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In this paper, We deal with the discrete-discontinuous finite element method for solving the time-
. dependent nevtron transport equation in two-dimensional planar geometry. Its stability and convergence -
arc proved. The numerical results are given, Compared with BN method it is of higher accuracy and

SUpEIConVEIZence.

The discrete—ordinate method™®? (DSN method) is an effective method for solving
neutron transport equations. Its computing process is gsimpler and the amount of
program and calonlation is less than that of other methods. And iis error, as can be
demonstrated, is at most of order 2. But solving some physi{ﬁi problems, a more
accurate approximate solution, and o0 a solution of higher acouracy with less store,

LS

aro degired. - Therefore, it-is natural to adoept the finite elemen$ method in solving
noutron transport problems. Although the variational method (Ritz method) can be
used, the complexity of the formula and large amount of program and calculation
have impeded its application. On the other hand, while the Galerkin method can be
used in the finite element method for its simpler computing process and program, it
requires 1o solve of a large system of linear algebraio equationsq and will give rise to
more difficulties. As the discontinuous finite element method hag the advantages of
Foth DSN and FEM, it provides a better way to. solving multidimensional transpors
problems. . s W TG L . R G s wm A §

The discontinuous finite element method, where the angular flux is agsumed to be
given by a low—order polynomial in each mesh, has been used t0 solve the disorete—
ordinate equations. It has been considered in[1, 2, 3] for solving the simplified steady
neufron iransport equations. ,

In this paper, we dedoribe the basic steps of this method for solving time—dependent
neutron transport equations in two—dimensional planar geometry. Some egtirnations
of solution and error are given and the stability and superconvergency of the met hod
are proved. Here, Urank-Nicholson central difference approximation is used for the
time variable, while the discrete ordm;ate appmiifﬁhﬁﬁn for the angular variables.

Furthermore, we have used the above method o calculate many numerical
examples for one—dimensional glab problem, The results demonsirate higher accuraocy,
fagter rate of convergence and higher effigiency. .

* Received Fobruary 9, 1983,



No. 8 . ON STABILITY AND CONVERGENCE.. . 211

._____.——-——_———_—_—'— e i T — ______—.—-———-——'_'—_-___

1 Numerlcal Method

We consider the initial-boundary value pmblem for the t1me—depend ent nentron
tranﬂport. equation in two-dimensional planar geometry:

A= L 2P0 4 0.grad g, +0,9,= S, (po) + Fo, 10 D=BoyxQax B,

v, O
@g(t, &, ‘yl Moy p) ‘t=ﬂ=?’2(m;-y,;p}#), 48 39 B 1 l
* e, (¢, @, 4, W, ) =0, if (&, el 0np<0; . L 3 ( -_ )

qjﬂ(tr @, Y, 1, "") .#=ﬂ=¢ﬂ"(t;r" v, ﬂ, "‘“LD, 'l‘-"’) £=03
..'Pﬂ(t: x, Y, ’F’LF) -ﬂ‘=ﬂ'*‘_7@il'(t.! e, Y, #’:_V) y=0

where

b0, ., 0P

. | = T e

the funﬁﬁun Py (t @, 4, W, ¥) represents the flux'of g-group neuiron ab the point
(¢, @, ¥) in the angular direction 0= (u, v), o, is the nuclear macroscopio total cross
section, S, (p) represents. sources -of neutrons due to scattering and fission, and F,
inhomogeneous source terms. Let us assume ‘that the domains Bgy, Qq, B¢ take the
forms: B,y={0s5a< X, 0<y<Y}, Qo= {0y’ 4121}, B={0<t<T}. I'is the
boundary: of* By Which i8 s=X or y=Y. Denote by sy the unit vector in the
direction of outward normal to I,

We choose a suitable set of dlscrete direction and woights {£2ms, Wms}, ‘where
£2,= (ome; Vime) 5 g=1, 2, «, N, m=1, 2, -, M, For simplioity, we omit the
group index g and rastrm’s our discussion 1o one—group and isotropic scaltering.
Hence, the dmcrete——ﬂrdmate equﬂ.tlons can be Wnﬂ:en ag

"'g?&d%—'ﬂ%

' Arme(Prae) = _32?- - 3;; e 3;’;* +atp.,..-Su(§°)+Fm, in By By,
Pl sc0=F°(@; U, Poms, Vmt)s e
y ool r=0, if (@, 9) ET, Omeonr<0, = ' R E
1 @Pelt, 0, U, toms, Vins) =Pms(l, 0, Y, — Homay o

L?’m(t m 0 ﬂ'ms; Vma) ?"ﬂl!(t £U 0: ﬂ'm; ' HH');

where s=1, 2, -, N, m=1, 2, - M., rp,..-—tp(t B, U, fmsy Yms)y Su(P)= BE@mwm
2_,_‘ Wne = il

| Tha boundary Gondmons oan  be wntten 88 § e un
_ | M. |

'qpml-ax_*or 3:11 9 i, N, 'm-—-l, 9 vee, 5 o
@,,.,]_ro.giz;-ﬁmlz M;
. ol B e (1.8)
o ‘F'mlu-—u ‘PH.-;J !I'Hrl‘!"ﬂ;s 1 2 N 'm'—' 2""1 *a M:,ﬂ

. : T !1”1-
| PmalucorOmmsacelyces :§_=%’+1 N, m=1, 2, o, My,

fmi] &}i

1ot _:'ﬁ—mg*a’.aa{-ﬂ _<:m;- X Oe=go<y <o < y.r-Y 0=t < t; Cimbe tx.jgn*ht*ﬁﬂ

o iﬁﬁ;ﬁ e ¢
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subdivisions of the intervals [0, X1, [0 Y] [0, T] respeohvely Denote bjf J the
set of all spacial meshes, that 1, - - .
Jn—{Dﬂlmi 1 SBST, Y- 1‘*’3’"@%, *_Ef 1 2 .- I,.'j——_—l, B, v dbi (1-4)
Let 3D¢; be the boundary of Dyy. We set | o : | o o
{ (37Dli)m={(m; Y) Eapij ... n<0}, - (1.5)
(8, D) m=11(w, ¥) €E2Dy n,..-n>0},
where n is the unit vector in the dll‘Eﬁ‘thﬂ of outwa.rd normn.l to the boundary 2Dy.
Woe consider the finite—dimensional space | w6 |
. _ Vx= {”l‘”lﬂuePE(Dﬂ) VDHEJ;} (1.6)
where Pg(D,,) denotes the subspace of all polynomials of the form

p(e, ¥) = Eomm“y.. om ER, (m y) € Dy,

m,m=0

It is of dimension K*= (K + 1)2. Notme tha.t in general o, funotion « €V, does nob
satisfy any continuity: reqmrament at 'bhe interelement baunda.rms For simplicity,

we often omit the index m and s. -
Thus, the finite element apprommatmn of problem (1 2) can be stated as follows:

Tnd a function ¢, € ¥V, such that for all Dy & I
_L-Du D'“(@l‘_xh)‘f’fﬂ+jj(ﬁh(%) “!Sju(?n) “F)lpd@ =0, vy € Px(Dy), (1)

where | Ty F
- - | 0: | | on 3....D n r—j - :-
X = { . (1.8)
outwa.rd trace of q:r;., ona_ D\ (@-DyNI-),

.A;.(*;D;.) = 1 Den +ﬂ'grad%+wh, 1}%‘ e (‘F’iu—ﬁ) /4L,

We choose K© mllocatmn poinfs on Dy, on which we consiruct the subspace
Pz(Dy). Then, we introduce the basis ()} (k=1, 2, -, K*) for the space Pr(Dy)e
‘Therefore, equation (1.7) is equivalent to the following equﬁtions |

_'[wﬂﬂ 0 {Pr— xh)‘h{ﬂ'l"”[ﬂa(ﬁ) —Su (@) — F]v,b,.d@m{) k=1, 2, -, X*,

where T Pr= E P Y.

Olearly, @ax =0 |s=sy y=y,- LhED WO obtain a system of K" ]J]l'Elﬂ.I algebraic equations.

Using initial conditions, incoming boutidary conditions” “and ' symmetrio reflecting
boundary conditions, one can proceed iteratively as DSN mathod and henoce caloulate

the interior ﬂuxeﬂ mesh b}r mesh. Wi el
5 5 1.. : et B S : i e ﬁ {J ,i._.: ¢
) _te of the Approxlmate Solutlon a.nd Stability

- u di m-r!i—‘*ii

Z.An:_‘

Suppom that J » db nﬁt depend on. t p and’ v, “and Jeno‘oe by Ly(Bgy) the space
of all real fufiotions Ps whlc h are square mfegmble dver Bop. ~ A¥time ¢ and dlreatwn

(py ¥) mip Wo pUmOIhAY Ga(E, 0, Uy Homsy Voue) € La(Bey) gud define
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1913, 5t = | | 012, @, U, Him, Y) 192,

Py - @D
H%H-Frrﬂ:ﬂm‘__'II¢§dQ=ZﬂW3H§.Bu:t.'am -
= B Bey 4 .
and .
“?i“ﬂ.ﬂ;y}(ﬂ'p;f= Z ﬂ?h"%,ﬂg:t.ﬂm'wﬂ“:
i.4,m.a . pl (22) :
Htphﬂﬂ % i E "(ph u 0, D‘ﬁ"-gm'wﬂaﬁi 2 .

r,$, f,m,8

In the following disoussion, we omit the indexes t and Qpg.
As to the physical parameters, we assume -

[ a=als, y)?‘ﬂo}?ﬂ
| B ﬁ(ﬂ? y)ﬁﬁ:h

. @)
. -_1_;,___1.____;}_}0
v ¥(%, ¥)
Theorem 1. Suppose that @ 88 o sah!,tm af (1 T), and that (2 3) and
At-;:-g-. - (2.4)
hold. Then @, satisfies
l Hﬁh“&-ﬂﬂxQn[f'—"T-{-ﬂ%”grﬂga(ﬂﬁuaﬂﬂxﬂgltﬂ "‘F“%,ﬂ)j (2-5)
where
2
- e ma.x(zﬂl ) i
; 1 : il 2
mm(—m, e 4% 1) (2.6)
a_{év.;.(?—!—ﬁl o) m_.—Bi-—lﬁf},
0, ﬂo_Bi-l}O.

Proaf. 'We choose l"'_—?’hﬂh_lﬂﬂill (1.7) and use
2@t — g gae ™ = (91*) % — (PR

- e (e e, @)
H(ﬂ -grad @) @ae”" d@=% LD“ 0.ngie" dl, (2.8)
(‘Pﬁ Xh)%——'(% w2+ (Prn— ) %) (2.9)

(where pr=@= ¢:+f=-—;-(¢?.+goi+1)). We obtain

1 np? ™ E IR JE Tt _]; — 0. v \3,-ut™
1| amesarg 1|, OBy [, —n@—nyea
H a@nﬂ"“ﬂ dz - ” (Su (@) +F)%8"“ d@ + ” T 2 {(fPi“) Bt
Dy ;. D .
e (*P'ﬂ)ﬂe‘“"+ (1 — ¢ “m) [(cp"“)ﬂ+ef (tp,.)’] e 14D =0, . | © (2.10)

Multdplymg 2. 10) by wm 4t 4% and summing over n, 4, 4, m, s, W get
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w,,,,m"*%-l” a.mﬁe-ﬂfduj - Don e ¥dl
2 2+ Dys '

. ﬂ-ﬂ; y)

+[  —On-w)ed 2”@;&5—%@] Py

P

+ 2 wmjj'ﬁ%(?h)é .

b 8 Dis t=TI
| 1*“—6_%01“. - 3 it -
r 5wt ([ L5 L@+ R a2
* 4, 4,00, 8 ; : 2'”"'1#_ o . : T
- 3 o | o= (@) 108D+ 3 el ﬁ [Su(on) +Floe® d2, (2.11)
&7 m,s e v #, 4,3, m.8 ' 1

First, we write (2.11) in the form Lifl_-Lﬂ-ii-j--;l-Lﬂ;-q-l_}-q-ﬂ.-]—q-m where I,
(¢=1, -, 6) 18 the §-th term on the left, and r; (¢=1; 2, 8) the ¢-th term on tne
right. From definition (1.8), eliminating the ferm of outward trace, we have

N N M, I
Ny N M J -
+T3 SV 2'[ 0.nple™ dl>0, (2.12)

016_&1‘13’, s | Pl e st ol | -
=0, = B oA (2.13)

n 1 T
Lidoo 3 wwdi'™? j f pie "D, (2.14)
) J'm;':ﬂl e il G BB
Liy= [ 28]|3, 2oyxcet t=1e i (2.15)
29 . _ it

.-Ushing inequalitios | e ._
(1-6 2" [>T,
| (2.16)
(Pp+y4-e " (@) ?=>2(pn)"
we obtain o & g e B B e €

el 3 wwaHfpetas. @D

e 4”0 “‘n‘--_f-m""' Dy
Similarly, we have v i § 5 B
_ PO T P TP (2.18)
"N o

ra= > At’*"fl B(g (;;ui;)-.;.,m)n_-#'f* 42

o it R Jup . g e = _ .
B e
B Dis ; e T
e T A | :
B T N TR P e BT P .
<P+ wm.dt""fﬁwe-#"‘w_ (2.20)

o AEN %
A D“ ;

R - g ' i’-‘ i i,_ i B 5 T e i o0
By (5.11)-502.90); Srpoblmou T 3 4ol ¥
; WTE o n ' .i-.. .11 ;

—of G g

& B A+ _

5 | #2]6.5.,xe. I*%E"‘(Eﬁf“:;,,“*fﬁi‘_'il) > wedt * Hr;vie_ #"dD
Yo e, e ﬂh:“':*,{ H?L '-',t':q?.} o ﬂi“-‘.h' ~ Dg : '

P T
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Obvionsly, when a saijsfies condition (2 8), (2.5) holds. Thjs completes the “proof of
the theorem.

Corollary 1. Under the same assumptions a8 1n. Theorem 1, the ﬂ.pprommﬂte
solution of .(1.7) is stable with respect to the initial-value and the right-hand term
F of (1.1) in the domain D.

Sl g = e =+

3. Erfbr- Estimates
Suppose that the solution of (1.1) aa'lusﬁes

?ELW(W(E:)XHW(B 5><0°(Qa>) (3.1)
whera for a given integer r =0, e B M e By
- H'(Bay) = {ulﬂ“ﬂGLa(Bw) Iﬂl'ﬁr} | - (.2)
15&11311&1 Sﬂbolevspacemth the morms =~ = - L T
B [ B t-:r“aaullﬂnﬁ’ ? | T | 5
{H“Ir- =2 ||%l|rm,wmdt”+% - (3.8)

In (3 2) and (8 3) o= (oai, CI’:Q) ig a mulh——mdex | o I=—ﬂ1+ﬂ3, and

A A

We also use the followmg seri-nor m

QTR ﬂa‘”’““nnu « (3.4)

ol ==

x Lemma 3. 1 Assmns thm} Ps 8 The salutm of (1.7) and @ s the exact solutwn of
(1 1). Then, for any D;, €, ¥ € Py (Dy) and 7€ La(0_Diy) we hcwe ﬂw q,dent*zsty

1@ nmurear g [ AnGa-merd
+%j — Q- (=) — (=) 26 + Hm(q:,.—u)ﬂe'“*d@+3
B Dy e g
= 0. ﬁ(¢~u) (ﬁ—u)e“"‘dl
by |

. '--tﬂ-ﬂ(';v—n) ('Pn—ﬂ)ﬂ"“‘ a+ ” (p—u) Ai(pr—u)e ™ dD

gDy
w ; J ﬂﬂ

[But @~ @-) =R (=) D+ R, @)

D” L

i

S »

_-whm

By,=8 @") SH('P)
. .R‘- ”' . {(w,.u)a —gfniL (up)ae—w :

IPRRPPIR - a‘f“”)t(«uﬂﬂ)ﬂ—w" @D, . 6O
R' l:[ v 3t k' Dz‘- )W el —— Y

W=Pr— Y, A;= =0 grad+a .
~ Proof.- Given uEPE(IJ;,) a;nd nE Le(8-Dyy), We se’;
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w=pr—uEPx(Dy), {=t-n€L@Dy. . &1
Consider the expression | . - . BN
' Xﬁ=-—]’ - Len(w—{we™ dl%Hw[A,,(@_,gH(w) — Fle~™ d2, - (8.8

2-D
id Dis

First, using equalities (2.7), (2.8) and (2.9), we qhtaiﬁ;

.._...j.:.. ¥ —o¢ —:!;- .I LA 2,0t
g 2 Lﬂu Ay tﬂ-_*_ 2 { Adenlle ™ di+ R

2Dy
- I ~f2n(w—{)* e"‘“kﬂ-l-ﬂ&fié"r“ A7)

2 Jeny . ™ 5wyl
—Q(S,(w)-:-ﬁ')wﬂ g, s owmpnt (3.9)

On ihe other hand, nsing (1 ..7) and r=we™, waubtam ,

1+

x,={  On@-mwvas+| 0-n(p—wywes i+ [ (¢ - ) Ai(w)e™ 42

8-Dyy g
' g TR

+[[Suw) -8@) —Pyuevaa+ [ (5 G5 —5 ) w2 (10
5 - " e w&t_.ml_j‘,l)t__? -
where A'= —f2.grad+a, @ is the exact solution of (1.1). Thus, by combining (3.9)
and (3.10), we get the desired estimate. -
For any D, €J,, there exists a biaffine invertible mapping which maps the
reference element D=[—1<£<1, —1<n<1] onto Dy. Given the reference element
D, we define I +0 be the interpolation operator from O“_(ﬁ) to Pr(D), such that

Del,es =6l se, VEECD), I, k=1,3, -, K+1, (3.11)

n=m =" :
where (&z, m), &k, 1=1, 2, »--, K+1, are given on ﬁ We define =L (0C%(Dy);
Px(Dy)) by

=1, Yuco'(Dy), (3.12)
and I = Z(03(B.); V) by o
| Ou|p,=Opu, VDyEJr, uC€Oi(By), (8.13)
where O%(B,,) = {u]u] 5, EC°(Dy), VYDyEJ}.

Furthermore, we iniroduce the following geometrio parameiers:
| h(Dﬁ) _M(ﬁr"m;_]_, ?!J—%-—i): | k'o(DH) =min(g:;—m¢_1, yJ_‘yJ-i): (3'14)
and assame that there exist two constants 0; and Cj independent of D,;, such that

h(D,) . .
Rty <O for all Dully (3.15)

Let h=nla;x h(Dy), Dy€Ja. Then, we oan state some sba.ndaxd I?Bﬂl‘lﬂ which can be
easily proved. | A

“Lemma 8.2. dAssime that (3.15) holds. Then,’ theré evisis & consiani 0>0
independent of Dy€J, variables i, u and v such that qu all pE L, (Px(Dy) X
O°(B, x Qg)) the estimates C o, e iy

i {L'P z,m;_.‘i;‘iG(h.(_l?a)).,‘?lg_ﬂ_'u-nw: s

: | i
Ulplo.sny, <O (R(Dy)) *Plomy: * -

0Oy

(3.18)
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hold, where dDY is any side of Dy and

Iplosoy =({, o1& )"

Lemma 3.8. Assume that (3.12) and (3.15) hold. Then, there ewists & constant
0>0 independent of Dy € Js, variables t, u and v such that for all w € Le (HE 1 (Dy) X
0% E,%x Qo)) the estimates

{l”‘ﬂmﬁlm.nu‘go(h(Du))Eﬂ'"'“H"EHn;;. m=0, 1,

[ — Tpptloom, <OA(Dy))" " * | 6] k41,0,

}BOM, where 3.D}j 8 a1y siole Of DH .

Now we are able to prove the following results.

Theorem 2. Assume that (2.8), (2.4) and (3. 15) hold. Furthermore, let the
solution @ of (1.1) satisfy (3.1). Then, there ewists a constant C>0 dndependeni of
L, dt, A,w, dv, t, ©, y, p, v such #hﬁf.

I

(3.17)

&
3 3

[ hﬁ‘. D Wme dtﬂh} jrnamﬂ ﬂ-ﬂ(‘?’n—ﬂﬁ’)ﬂcﬂ]

=l Bepi>0

42+ | R,] 0. 0) (3. 13)

ﬂ?’l @ﬂo,ﬂ‘ga(h ﬂ@’ﬂx+1.u+max

1/2

<O || 41,0+ msx | S8

L | - ' 1/3
[ S st fj ~0-n(pr—x2)? 1]
. 2Dy ;

n d.J.m8 .
<O (|9l ep+mox| 22 40+ |Rlon), (8.20)

48+ | Bulo), (3.19)

where R, can bs seen in (3.6),
Proof. For any D,;EJ,, we define
0, ond_DyNI.,
E{ outward trace of Hp, on 8_D,\(@_DyNI.),

and let 1&=H », w=g,—Ip. Using Lemma 3.1, multiplying (3.5) by wmdt“f and
summing over n, ¢, j, m, 3, we gel

1 > w,..dt“'%{jmﬂn(ﬁ-—ﬂtp)”e'“‘dl-!-j D-n(x;.—-n)ﬂe"‘cﬂ

2 nitm,

(3.21)

+ ~ ol (pn— ) — (xa—mn)] 6“"053+H§rx(ﬂﬂa—ﬂﬂﬂ)“ﬂ"“‘d9}

_ +' 2 wm”.__ (wx. 3 -ﬂtf-@—i- n {gﬂﬁ ‘wmﬁt“f'fjj 1__26 ﬁ:m:

"x[(w"+1)“+a‘f (w")“] e*dD |
- w,..ij'_ﬁuﬁlm i+ 3 w...aa"""i’{L 0-1(p—n) (@a— @) e dl

YA n,i,im:__
+IWQ n(‘P u) (%—Hg:)g*nt dIH- ” (p— “)An(ﬁ-ﬂﬁ?)e‘““dg -
j'[Sn((m H?) (;t’-—H@))—-R.J (*Pn—Hf;D)s'“‘d@+R,} o (3 22)

Yo GEE AL -"E"{J'---._ : ‘i"“h

~'
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Consider both sides of (8.22) as in Theorem 1, ‘Similarly, we gét .

- ]’
L1+L2d"53- ngl ﬂ-nz:-ﬁ I'n2,Bey
.LB?O:

L‘}w"‘fﬂﬁ-——ﬂﬁﬂ&m
Lz

n(py—11 ‘Pj % dl,

6“41" :
2'”{} Hﬁ_ﬂ;ﬂ ED'B#IKQH | =T

—oT
Lo oa— o5,
0

1% % jon—Ho ﬂﬁ,‘ﬂl.,xq. | $=0s.

e <ChE H@’ﬂrq.i.nﬂ‘?’n-“ﬂ‘?i )
| Bgc‘hr!qilx-[-i! "ﬁh_ﬂ@“ﬂlﬂ.’ |

0, ﬂ'.'l
Vi

WAL

Vol. 2

(2.12)*

(2.13)*
(2.14)*

(2.15)*
(2.17)*

(2.i3)*

(8.23)
(3.24)

'r'l'g E wﬂﬁt +Iﬂ_ﬂt”¢ Hﬁuﬂﬂﬂ(lﬁ H@ll,ﬂg'l'al”?l_ﬂ-tpﬂ“nu)

-Qf}hxlﬁ—H?ﬂu.n"??”x*ﬂ.m
‘rﬁ'gﬂﬂl —Hels o, _
g %UhxﬂI'}"ﬂr+1,nl|¢h—ﬂ§”umm

at,ﬂ )H?I—H‘PEH:DJ

e ||Ra||an‘Ph |, ».
Thus, combining (2.12)*—(2.18)* and (8.23)—(3. 29), we get

E—iﬂ' N a4
- > Wge df !I £2. ﬂ(?’n"‘ﬂ‘?’)ﬂﬁ
2 A=l @m>0 N0, By
~a7 P
4 *‘*’2 S wndi™E[ -0 n((@s—IT9) ~ (xa-'n))”ﬂ
nl.jms 2-Dy
o gal =+ oo+ - ﬁo,e-ffm-—ﬂw_na.n
< 2}}1 Ilwwﬂst*ﬂu.n.,xenlt-_-a%-(?(h lolxsio+ W @il zsnn
ﬂ 33 , P e
+ 4 max| ZE |+ | Biko.) los—IPlo.o.

| o
Besides, we have |
|7 — ?Iﬂ,ﬂg"@]i'“ﬂ';ﬂnﬂﬂ""”ﬂq’ ‘F"Iu,ﬂ; _
on— 2= L(on—I9) — Gr—m)1 + (o —) + (P—m).

(3.25)
(3.26)
(3.27)

(3.28)
(3.29)

(3.80)

(3.81)
(3.32)

Thus, wsing (8.30), (8.17), (3.31) and (3. 32) WO ebta.m mequa.litmﬂ (3.18)—

(3. 20)

= i
. ——— .
d [

4. Superconvergence Eshmates

11 "'aw* .4 :

In this seetmn we shall prove that the mathod ha.s a rata of supereonvergenﬂe
On the reference ﬁ= [ 1]2 (€x, M), &, l-==1 2;. sery (KA1, - ave ohosen
collooation points, where &, &, ++, x4 denote the K +1 Gaum—lagend_re quadrature
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abscissae on the interval [—1, 1], Bimilarly, we define the inferpolation operator
(8,11)—(3.13) and the norm | b : | |

”“‘u,m.ﬂﬂ=ﬂ‘gp lu(t, @, ¢, tms, v..,)l o 3 | (4.1)
for the space Li(B:y). Given an integer r>=0, let |
e WL(Bay) = {tt € Lu(Bey) |8°6 € L (Bay) , |0| <7} (4.2)
be the Sobolev space with fhe norm . . T * W
 Jelren,=max{[o*u]o, 5,5 || <7} _ (4.8)
and L (Wo(Bu) XO*(EBex Qo)) with the nofm -
: aial
' L - . o S (4.4

We can easily prove the fo]loﬁing lemmeas.

Lemma 4.1. Assume that (3.13), (3 15) “hold. Then, there ewists @ constant
0>0 for any v € L ((H™(Dy) ITIWEH_(D;,{)I). 'x@(Ethg)) such that

eI o0, <Ch*ul 41,00 (4.5

3 ]
n““ﬂnu“ﬂﬂ.ﬂﬂh.e'§~3hg+r"”“ﬂ'+1:“iﬂm K | (4'6)
where 8Dy is any side of 8Dy, o e B gl B |
Lemma &.2. Asswme that the solutéon u of problem (1.1) belongs to
Lo (HE*3(Bay) % C° (B; X Qo). Then, there exists a consiant U>0 independent of
D, €Jy, variables t, w and v such that for all wC Px(Diy) X C°(E; X Qa)

lzﬂu(ﬁl ‘W) ]éa(h(pﬁ))ﬂ'.rilulE-I-ﬂt-ﬂﬂﬂwﬂnrﬂur g (47)

whers Zp, (%, W) =Ln 0.-n(u—Tu)w d3+j.m9#n(u—m)iud3
~ [[ (2 gred w) (u—TTw)d2, (49

where m 43 the outward trace of 11w,
Proof: See Lemma 8 in [2]. o
 Theorem 8. Assume that the solution @ of problem (1.1) belongs to L.(O° (E,) %
(HE*2(B,,) N WEH(By)) X C° (Q)), and that hypotheses (2.8), (2.4) and (3.15)
Lold. Then, there ewists a constant O>>0 independent of h, A&, du and Ay such that

[2s—2lo,0<O (AohZ*1+ Bodt?+ | Rylo,n) » 4.9
N sl 1/2 -
[3 3 vt fj Q-n(p—g)*d|

'_‘=1 Lex >0 I‘r__i__ﬁ...ﬂ'ﬂ - |
S O(ABE - Bodt?* + | Beflo.p) , | (4.10)
1 . i "'IT R -t : ifﬂ ; : ! ;
> wndi™E | —Mem (72— 1) i
<O(AhE 1+ Bodt?+ [ Rulo.n), | (4.11)

s ]E-:' = .
covem S B igm e P
L L | £
5
g :

at® |’ i

| Bu-== max
D

Proof. As in Theorem 2, we Wwrite (329)“ ﬁ_-El' e sl ds
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Repeatingfhe prooedure of the proof in Theorem 2, we obtain (2 12)*—(2.18)* and
(3.26)—(8.29). By Lemma 4.2, T g e ] _

1

rotrobram 5 OmdiE| 2o, (P, o= 19) + [[ato—110) (9 T0) i? e

1, 4. 5, 11,

Dy

QOhxﬂu‘-’Pﬂx.;.n.nﬂ?r'ﬂﬁﬂu.n. | (4.13)
TFrom (3.22), (2.12)*—(2.18)*, (3.26)—(3.29) and (4.18) we have
X LD“ —fd-nl(p—0p)—(—m1*e™ @ -‘”—2_:'“'9’#"—' 95, pyxos|,
+(a,, 1 _4{:]_0 -*31)6‘?’1%—1@!1%.3 .- w § g By e |
ﬁ-%;}l%-ﬂf?l\ﬁ.nﬂxe;hﬂ + C [ﬁﬁi(lfiﬂﬂnn;;%“‘%ix;;;;:) B
+dt“m%xl 3;;- t ﬂR,\Iu,n]ﬂﬁ—-Hq:rHu,p_ - g (4.14)

The remaining part of the proof is the same. In faof, from - (3.31), (3.32), (4.14)
and Lemma 4.1 we have (4.9)—(4.11). | S UEEL

Corollary 2.  Under the same assumptions as in Theérem 3, the solution of the
disorete—discontinuous finite olement equation (1.7) 'convefg‘:és" to the exact solution
of problem (1 .1) as mesh size &, 4, A, Av tends Yo zero (assume that the numerioal
integration error R,=8(p)—8 u(@)—0 a8 4u—>0 and dv—0).

& Numerical Results and Analysis

For time-independent neutron {ranspors problems in one-dimensional slab
geometry, wWe give some numerioal results of the digorete—discontinuous finite element
method (E-method) and the SN method (D-metnod). We oonsider three problems:

(1) Accuraoy: the rate of convergenoe of each methoed a8 the mesh size tends 10
ZeT0. | | e 8

(2) Computing time: for a given A0CUTacy which method needs less computing
time “cost’”. | | " Y

(3) Storage: for a given acouracy which method needs less storage “oost’.

Tot us denote the computing time and storage for E-method and D-method by
ﬁTﬁ,'Sn, ATy and Su_ Ifespaotivaly and dEﬁﬁB o

: w ATB 1 Slj} | |
We construct exact solutions |

| oy sspt qa R e "
a ==Kk —5 N> 7" 00 |p?, ©
{@1 [34(51 4 )(fu 5 )(3 3 i1 . :l"l ] Fr , Qmﬁx 1, (5.2)
| ?3'“‘3(1'_&)5?#:5: Xi<e<Xs, Sy

;:. P 3ia ,r -.-".’. "':"F_ iy, . - 3 T P .;:. LA -:';_ L L :'._;n:h"_ i -._.

. o mad LR BT o L

where _pEDp,.a=44/[(1—__1_ S R ] L
: : ' _ X, ' F Xl i

(] L = : z f;.-'lll'i‘ = '--'II |'!.. - 1_\.:'\- _-.E.’-:-—: E j ; X'-l .
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al ik T ”‘ ’ — :

l.“__—_._n—uﬂ—_—__—--_—___

For this we give the following outside source - .

Fom— 8 (368 100+ 3 ) (ti..._..)(ti ..)(3_..._ )00

(ﬂl,w +BL), 0<e<Xy, N (5.8)

F = aeb"’ (b (1 tg) = ) (1 t:g) (n:g I —-——) X 1*‘%51:%3’ i,

where parameters b;- c:r.,;, ,8;, X’ ¢ (d=1, 2') are given.

'To evaluate the acouracy of .each method. on various meshes, we introduce W0
maaaures of error whieh we loosely rafer 10 ag error NOrms. In order to determine the
A0CUIACY of pomtmse sc-a.lar flux.values, we use the maximum norm, defined by

(%) lh‘tiﬁ ﬂ’ﬂ; 'hl

L'E TI{# @ﬂ'l"

Here, @ i3 the exa,ctf suluﬁon and @, is some a.pp:roximation The second error norm
which we use here is the “mean squara® fio¥m:-defined by

(6.4)

L : i NTTR: E ; .
S e f e = R T -i.“-ki

Pa=[3 2 w..wn(-;(_’?i%?"-*-*"%*-*)]”’.‘ . ®H
NE AT Pt - . el
Table 1 Accuracy analysis for calculation of the exact solution with |
» | ay=19, Bi1=1, ugii-ﬁs,-ﬂ,:ian.i?-xiwl, X, =2
8
P, Py AT
) I Ey 0.23 0.20 | 0,24 }0.81x10-1] 0,11 0.86 { 0.38x 102 0.35:-(10—; 0.39
2 - . .
- By 0.11 0.14 0 38 | 0.12x10-1]|0.19%x10-1{ 0.53 1 0.44x10-2|0.13x 10~ 0.64
) £, | o025 | o0.50 0.38 0.84:»:10—1_ 0.19 0.53 |0.17%10-1]0.47x10-1| 0.63
| E, |0.33x10-1]|0.75x10-1} 0,78 | 0.12x10~° 0.36x10-2| 1.04 [ 0.21%10-410.87x10-1) 1.39
" B 0.10 | o0.29 | 0.78 0;13x10—1|0.4ﬁ:-:10~1 1.02 |0.10 10-? 0.44x10*_5|1.41
B, 0.183x10-1{0.41x10-1 1.35|0.23x'10-5 0.91%10-8| 1.93 | 0.20x10-5 (0.11x10-4| 2.68
" E, |0.46x10-1] 0.16 1.36 | 0.20%10-2|0.183x10-1| 1.95 | 0.11%10-2 0.60x10-*| 3.72
E, |0.50%10-9}0.22x10-1|1.42 0.40x10-410.23x10-3| 2.44 n.13>::10—ﬂ,0.13x10—4 3.45
. Ry 0.18><10-1|o.3_6x10—1 1.71 0.57{;_?_—3_'0.3&10—2‘2.43 0.11x 104 o.'rgxm—lls.gs
D, |o.s1x10-1]0.16x102{ 112} i &
- D, |0.12x10-1}0.68x10-1{1.12| . | | '
_3 | D, |0.20%x10-2 ulax.lu—1|1.31 ¢ Bfew : | I~
! | D 083x1{)—1|o43x10—1 1,48| ' 3 F d .
o Dy |o. 15::«-:104 09@::10—2 lssl

B8
Dy 10.
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M Ty

Table 1 provides an acouracy analysis for -the. caloulation of the oxa.0%: Eolntmﬁ
where E ig the degree of & polynomial, I is the tofsl number of nets, M denotes a
method | ‘D is ‘the ‘DEN' method, Hi” and F, derots 4 - difereta—discontintous! ﬁqlte
eloment with b=1 and b=4 mspenhvely, and AT is computing ‘time. From Table'1,
it iq olear that the E~method is more computationally efficient than the D-method.
For example, the D-method ~with 98 grids and b=1 yleldﬂ Py=0.99X 1077,

- AT',=1.88, while the E—method with 4 grids and 4 Collooation pom’rs (K=38) gives

P,—0.85 % 1077, AT5=0.39. Then, n= 3= 188 3'"*“98—3(24"*’12 ‘Thus, . the

E-method is much more efficient in respect nf bﬂth thé’ compiting ‘time and ‘storage.
Furthermﬂre from Table 1, it-is seen that’ the orror “of the E—mat]:md with K =9

decreases by order of magnitude as the mesh size tendF 40 zdfo, Wwhere as the error of

the D-method only decreases by . multiple. . Hence, ihis .method is superoconvergent.
We have also ﬂﬂ.lﬂulﬂ.teti a slab ::srltmahty problem. Thé result is sﬂ.twfﬂ.otorjr,

. :FJ":!,._' Pl l'?'\ E .:
-..':‘I.\. o b e S
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