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~ Abstract’ i
S RS

'I'ha ﬁmta d:fferenna schemo i8 eonstructed fur a nanhnea; elhphﬁ equahun, lta cnn?ergenea is

proved. - PR N et 00
;-l‘-t.-'l-‘l -Lrﬂ-\- = 5

I The Scheme G

I.eta; (21, %2, Ta) ER®and - e 5’
Q={r| 0<za<1, 14%@3} |
Tha boundary of Q is I". We congider the fnllowmg problam |
L [STC@TOS, e 0 o
. ; U=0, wEI‘ i,
where f €0*(2 +IM), 0<a<l, and (@) is a twice di Terentiable function. Agsume
that there are posltwe mnstants vo, v1, C1 8nd Oy such that for all rp(a:) ’ |

0*"5”0%1’(@(%))'@1, : -
Y (@) | <04, " (p(2)) | <Cs,.

Let  a(V, W, v(@) =2 | »(0@)VV (@) VW (@)de.
The generalized solution of (1) means such a funﬂtion U(x) € H;(82) that
o, W, v@)=[ f@W @da, YWET@). @

Douglas, Dupont™ proved that the problem (1) pomeﬂ & unique. generalized

solution U (z) € C***(2+I"), and so U (z) is the classical golution of (1) too. They

also proposed a finite element scheme for solving (1) with the ‘proof of convergence.
In this paper we congtruct a finite difference scheme. for: ﬂnlvmg (1) and prove

the existence of the ﬂ.pproxlma.te solution and the ﬁon#ergenee %
Let A be the mesh specing of the variables (lﬁm%?.) n.nd J b= 1 J being an

integer. Lot ju(2) be an integer and By | |

 O={z| za=ja(@)h, 1-<:j,.(m)<_:.r-1 :L‘am'{:?'}

I"FI‘ Loes *

yEART, S
If T Qp,, Hn]ld the distance from « to Q; Bq_'U.ﬂ-lﬂ }b thBII. M GET..
Let - es=(1, 0, 0) &=(0, 1,0, 521070, 1), ', |
WE dEﬁ]lE : . ; (ﬁ) fu(m—i- h@ﬁ)‘::a_ﬂm"{”uij ,L 4 _-j-,‘ :
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- e T

rmu(m)=._[(u(.p(m))u,_,(m)), +(P(fp(=ﬂ))ﬂr (m))..], -

Xy (z) = E d;r:ﬂu (z).

m=1 :
be the approximation of U(z). The finite difference scheme for solving (1)

- {—A:w.(m)?f(m), pE8, 4 o
up(z) =0 zE 1y | "
Lot R\(z) be the truncation error. Them . - " e
(AT@ OB, €% @
U(z) =0, 1

Booause U (z) €0*=(Q+I), 50 IR;.(m)'l-arO,ash—rO. |

AL Lemma.s e

We deﬁne -(u,. ﬁ);hs % u(w)v(m) ll 2= (x, u),.:l__ B

and

, ulf=2* 3 @IS, uun;mmcm)l,.f
u]2=2 E(Ilu.-..ll + e,

2 el

2 m=1

2=l 3 (lu i+ lu._m,

llllllllllllllllllllllllllllllll

Fc
#-.=

. %”(qn(m))u(m—-he,)'v(wéhem),:‘

S(ﬂ v, v(f;r-’*)) E Sn('u v, »(®)).

- Let 3¥ Do ‘the space of the megh funection w(w) guch that

ﬂ(ﬂ}) "“0 fﬂ'.l.' ‘.’EEFI,

'We define the secalar produoct

(, "’)r"— 2 [ (Yoms v...)+(w_, ‘Uz.)] +85 (ﬁ v, 1)

r -.l- ‘.p.'#.'
S ' - :

and the norm HHH3= ('u: tﬁ)# |

+8(u, v, v(@).

- n = I-’
BN TR L P L b oA d Tl
S SR L : L BTOT, LAl :_jf,nllf. k.

-
-y

5 -‘h(u v, v(9)) -1 2 (v(tp), u-..w..-% un..vu.)
'Lemma. 1 Eon:ﬂ :p(a:) andd u (@) ; we- have. :
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o T e

volul|p<<a(y, ¥, P(qv))%vxllull
Lemma 2. If u(z), v(z) €5, then -
e (& v)=a(y, v, »(p)).
Proof. Let u(z) =u(Z, Tm), lﬂmgs_'
We have from Abel’s farmula -

) c(vw(m))u,..(m))z.u(m)+v(¢(m))u..,(m)u,.,(m

fm(o)=1
=y (p(@, 1- h)),, (2, 1—Rh)v(2, 1)—-#(.3:(:!; 0))t,,, (7, 0w (=, A).
Similarly

h Z [(v(@(m))w.(w))-.v(w)+v(¢(m))uu (w)vz.(m)]

.fln{l' =]

L (e, D)z, DGz, 1-D—slpla, Dl Mo, ),
Since u, v € £, 80 e

b3 S Aol -+ oo Y i ) bt Ao (o33

=_[,,(,p(m 1))u(z, 1—hYu(z, 1) +_p_(g§5, 0))u(z, Wv(z, A)l.

Then the conclusion follows
Lemma 8., For all u(s), v(z) € 5, we have

Juo]? <8fufTfo| ¥ ulZ| o]

then lu]f<8|uf |«]1.
Lemma 4. For ol u(a), v(z) and w(z),

| (u, v, w)| <|u]m=]o]jmlwls,

TR I
where m, n, k>1, o S } ? =], |
Proof. For all non—negative nnmbers a;, b; and o), We have

ij bfﬂi'g 5“‘1 gbs) ( )%.

From whioch the connlumon follows.

III. The Exutence of the Appromma.te Solutlon
Theorem 1. ¥or ol h}O the scheme (3) poswsm sohmm U such that

o< mﬂﬂ-

where - - -ﬁ;ﬂllr : £
b g S BRI e £ g,
A

Pyoof. Deﬁne the opera.tor c, where u=0ov ig, da;;e:m;inad by
¥ mﬂ“’“‘f ”Eﬂl; b5 -
Teking the soalar product of ) with u(z); wexget.-.fronir Lemma 2

& .-..l .I LY :

()

(6)

(7)

(8)

©)
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.a;(u, U, vtw))'ﬁﬂfﬂﬂuﬂﬂém?ﬁfunulé.

Then from Lemma 1, _
- 1
jul o< ZEILL,
So the range of ¢ is contained in a olosed ball in .
 Assume y®=go®, 1=1, 2, Then
{ Ar(um) YL (m)'l" Ar(ﬁiz}-u_{n} (m) =0} xC Qh
| U (z) —u® (z) =0, - zC s,
Lot % (z) =u® (z) —u® (@), (m) = p(wm (m)) p(*u‘“’(m‘)) Thon

: (10)

{ ﬁp{ulu}“ (m) Aﬂu(ﬂ}(n?) , @ c ‘Ql:
_ L (ﬂ'}) 0 S I‘h
whence ay (u, ©, v (fum)) ﬂ;(u"} u, v),

Since »(z) =0 on I, we obtain
’*’n"“ﬂerﬁo:l””m"”m}“ ““m"aH“'r

Lot 9@ —» ¢®, Then 4| z~>0. Hence o is continuous. From Brouwer’s theorem, the

scheme (8) has at least a solution ux(z) such that
» .

' ' Eg;g;aniufu‘

utn i

IV. The Convergence

Theorem 2. There exists a positive constant Cs such that
u-ui_Uﬁg‘E;GBuRl“ 2

Proof. . Let 4 (z) =u(2) ~U(), 3{a) =v(u())—»{U(2)). Then

— £ (2) = U (o) — Ba(w), oE€Lh,

{*E;(m) =0, , sC 1,
By Lemma 2, we have
ar(t, t, v(t))=—a(, th, ¥)—(th, B).

We have from Lemma 1

volta " a"g A (U Uy, )|+ | (“h .(11)

(12)

Clearly
| (ta, Ra)lﬁmn [Ba] %] &
We now eablmate Ia:;.(U u., »)]. Since U(m), th(z) €S, 50
Therefore 1t fﬂllows from Iﬁmma. 4 thn.t
| (’" U, u'h » ) I QC“‘ilrlﬂ“""i'lnﬂl"F IUI-[II"'“I-:-I
WE ha.ve from lemmn 3 2 . -

Ea mnmuannmmmlwtmlf. iy
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N ; SR =T s P i b i v e
(] - = o= =p= . = L o= 5 e wa B . - ot . - - 3 = =

S0

lﬂﬁ(UJ ty, P)léaﬁﬂuiﬂ-ﬁﬁ ﬂ’i“?- 1 | ' (13)
By substituting (12) and (13) into (11), we obtain |
. AT, SRR |
voltal g <Cr(Jtal 2l tal 3 + [ Ba)).
Therefore ‘ « " o e oW |
12 e <Os(|tal + [BaD). - : (14)
To egtimate [u, |] we consider the following conjugate problem
{ - £7p @)+ 5 B U@ Unldpn@+Ura@on (@) =5, 260 15
p(z) =0, mGT,, o f _‘ e k |
By the theorems of Thoméem we hdve

|ola ‘Q(}ﬂ“”nﬂ
Taking the scalar produoct of (15) with 7y (m) ; WB hﬂ.ve

Whﬂ ﬁt(% “’h ”(U)) + 2 (‘“h F(U) (Ua.%.."l'Ur..%_)) (16)

Beocanse ¥ =0 on 'y, 80
ﬁn(#’;‘ Un, P(U))‘”"'&n(% U V(U))'*'fh(% Un, P(U))
—a (@, ta, v(un)) —aalp, U, »(U))
—an(p, U, ) —an(p, t, ¥).

s ekl gtEy

Then we get from (16) |
3

[l =a(p, s, ¥(ta)) - an(c;ﬂ, ; v(U))-—-- 21 (7, Ponlingsn @i lin.za)

+-—~ E (253’ (U) —7, %..U._+4p=_ P (A7)

Now wo are going to estimate tha terms of the nght ha.nd gide of (7). Firstly by
taking the scalar product of (3) .and (4) with @(z), we have

G’,\({D, U, P(ﬁl)) (.f: 'P)

and a(p, U ,. v(UN =(f, )+ (B, ?).

So |an(@, th, »()) —a i, U, » @] *%IR:&H#’KOmHRni Jual. (18)

From the disorete imbedding theorem we have' for all v E 3 |
Hﬂnﬂi-ﬁoi_—tﬂﬂ?nh J Tl

and 80

L
= %1 ATt iin 4—-nu.up1ua|1 3 (gt leal)

éoﬂmaﬂmﬂ .ﬂmﬁmamuuau*umui. (19)
Fm]ly beﬁatlﬂﬁ E ' . ms B2 M T2 6 : i |
I:--—t?w’(U)] - I” (U+§1ﬂﬂ“h— ’(U)tﬁ;]
I«E v”(U+E:LE=u:)uEI'€UalﬁaI ;

-
b ] : ~i %
e obtain Lo E . S 25 T
- T‘-. ¥t ) e r e ' _-. 3 LE ..-1'*"' = = T !
. R . i Y S
1
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3 v il y . o o q |
El(l’—'“n" (U)_: PonUant @ U,,_ QGMﬂ”nul?ligOmﬂﬂhﬁ l“lﬂ#’li
| % & n _ _ 8 ,

|1
2
<Ottt [l @

Substituting (18)— (20) into (1'7) , W8 get
||‘-'-"*n[|‘Q@'ﬂ(““’1'»“1r |"f':i'~ﬂ15 + | Ba 1,

whenoe |
] <Cas([Ual + +1Bal). - (21)

Since | Ry]->0 ag A0, we hu.va from (14) and (21)
%] <C10 (| al®+ | R.1).

If we can prove
[2,]—>0, ash—>0,

then the conclusion follows. .
Indeed U (z) is both B G]BSSIG&]. 90111’01011 8

the other hand =~ * * g
e, W, v(m)) fy W), ‘dW €0y (8). o (22)

We mterpolﬂ.te m(m) to get the plecewise hnea.r function U, (z). Then for all A,

» U m ‘Qcﬁuu H#‘Q Ummfﬂfﬂ

E:'o we oan extract a subsequencﬁ {U;. (2)} such that U;,(m) tends to U () weakly in
esh function for whioch

Hi{Q) while strongly in 17(Q). Let wy(z) be 8 1M
wp(2) =W (2), 2ECLs,
. wy(z) =0, & Iy,
olating wx(#) to get the piecewise linear function Wy(#), we have

nd 2 genﬂrallzed 501111310n of (1) On

L

Then interp
L, (» (ﬁ) VU —v(Us) VUs,) VWy, da

'Qlﬂ'(j: W—Wa, vO)) |+
= ﬂ.(Uil: Wﬁ iy V (U?l:)) — Oy (Uiu Wlu P(th))l
+] (f: Wh‘)-ﬂjn’fW{imi'

It oan be shown that g1l the ferms on the right hand
h—> 0. Therfore

(23)

gide of (23) tend to zero &3

o, W, p(ﬁ))=j W da,

So U (z) is the genera.lized solution of (1), i. e. U{w) =U(z).
It is clear that from esch sequence we Can exiract 8 subsequence whose limit

funahun equals U(:t:) Bo {U,} tends to U strongly in I2(Q). On the other hand for
- auﬁmently s:mn.]l k, we have |

|u;ﬂ’=ﬂu;-—U|]’€G=1ﬂUn Uﬂ’"UﬂI(Un(m) —U (2))*d=.

.:i.!;'.i-,-i..

''''''

So ]u;]t—_rﬁ a.s h—r{} 'I‘his completes the proof.



278 JOURNAL OF COMPUTATIONAL MATHEMATICS - = Vol 2

The results of this paper can be generalized into a more general case
{—‘7 (v(z, O)VU (2)) =f(z, U), #€RQ,
Uz)=g(z), zel’,

where pg(m U) and . (@, U) are Lipschitz continuoug in # and U, O-::v.;, <v(s, @)
<y, for all ¢ and £ €2, and g(=) is sufliciently smooth.

The technique used in this paper can be applied to quam—llnear equations (see
[, 4]) suoch as

(U(z) - VU(m)—v‘?“U(m)-o v €0,
¢ V-U(z)=0, '_ | mEQ
U(z) =0, | wel,
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