−x)2

b−a

[

y−1

x−b
f (x)−

y

x−b
f (b)+

1

(x−b)2

∫ x

b
f (u)du

]

−
(x−a)2

b−a

[

y−1

x−a
f (x)−

y

x−a
f (a)+

1

(x−a)2

∫ x

a
f (u)du

]

=(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du.

Lemma 2.1 is thus proved.

Remark 2.1. Under the conditions of Lemma 2.1, if we take y=1, then Lemma 2.1 coin-
cides with Lemma 1 established by Kavurmaci et al. in [9].

Now, the main results about Hadamard’s integral inequalities for s-convex and s-
concave mappings will be presented.

Theorem 2.1. Let f : I ⊆R0 →R be a differentiable mapping on I◦ such that f ′∈ L[a,b], where

a,b∈ I with a< b. If | f ′ |q is s-convex on [a,b], q>1, p=
q

q−1
, s∈ (0,1], and for each x∈ [a,b]

and y∈ [0,1], then the following inequality holds:

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(

y2−y+
1

2

)

q−1
q

[

(x−a)2

b−a

(

K
∣

∣ f ′(a)
∣

∣

q
+T

∣

∣ f ′(x)
∣

∣

q
)

1
q
+
(b−x)2

b−a

(

T
∣

∣ f ′(x)
∣

∣

q
+K

∣

∣ f ′(b)
∣

∣

q
)

1
q

]

,

(2.2)

where K=
2(1−y)s+2+y(s+2)−1

(s+1)(s+2)
and T=

2ys+2−y(s+2)+s+1

(s+1)(s+2)
.

Proof. From Lemma 2.1, it follows that

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(x−a)2

b−a

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣
dt+

(b−x)2

b−a

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣
dt.
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Using well known power-mean inequality, for q>1 and p=
q

q−1
, it yields that

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣
dt=

∫ 1

0

∣

∣y−t
∣

∣

1− 1
q
∣

∣y−t
∣

∣

1
q

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣
dt

≤

(

∫ 1

0

∣

∣y−t
∣

∣dt

)

q−1
q
(

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣

q
dt

)
1
q

and

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣
dt≤

(

∫ 1

0

∣

∣y−t
∣

∣dt

)

q−1
q
(

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣

q
dt

)
1
q

.

Since | f ′ |q is s-convex on [a,b], we know that for every t∈ [0,1]

∣

∣

∣
f ′
(

ta+(1−t)b
)

∣

∣

∣

q
≤ ts

∣

∣ f ′(a)
∣

∣

q
+(1−t)s

∣

∣ f ′(b)
∣

∣

q
,

and thus, we obtain

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(x−a)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣dt

)

q−1
q
(

∫ 1

0

∣

∣y−t
∣

∣

(

(1−t)s
∣

∣ f ′(a)
∣

∣

q
+ts

∣

∣ f ′(x)
∣

∣

q
)

dt

)
1
q

]

+
(b−x)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣dt

)

q−1
q
(

∫ 1

0

∣

∣y−t
∣

∣

(

ts
∣

∣ f ′(x)
∣

∣

q
+(1−t)s

∣

∣ f ′(b)
∣

∣

q
)

dt

)
1
q

]

=

[

∫ 1

0

∣

∣y−t
∣

∣dt

]

q−1
q

{

(x−a)2

b−a

[

∫ 1

0

∣

∣y−t
∣

∣

(

(1−t)s
∣

∣ f ′(a)
∣

∣

q
+ts

∣

∣ f ′(x)
∣

∣

q
)

dt

]
1
q

+
(b−x)2

b−a

[

∫ 1

0

∣

∣y−t
∣

∣

(

ts
∣

∣ f ′(x)
∣

∣

q
+(1−t)s

∣

∣ f ′(b)
∣

∣

q
)

dt

]
1
q

}

.

Using the fact that

∫ 1

0
|y−t|(1−t)sdt=

2(1−y)s+2+y(s+2)−1

(s+1)(s+2)
,
∫ 1

0
|y−t|tsdt=

2ys+2−y(s+2)+s+1

(s+1)(s+2)
.

We get the required result.

Corollary 2.1. Under the conditions of Theorem 2.1,
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(1) if we choose x= a+b
2 , y=0, and s=1, we have

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
b−a

4

(1

2

)

q−1
q

[

(

2
∣

∣ f ′
(

a+b
2

)
∣

∣

q
+
∣

∣ f ′(a)
∣

∣

q

6

)
1
q

+

(

2
∣

∣ f ′
(

a+b
2

)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q

6

)
1
q

]

;

(2.3)

(2) if we choose x= a+b
2 , y=1, and s=1, we also obtain

∣

∣

∣

∣

∣

f (a)+ f (b)

2
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

∣

≤
b−a

4

(1

2

)

q−1
q

[

(

∣

∣ f ′
(

a+b
2

)∣

∣

q
+2

∣

∣ f ′(a)
∣

∣

q

6

)
1
q

+

(

∣

∣ f ′
(

a+b
2

)∣

∣

q
+2

∣

∣ f ′(b)
∣

∣

q

6

)
1
q

]

.

(2.4)

Corollary 2.2. Under the conditions of Corollary 2.1 (1), using the fact ∑
n
i=1(ai+bi)

r ≤

∑
n
i=1 ar

i +∑
n
i=1br

i , for 0<r<1,a1,. . .,an≥0 and b1,. . .,bn≥0. Then using the convexity of | f |′ ,
we obtain

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
b−a

4

(1

2

)

q−1
q
(1

6

)
1
q

[

(

2
∣

∣ f ′
( a+b

2

)
∣

∣

q
+
∣

∣ f ′(a)
∣

∣

q
)

1
q

+

(

2
∣

∣ f ′
( a+b

2

)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

≤
b−a

8

(1

3

)
1
q
(

1+2
1
q

)

(

∣

∣ f ′(a)
∣

∣+
∣

∣ f ′(b)
∣

∣

)

≤

(

3
1− 1

q

8

)

(b−a)
(

∣

∣ f ′(a)
∣

∣+
∣

∣ f ′(b)
∣

∣

)

,

which is an improved result comparing with inequality of (1.5). And the inequality of
(1.5) is just Theorem 2.1 established by Kirmaci and Özdemir in [11].

Theorem 2.2. Let f : I ⊆R0 →R be a differentiable mapping on I◦ such that f ′∈ L[a,b], where
a,b∈ I with a< b. If | f ′ |q is s-convex on [a,b] and q> 1, for each x∈ [a,b], y∈ [0,1] and some
fixed s∈ (0,1], then the following inequality holds:

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤

(

q−1

2q−1

)

q−1
q
(

1

s+1

)
1
q
(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

q−1
q

×

[

(x−a)2
(
∣

∣ f ′(a)
∣

∣

q
+
∣

∣ f ′(x)
∣

∣

q) 1
q +(b−x)2

(
∣

∣ f ′(x)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q) 1
q

b−a

]

.

(2.5)
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Proof. By Lemma 2.1, using the famous Hölder integral inequality in the following way,
we get

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(x−a)2

b−a

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣
dt+

(b−x)2

b−a

∫ 1

0

∣

∣y−t
∣

∣

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣
dt

≤
(x−a)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣

q
q−1 dt

)

q−1
q
(

∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣

q
dt

)
1
q

]

+
(b−x)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣

q
q−1 dt

)

q−1
q
(

∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣

q
dt

)
1
q

]

.

From inequality (1.4), the following inequalities can be easily obtained

∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣

q
dt=

1

x−a

∫ x

a

∣

∣ f ′(u)
∣

∣

q
du≤

1

s+1

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣ f ′(x)
∣

∣

q
)

,

∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣

q
dt≤

1

s+1

(

∣

∣ f ′(x)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

.

Then, we have

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(x−a)2

b−a

[

(

q−1

2q−1

(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

)

q−1
q
(

1

s+1

)
1
q (

∣

∣ f ′(a)
∣

∣

q
+
∣

∣ f ′(x)
∣

∣

q
)

1
q

]

+
(b−x)2

b−a

[

(

q−1

2q−1

(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

)

q−1
q
(

1

s+1

)
1
q (

∣

∣ f ′(x)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

=

(

q−1

2q−1

)

q−1
q
(

1

s+1

)
1
q
(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

q−1
q

×

[

(x−a)2
(
∣

∣ f ′(a)
∣

∣

q
+
∣

∣ f ′(x)
∣

∣

q) 1
q +(b−x)2

(
∣

∣ f ′(x)
∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q) 1
q

b−a

]

.

This completes the proof of Theorem 2.2.

Corollary 2.3. Under the conditions of Theorem 2.2,
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(1) if we choose x= a+b
2 , y=0, and s=1, we obtain

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
( q−1

2q−1

)

q−1
q
(1

2

)
1
q
( b−a

4

)

[

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣

∣
f ′
( a+b

2

)∣

∣

∣

q) 1
q
+
(∣

∣

∣
f ′
( a+b

2

)∣

∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

≤
(b−a

2

)

[

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q) 1
q
+
(
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

;

(2.6)

(2) if we choose x= a+b
2 , y=1, and s=1, we have

∣

∣

∣

∣

f (a)+ f (b)

2
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
( q−1

2q−1

)

q−1
q
(1

2

)
1
q
( b−a

4

)

[

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q) 1
q
+
(
∣

∣

∣
f ′
( a+b

2

)
∣

∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

≤
(b−a

2

)

[

(

∣

∣ f ′(a)
∣

∣

q
+
∣

∣

∣
f ′
( a+b

2

)∣

∣

∣

q) 1
q
+
(∣

∣

∣
f ′
( a+b

2

)∣

∣

∣

q
+
∣

∣ f ′(b)
∣

∣

q
)

1
q

]

.

(2.7)

It is noted that the result of the first inequality (2.7) is better than the inequality (1.8)
presented by Kiramic et al. in [10].

Theorem 2.3. Let f : I ⊆R0 →R be a differentiable mapping on I◦ such that f ′∈ L[a,b], where
a,b∈ I with a<b. If | f ′|q is s-concave on [a,b], for each x∈ [a,b], y∈ [0,1] and some fixed s∈(0,1)
and q>1, then :

∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤2
s−1

q

(

q−1

2q−1

)

q−1
q
(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

q−1
q

[

(x−a)2
∣

∣ f ′
(

x+a
2

)
∣

∣+(b−x)2
∣

∣ f ′
(

x+b
2

)
∣

∣

b−a

]

.

(2.8)

Proof. We proceed similarly as in the proof of Theorem 2.2, the only difference is that we
use the s-concavity of | f ′|q and inequality (1.4), then

∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)a
)

∣

∣

∣

q
dt=

1

x−a

∫ x

a

∣

∣ f ′(u)
∣

∣

q
du≤2s−1

∣

∣

∣
f ′
( x+a

2

)
∣

∣

∣

q
,

similarly,
∫ 1

0

∣

∣

∣
f ′
(

tx+(1−t)b
)

∣

∣

∣

q
dt≤2s−1

∣

∣

∣
f ′
( x+b

2

)
∣

∣

∣

q
.
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So, we can show that
∣

∣

∣

∣

(1−y) f (x)+
y
[

(x−a) f (a)+(b−x) f (b)
]

b−a
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
(x−a)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣

q
q−1 dt

)

q−1
q
(

∫ 1

0

∣

∣ f ′
(

tx+(1−t)a
)∣

∣

q
dt
)

1
q

]

+
(b−x)2

b−a

[

(

∫ 1

0

∣

∣y−t
∣

∣

q
q−1 dt

)

q−1
q
(

∫ 1

0

∣

∣ f ′
(

tx+(1−t)b
)∣

∣

q
dt
)

1
q

]

≤
(x−a)2

b−a

[

q−1

2q−1

(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

]

q−1
q

2
s−1

q

∣

∣

∣
f ′
( x+a

2

)∣

∣

∣

+
(b−x)2

b−a

[

q−1

2q−1

(

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

]

q−1
q

2
s−1

q

∣

∣

∣
f ′
( x+b

2

)∣

∣

∣

=2
s−1

q

(

q−1

2q−1

)

q−1
q (

y
2q−1
q−1 +(1−y)

2q−1
q−1

)

q−1
q

[

(x−a)2
∣

∣ f ′
(

x+a
2

)∣

∣+(b−x)2
∣

∣ f ′
(

x+b
2

)∣

∣

b−a

]

,

which completes the proof.

Corollary 2.4. Under the conditions of Theorem 2.3,
(1) if we choose x= a+b

2 and y=0, we have

∣

∣

∣

∣

f
( a+b

2

)

−
1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
( q−1

2q−1

)

q−1
q
( b−a

4

)

2
s−1

q

(

∣

∣

∣
f ′
(3a+b

4

)
∣

∣

∣
+
∣

∣

∣
f ′
( a+3b

4

)
∣

∣

∣

)

≤
( q−1

2q−1

)

q−1
q

(

b−a

4

)(

∣

∣

∣
f ′
(3a+b

4

)
∣

∣

∣
+
∣

∣

∣
f ′
( a+3b

4

)
∣

∣

∣

)

;

(2.9)

(2) if we choose x= a+b
2 and y=1, we have

∣

∣

∣

∣

f (a)+ f (b)

2
−

1

b−a

∫ b

a
f (u)du

∣

∣

∣

∣

≤
( q−1

2q−1

)

q−1
q
(b−a

4

)

2
s−1

q

(

∣

∣

∣
f ′
(3a+b

4

)∣

∣

∣
+
∣

∣

∣
f ′
( a+3b

4

)∣

∣

∣

)

≤
( q−1

2q−1

)

q−1
q
(b−a

4

)

(

∣

∣

∣
f ′
(3a+b

4

)
∣

∣

∣
+

∣

∣

∣

∣

f ′
( a+3b

4

)
∣

∣

∣

)

.

(2.10)

It is observed that the first inequality of inequalities 2.9 and 2.10 give an improvement of
inequalities 1.6 and 1.7 established by Alomari and Kirmaci, respectively.

3 Applications to special means

For positive numbers, β>α>0 and n∈Z\{0,−1}, define
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A(α, β)=
α+β

2
, L(α,β)=

α−β

ln|α|−ln |β|
, Ln(α, β)=

[

βn+1−αn+1

(n+1)(β−α)

]
1
n

.

These quantities are respectively called the arithmetic, logarithmic and generalized
logarithmic means of two positive number α and β.

Now, we give some applications to special means of real numbers using the results of
Section 2.

Proposition 3.1. Let a<b, 0< s<1, we have

∣

∣A(as,bs)−Ls
s(a,b)

∣

∣

≤ s
( b−a

4

)(1

2

)

q−1
q
( 1

s+2

)
1
q

{[

|a|q(s−1)+
1

s+1
|x|q(s−1)

]
1
q

+

[

|x|q(s−1)+
1

s+1
|b|q(s−1)

]
1
q
}

.

(3.1)

Proof. When we choose x= a+b
2 , y=1, the inequality (3.1) follows from (2.2) applied to the

s-convex function in the second sense f :[0,1]→[0,1], f (t)=ts. The details are omitted.

Proposition 3.2. Let a<b, 0< s<1, for all q>1, we have

∣

∣A(as,bs)−Ls
s(a,b)

∣

∣

≤ s
( b−a

4

)( 1

s+1

)
1
q
( q−1

2q−1

)

q−1
q

[

(

|a|q(s−1)+|x|q(s−1)
)

1
q
+
(

|x|q(s−1)+|b|q(s−1)
)

1
q

]

.
(3.2)

Proof. When we choose x= a+b
2 , y=1, the proof is similar to that of Proposition 3.1, using

Theorem 2.2.

Proposition 3.3. Let a<b, 0< s<1, for all q>1, we have

∣

∣A(a−1,b−1)−L−1(a,b)
∣

∣≤2
s−1

q

(b−a

4

)( q−1

2q−1

)

q−1
q

[

∣

∣

∣

3a+b

4

∣

∣

∣

−2q
+
∣

∣

∣

a+3b

4

∣

∣

∣

−2q
]

. (3.3)

Proof. When we choose x = a+b
2 , y = 1, the inequality (3.3) follows from (2.10) applied

to the s-convex function in the second sense f : [0,1]→ [0,1], f (t) = 1
t . The details are

omitted.
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convex functions. Appl. Math. Comput., 2007, 193(1): 26-35.
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