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SOME ADVANCES IN THE STUDY OF ERROR
EXPANSION FOR FINITE ELEMENTS"

I. Eigenvalue Error Expansion

Lix QuNy (% #) Xig Rui-rENG (4 #)
(Institute of Systems Science, Academia Sinica, Beijing, China)

Abstraoct

¥or the sigenvalue problem on & smooth domain we prove that the Ric hardson extrapolation
increases the accuracy from second to third order for linear finite elements, and from fourth to fifth
order for quadratic finite elements, without modification of the scheme near the boundary.

s § 1. Introduction

f

Ag an infroducliory model problem the simple eigenvalue problem
— du=Auin Q, u=0 on 90, Luﬂdm=1 1)

on a sSmooth domain Q< R? will be investigated in the first part of this paper.

Let T,={K} be a regular triangulation of 2 of widih 2 with all its boundary
vertioes on 8Q. Corresponding o T'», we define the following finite element space of
degree 1 or 2,

8, = {V,€ 0" |V, linear/quadratic on each K €T, V=0 on o0},
Q= {K & Th}' .
The finite element eigenvalue problem asgociated with (1) is defermined by
(Vn, Vu) =M (tn, 1),  YPaE S, (2)
B ESy, (%, ) =1 .

We recall the eigenvalue errors:

O(#*) for linear elements, |
O(h*) for quadratic elements®.
Our purpose is to prove further error expansions

?u].,“'"?v": {

b o { h%e+0(h®) for linear elemenis, (8
P L h%e+0O@(5)  for quadratio elements®, (4)

The second part of this paper develops to the solution problemsg

—dy=f in Q, u=0 on 04
and

* Received March 14, 1986.
1) For isoparametric elomenis
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— du—+u=f in £, %=0 on gf2

on a smooth or convex polygonal domain Q. Let

7, triangulation with locally uniform meshes/piecewise uniform meshes,
s——nodal points of 7', having positive distance from 94/the corner points of
882 /the interior vextex p of the maoro trmngula.tlon (see [1]),
w” linear finite element solution of u,
Tall piccewise linear inferpolant of u,
By and R, remainders in the following error expansions:

(W —u) (2) =hPe(z) + Ra(2),
8, (uh— i) (2) =h? B,6(2) + B} (2).

We will gee that B, and R, are of higher order, though the order will depend om
the smoothness of # and the uniformity of 7. We assemble some results as follows.

(see [11).

T, B, R,
uniform " QRS 4] 445, O [Ulsie.
Oih*" 1n -;l;;) 12| de oo | O(}iﬂ) l2]4+e,
piecewise uniform O{hﬁ ln %)Huﬂg,,
o(k2) o(h%)
i u € W (00 N H3(O) iF o€ WA (Q0) N (D)
locally uniform O(hﬂ In %) l2ls . O(h%) | %] ats,

where >0, 2, 2. Notice that even at the point p where the iriangulation i3 only
regular in the usnal sense, the known error behavior

1.
h—- - 3 S
(u—u) (p) O(h In h)
may also be improved to

-—(4u"*’ *—u”) (p)=u(p) +0(A?.

So the Rlﬁha.rdson. extrapolation inoreases the accuracy in almost all cases.
We will also see in the second part that an extended expansion of the form

(i —u) (2) =h%P (2) +A*%? () + O(h*)
even holds for interior nodal points 2.

Our conclusion is that the finite element method fits Richardson exirapolation
well,

§ 2. Expansion of Bramble Functional and.
the Intergral Error V arsion

In section 3 the eigenvalue error will be reduced to some integrﬂ errors, which
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can be expanded by means of the following
Expangion of Bramble lemma:
Let P, be the set of all polynomials of degree k. Then
(1) Suppose that F iz @ bounded linear functional on W**2:?(Q) and satisfies

F(P)=0, VPEP};.

Then one can expand

Fay= 3 FE | Du@ds+R, |RI<oluluano (5)

.1 x!lmes 2 )o

- (ii) Suppose that F is a bounded linsar functional on W**?(Q) and satisfies
F(P)=0, VPE P, F(2®)=0,VY|a|=k+2.
Suppose also that Q is symmetric with respect to the origin. Then one can expand

Fy=- 3 L) j Dou(@)da+R, |RB|<c|t|rss oo ®

a=mer ol mes 2 Jo

Proof. Fou u€ W*+#(Q) we define the linear functional
| Fu)=F(u)— g i) J Dy (z)da.
|| =+

1 almes2)o
In order to prove th#t ¥ satisfles the Bramble condition

F(P)=0, - VPE Pous s S D
‘we first assume PC 'P;,. Thig leads to
DPP=0 with |a]|=Fk+1,

and hence
F(P)y=F(P)=0, YPECPF
Now we assume P=2a° with |a|=%k+1. Then
| DA (a®) =0, Y|B|=tk+1, B+,

D (2*) =al,
~and

F (2% =F (%) :!?Ii:gj w!de=0,

and hence (V) is satisfied. Thus Bramble lemma gives (5)
Let us further assume

P =2" with In:l k+2.

Then D?(@*) (|B|=k~+1) is a homogeneous polynomial of degree 1 and hence an
odd function. Thus, by the symmetry of 2,

- j D*(2%)dw=0, V|B|=k+1,
and hence - __ | |
| | | F(w") —F(m“) -—O, F(P) =0, VPEP;HQ.

Thusg, Bramble lemma gives (6). |

Before applying the- Bramble funﬁtmnﬂ,l expanswn to the integral error we
recall some properties of interpolant on the reference element.

Lemmal. Letu(§) be a function on [—1, 1], ¥y the hmar interpolawt with
vodes {—1, 1}, and iDu the quuadratic interpolant with nodes {=1, 0,'1}. Then
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(i) the oddness of u implies the cddness of i%u, k=1, 2;

(ii) ¢(€?) =1, §P (%) =¢, 1V(&) =&

iy [ a-iyena- -3, [ T EEd=o

jii (I —-g',(n)) (flj d§ - f_i (I_,i'(ﬂ)) (é‘ﬁ) d§= J' 1_1 ( - ,é{ﬂ)) (54) ‘5 ti§
. ﬂji ; (I_@(EJ) (§E)§Ed§=0
[ a—imena={ a-imega=-4.

- Lemma 2. Let u({, n) be ¢ function on the reference trianglo

Ko={(, n) |0<€<1, 0<n<1, §+9<1},
i Wy the linear interpolant with nodes {(0, 1), (0, 0), (1, 0)} Then
(i) ¢®(E)=¢ V@) =n, P (En)=0;
1

(i) [ @-s) @ dian=|_ I—i) (=5,
. [ @-e)@natan=—

Proof. (i) follows from the fact that the interpolant nodes lie on the line

equations
£E-1)=0, nx-=1)=0, £&n=0.
Then (ii) follows by a direot calculation.
Lemma 3. Letu(t, n) bea fumtéan on the two symmetric triangles

5% the pwcmaﬁ quadq'mt@c mteq polmnﬁ on T K UK : Thrm
(i) the oddness of u implies the oddness of i®u;

(1) i) =€, iDCF) =, i€ =, i) =of, i (5%) ~ @) =£n,
i) =E(|E+n| —1), E@EP) =n(|§+n| -
L @) =g [,
() [ =) @ay=0 for |a] =8 with y= &, ),

eI g dpm e,

j? (1) @ d={ _ (IT~i) (rP) i dn=~ 1,
[ @i @ g an=—1,

LA @ dn= | (T =i%) ) dn=0,

3

"!I

by

| G- ededkan=0, "
[ a-imy@nésan=, j (T~ w)dgdnhfg;

IF
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Proof. Let y be the interpolant nodes of T. Then —y are also the interpolant
nodes of T'. Henoce

(6®) (—y) =u(—y) = —u(y) = — (") (),
and (i) follows. (ii) follows from the fact that y lie on the line equations
EE¢-1)(¢E+1) =0, n(n—1)(n+1)=0
and that the interpolant nodes of K lie on the line equations
-1 (n—DE=0, (€—1)(n—1)n=0.
Then (iit) follows from (i) and (ii).

We now give the integral error versions for the Bramble functional expansion.
Temms 4. LetucO[—1, 1], v€0?[-1, 1]. Then

(1) ||, w—iwag= — 2| wag+o) uls
i 3) e
o ¢ 1
(ii) j_i (u~3Pu)v dé = ——%—J_i w''vdE+0) ([0, w|t|z, 0 + |V]1, e]|t]8) =
+ 9] 2100 %] 2,0) - |
Praocf. Let
. Fu) = fi (u— 50 d&
be the Bramble functional. Then
P)=0, Yu€Py, FE)=-3,
and hence (i) is a particular version of (b) with k=1.
Let
1 1 ‘ 1
F@={ @-i0gd, Fa@={ lu-i®ud, Fe=]_gud.

Then

Fy(u) = F3(w) =0, Yu€ Py, F1(£2) =0, Fy(u)=0, Yu€ Po.
Thus, Bramble lemma gives

| F1 () Igﬂmla-m | Fa(u) | <c|u|se, |Fs(w) | =<0]u]1,0m
‘We now expand

p(¢) =v(0) +2 (0)§+0() ]300
Then

511 (u— V%) 0dE =v(0) F (u) +9'(0) F1(u) +0(1) [v]a,-F2 (w)
~—L 0@ waE+0® (olaeitlsetvlsalulsm t[0]aululan),

o[, wag= [ o de—v @ Fa)+OD) |0]aalulsm

and (ii) follows.
TemmaDd. ILetucO?[—1,1], »€0%[~1, 1]. Then

(1) [} @i =~ | w0d+0M) |ufem
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@) [ @—imwodg= -5l uoods - B[, 5 &0 3 [o]sm ] s
Proof. Let '
F (u) njii (u— ) dE.
Then
F@)=0, Yu€Ps FE)=FE)=0, FE)=--1,

and hence (i) is a partioular version of (6) with &=8.
Let

Py ={ w-iwgdt, Fa=[ @-immea,

Fow = ¢ude, Faw) = Ju—iu|ag.
Then

Fi(u) =Fa(u) =F,(u) =0, YucP, F, (%) = Fy(&3) =0,

’ Fy(®) — — '145: Fy(w) =0, VuEP,

Thus, (6) gives

4 h |
Fa) == gres | u®dg+-0(D) )5,y

IFH(%),'gﬂlulé.m |F4(“)l‘§ﬂ'ulmm IFE@)|"<31“11M-
We now expand

0() =0(0) +0' (0)¢+ 0" (0)£*+0(L) | o] ...
Then |
:. (U~ i) o df =v (0} F (u) +v' (0) Fy (u) +—%— ¥ (0) Fo(u) +0(1) | 9|4, Fs (1)

R Ty o
+0(D) 37 |9 6] 0ty

v ubE=[" O~/ () Faw) ) +0() [0l [u]u.o,

H—-

2’ (0) JF: u®dE =ﬁi.w"u‘“’d§ — 0" (0) Fy(u®) +0(1) | 9|3, | %] 3,

and (ii) follows. |
Lemma 8. Let uc O (K,), v€CUEK,). Then

(1) [ =it anm~L(  (@1+01-0,0)ud¢ dn+0(1) |ulye

(i) Jm (v — V) vdf dy 112 .L.-. (8; +83—8.:8,)u-vd¢ dy

+HOQ) (|20, [ %] 800 | 2] 1,00 | %] 2,00)
Proof. Let
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i ™y

Flu) = JH_ (u—i'Pu) dy.
Then .:.

F=0, Yu€Py FE)=F(H=-15. FED=3p

and henoe (i) is a particular version of (5) with b=1.
(ii) follows from
[ @-iwedy=v@F@+[_ (0G)-2©®)@—i®u)dy

- __%2_,[3. (82 +8%—8,0,) usvdy

+OQ) (|9 0ve 2] grost | 2] 1000} 2] 2,00)
Lemma 7. ILet u€ 05D, 2€C*(T). Then

(1) | (u-i)dg dn=—g5| (ot+01—Bot0DudE dn+O(D) |
(ii) ji(u—-@'mﬁ)@dgdnn 1;0 I?(a*}+ag—5a§3§)u.gd§dn
gﬂj (8} — 8020, +0,8%) u-2,v &€ d

(a,, 30,02 +830,) u+8,v d& dn+0(1) ;}b[w[mm]ﬁ_k,ﬂ.

i u;

90
Proof. Let

Fu) = L? (u.——. i) dy.

Then
| Fu)=0, VYu€P, F)=0, Vl]a|=

FEY=Ft)=—3, FED=FEN)=0, FE)=,

and hence (i) is a particular version of (b) with £=3.

Let
Py (u) = j (u—iu) € dé dn.

Then - i '
Fi(w) =0, VuEPs Fi@)=—-%, Fu(P)=0, Fi(g)=-%,
5 | 15

4
i ay __ T
Thus, (B) gives |
Py(u) = -—g%f (81— 8020, -+ 8,88 u dé dn+O(1) 4] e

Similarly, _
1

Fﬂ(u)njr(u-@tﬂ}u)ndgdw —__j (83~ 30,0,+830,)u 4 dn+0(D) || 4ron

90
We now expang - “ N
v»{§,n) =2(0, 0) +2,v(0, 0)é+0,0(0, 0)n+0(1) | {2,
Then
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f, S TR T e TS

L (% — i) vde dnymo (0, 0)F (u) +8,v(0, 0) Fy(u) +2,2(0, 0) Fy(u)

+OQ) (o], [u—i®u|dgdn,

and (ii) follows.

Lemmas 4—7 relate o the case of the reforence element Tt is easy, however, to
give the versions for the arbitrary element by mapping the later into the referenoce
element,. '

Let 3CQ be an arbitrary fixed line segment.with endpoints @, and @4, % the

length of 3, ¢ the unit veotor along s. We use the notation 8 = —a%— Define

11— 5 1+§w
- 2 g ¢
whioh maps s into [ —1, 1] and satisfies ”

&=

dzx A _h
d§=2t" ds = — d¢.

Let

. ﬁ(f}=u(1§§ @1 1;_5 @2

for the given function u on 3. Then

P .=_h— .“'m W22\ _
W@ =Vur FEmt Vurt= Lo, w(g)_(_g_) oMy,

and 4u=iu. Therefore Lemmas 4 and 5 lead o
Proposition 1. Let & 0%(s), v€02(s). Then

|, w—iwoas—— L[ Pusvds-+O() |o ]g,ﬁﬂuﬂa,..-l-O(h“)ﬂ A -
Proposition 2. Let HEG“(S) ; ftJE 03(3) Then
j (u—iPu) v ds= j Purvds— [ %00 ds-+ORT) [o]s.lul.n.

4
2880 720
We turn to the more complex case where K, is an arbitrary fixed triangle
with three vertices @ (i=1, 2, 8) in counter—oclockwise ordering. Accordingly, let s
be the side of K opposite to w,, A, the length: Df 8, H; the height on s, n, the outer
normal unit vector along s, and ¢ the tangent unit vector along s;. We use notation
8;=ai;‘-=ti V, A=mes K.

Define the linear mﬁppin'g_ U K
=10+t (1~ —n)a,
which maps K into K, (the reference triangle-- in Lemma 2). Then

ox Ox D{ai, Pa) mos K
aé- =g Ug ivl, a‘n | @y — g av D(é- 7}) mes Ku

Let w5
u(f, 7) =u(m1+§ma+ (1 ~E—n)as) .-
for the given funetion « on K. Then '
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3;% V'lw ‘?ﬂ-( e hj_tj_) e hiaj_u, 3?,;5 = 7323915,

3§
1% ] 5, < OB* | 2] 50ens Jﬂudm=2A wdgdn,
and §u=i%. Therefore, Lemma 6 leads to
Proposition 8. Let u€O¥(K), v€0'(K). Then

j (—iPw) v do= “ilij (208 +H303 + hshudsBs)us v o+ O (5) [ 0]1, |t e

Let K and K’ be the adjacent elements with vertioces a;, as, @s and a;=a,, ap ™
@, @ regpectively. In order to map

T=KUK"’

snio tho reference element T =K JK’, we suppose that K and K " form a
parallelogram. Then, the linear mapping

g A ani-g'"z"”wa

m=

2 -2
maps K into K, and, by the relation
) # = Oy (ﬁi—ﬂa)"i‘(ﬂﬂ_ﬂﬂ):
maps simultaneously K’ into K’. We have
3m_ua—m1=___{z_g_tm f_@_nﬁ_% _l?(:vb w:) | mes K A
o0& 2 2 on 2 D, n) e 2

lLet

Therefore, Lemma 7 leads fo
Proposition 4. Let uc O°(T), v€O0*(T'), then

j (u—iPu) v do= (h45!4-+ hiD} — BhIRIDIOD u- v das

)
92880 J 1
1 jhgagru (1303-+ 81310303+ id ho28,) u de

1440
.1240 L 11010 (383 +Bhah 3,_.ai+h1hf'alaﬂ)udw
+ORT) | v]2- |

Some other lemmas have yet to be propared.
Lemma 8. On the triangle K, there holds

LT L

ny= -?]-z- Fuliaa (ﬂ-i *Rya1bs — ti-l-l) ’

swhere the imdex i1 8 used mod (3).
Proof. Sinoce f; and 44, ave independent, there exist af”’ and a such that
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T et VS L T~

1 =ai" i+ o i,
Note that ny+#;=0. We obfain

! i 1
o> m LT P ==

fioMggr e ti-!—:l.-
Then the lemma follws from
Hiiq 24 24
foo — = biay o= — —
{ n“"'i hi h ‘}21.‘ eq 3 id]1 L h{h-‘+1

Lemma 9. There exist constants 8; and v, (i=1, 2, 8) such that, for v€0?(K),
3 3
3132'11————2 B,;@f-‘v, d"ﬂzz Tiaf"ﬂ'-

Proof. Let
010:v=D (8, 1), OSjo=Dw(t, t,).
Since
> k=0
we have

h?32?}= hl.Dﬂ‘U (fi, t;[) +}32D2‘TJ (ﬁg, tﬂ) +2h1h2D v (t:b f’:E'l).ll'
and hence P

-

01020 =Dx (4, $3) = (h303v — hidTv — hidav).

2h1k9
Noticing

O

we obtain
2::% = DPv(ny, 1) = D0 (a§Pts +afPts, ati-+ats)
= (ai)?dtv+ (o) 203+ 2600850 = X y:070.
Lemma 10. There holds, for v€ O (K),
hﬂj fvde—hij msn_’?'i”'ﬂhﬁj' Dgv da.
81 2 2A K
Proof. Following [1, 4] we have

jﬁaawdwnjﬂ v+ (g in}ds=L s (tgomy)ds+| @ (ta-n;)da,

and Lemma 10 follows from Lemma 8.

§ 3. Eigenvalue Error Expﬁnsion for Linear Elements

Let SV be the linear finite element space, and w* € 8§V the Hj-projection of u:
(Vu!, V) = (Va, ‘Vﬁ), Ve € 85
There holds, by definition (2),
' Ay, w) = (Vu, Vup) = (Vub, Vi) =2, (W, ),
and, consequently, |
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U
(%, Us) .

Henoe, using the known errors for eigenvalue and eigenfunction, one obtaing
M — A=A (22, 73) —Aa (2, Up) =Mt —ut, us)
= (u—ub, Au)+ (u—;- ut, Aptin— AW)
= (Vu, V{u—u*)) +0(h*)
- (V(u—i3u), V(u—u®))+0G).
We now assurre a subdomian Q,c@*= | {K €7}, which satisfies
mes (Q\0,) =0(h).

A=y (1, ) With up=

['hen
a,,,—x='[n V (u— i) V (i~ ") do+ O (h®) | )8, (8

holds independently of whatever division we have in £\£,. Thus, a8 an example,
may be assumed t0 be an interior polygonal domain and T, i construoted by
subdividing each triangle K € 2, into four congruent triangles, but, on Q" Q,, the
triangulation is only assumed to be regular in the usual senso.

Integrating by parts over £, (8) becomes

m—r= 3] [ umiwdudet 3 { @ ine 9 (u—t)de-+OG fulm

We apply Proposition 8 to expand the area integral

jK (— i) th G = ""ilzTL (W07 -+ B3B3+ hahs:20) -w dio+O(BP) ] 1, |

1t remains $0 expand the line integral
3 o>
LE (u—i)n-V (u—u’) d3==g J (u— )V (u—u')ds.

]
' 3ol

By means of Lemma 8, |
J (‘Hr p— ‘z?;.u) 4 A4 (‘M — ﬁh) ds == ﬂ:inj- ('u; — -‘E}};ﬂ) ai (’M i h) ds + Eﬁé‘) J. ('H - éhﬂ) 3;.,.1 (‘LE —uk) ds.
44 ¥y P

We expand, by Proposition 1,

2

L (u—dpu) 01 (u—u*) ds= —-1—;- 3 OTudy (u—ut) ds+ O (h*) |1t — U1, 00| %] 80e0

OB [u—1 |5, er | %

3 p £2>

=
and, similarly,
7 2 g 4 o
| j. (4 —ixt) Bg (u—u*) ds= --%— hafﬂé‘ﬂ(ﬂ-u”)ds-FO(ﬁﬁ)ﬂ‘”[%---

We apply Lemma 10 to change the line integ_ml on 8, into a line integral on 8¢

(| Studs(u—tyds=J-{ oula(u—ut)da+ T8 [ 25 (0ds(u—vt))da
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Lot St T

+O(A°) |yl

- 31“““" Y L
Therefore,

B e 2 j (R0 h28 4 huhad Do) uds
12 .ﬁL.H‘.

-+ hg,.a 2’1:4 h‘hiﬂhiﬂj’ A U3¢+13i+ﬂu dx — m+1kt+1j. oud; (u—ut)ds

| Ofudins (w2 de)+ 0 (B3) [l ©)

This represenfation contains the ;prfinﬂipa.l information we will need about the

behavior of eigenvalue error. The key problem hers is how to reduce the line
integrals to a higher order in A.

If the average gradient error is of higher order:

J 8, (u—u?)ds=0(h%), (10)
& 4 i
then the representation (9) reduces 10 the sum of fhe area integrals:

M—Am= j (A28} + h20%+ hyhadsds) ueuda

, h""h, A
' + 3 Ml | Gtududumda+O () fult.o

and the Richardson extrapolation applies.

We now construct a special triangulation 7', without hypothesis (10). That is,
T, is uniform when restricted in Q, but keepy flexible on "\ Q;. Then the following
simplifications oceur. All line integrals in (9) are eancelled on edges interior to {2,
since §;=&;. The remaining boundary integrals on 8%, are of higher order O(%°).
Hence one obtaing an eigenvalue error expansion without line integral:

A — —A=h2 ( ~ J 17305 +'r1'rg3133)u-u dx

+""";["T z T;l "“"i-l-l"""i--I-:‘J.[n af 2-‘33{+13¢+n’!£ d-‘ﬁ) —+ O (’hﬂ) n U " g, oay

where we set h;--r;h and 4A=agh®

We should mention tha’ﬁ a su:nﬂar Orror expansion ha,s been ohserved in [3] (see
also [2]) - |

§ 4. Eigenvalue Error Expansion for Quﬁdratid Elements

Lot S be the qﬁa.drﬁﬁﬂ finite element space, and tf‘E S the H é¥pfdjection of u.
Then by the same argument as in § 3, -
DR (V(u— i), ¥ (u—12)) +O(A)

= V—40)V @—u)da+0 () uli.

o 3 i) du—u)de

- I].E.‘.H_‘, E

& E&.LE (u—ipti) -V (u~) ds-+O () EiE-
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i
TR i

Lemmay 9 and 8 yisld
s gyihgjx(u—é@u)@?(u-—u") m+§;ﬂ§.(aw L‘(u—ﬁu)ai(u-tﬁ)ds

+as’ I (U~ ) Biga (=~ u") d8)+0(h”) 2], on- (11)

We first consider the area integrals and estimate its contribution on the boundary
elements with 8,080,

J (u— i) 0F (u— u")dwl@ﬂh‘:‘hﬂu 0| 0,00 | U—1 | 2, <OR?| 1[5,  (12)

(since tha number of boundary elements is of order O(A™)). We use notations

Ly (1) = 28180

(7503 + 710z — Br3v3950%) u,

(1:332 -+ 315' 332@3 +w§153§35) U,

L @) = ~ 1445
L (u) = ~ 2= (7308 + 8vav30,03 + va710s0D),

and denote 8,842, by HC Q%= 0,\00,. Then, by Proposition 4 (with ;=K NK"), we
expand the area integrals

J‘ (u—du) O3u do=— Rt . Ly (w)diudo+ L.- LY (w)8.0%ude

< ﬁ

+j L (1) 8,0 dm)—!—O( 5 ot o[ 220 5,00
and noting that the constant 6%*=07u" on s,
Mmj (o~ i30) B 00" s = B @,J Ly () 8 da + O (5% |6, [ 1] 5000
and hence, noting that 8; (u—u*) =0(h),
WJ () B (u—12) da
=4[ (L8 )20+ I (@) 2,070) do-+O () Jul e[l e (18)

It remaing t0 expand the line infegrals. Bj Proposition 2,
1 '

= o151 L dtud; (u—uP) ds—l—cghiL Oudi (u—u)ds+O0 (B7) [u)s, . [ 4] 6o

= ooht [ 01(u—1)2lu ds+O (W) [ul e[ 1o
and, similarly,
J (1 —6att) 03 (u ~v*) ds=cah; J'haiaﬂ (u— ") Siuds+O (A7) [|u]4, 0] 1] 6y eme
By Lemmas 9 and 10,
[, o vratuinn 380 28 o roiuse
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J’ &3 (u— ) Dluda—T {28 (s —op) DPu e hi"ﬂf 05 (03 (u— M) &%) d,
7 hﬂ 81 24 K

L_ 24 (23 (1 ﬁ)ai*u)dm=J’K 80208 das+0 (%) ]

Byeof U]

d,can

Notices

3| Bu—whouds= 3 [ oru—w)ouds—0®)]

siCeldy J 8¢

(since the line integrals are cancelled on edges interior 1o £;), one obtaing

> | o3 (u—uh)oiuds= Mﬂ . 2s0udludo-+0(h) |

and, similarly,

,B-wnulh 00

2 | 5 (u—u") o ds= hlhg J 02055 dz+O0 () |t]a, | 1] 4, e
Then

2 | (u—iw)d (u—k*)ds=0(%5) |u H.;...,._H Ul 6ye0s

o ady J 21

Bg (“M — @hﬂ) Oz (ﬂ S Hh) ¢
Chify J 51

= coht ("ﬁélfh‘hﬂj Oy 3udTu de — Bm fishs J. 020 ud\u dw) + O(R°) |ut] 4,0

”ﬂhij (B hody— B hy8,0%u) &uda+0 (B) [u] 4. 1z
Combining with (11), (12) and (18) we obtain

— A = 8 ; 7 | (80 () s+ L ()04 do

Iﬁiﬁ

5760{]" ‘;,1 ﬂ"f’i+1J. (B&ﬂfil!-ﬂai-l-ﬂai-ﬁlu"-ﬁé Ti+13i+13;+2u)a{ud$
+OR®) 14,0

|?.£ ” Gea0
which leads to

_1_5.(1%,,,.9— As) = A0 (3% fu

Byoo "'H" Gyoae

§ 5. The Less Regular Case

In case the eigenfunotion v is less regular:
ue H%(Q) N H (Q),
we still have, for linear elements, -
d—A=h%(u) +o(h?).
'This can be proved as follows. Let

Fn(ﬂ)“ r (V(u—iw), Vu—ub)).

. Then :
M—A=h2Fy(u) +o(h*) jull.q

|61e0

(14)
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Notice that % can be approximated in H*(Q) by
| u € C*(Q) N He(4e),
where du=f &€ L7 (Q2), Au=F € (), }F—flo.a—>0. By 3 3,
Fa(iy =e (@) +o(D) |u
then Fy (%) — Fy(w) =0(1), Yk, A1,

| Fo () — Fa () | = | (V@ i —in (u—8)), Y (w =)

+ (V (@~ tpth), V(u—t— (u—u)*)) |
<c(fua,a+ 1802 |u—ufas
P () — Fa (1) = Fy () — Fa(@) + Fy () — Fu () + Fy (@) — Fv (@),

and hence

2
Dy 0a)

F,(w)=e(u) +o(l).
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