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In this paper, we consider the following initial-boundary value probler of the
gystem of, ge_zrlaralized nonlinear Schrodinger equations Tr

_q:u--iA@)%-#3@)_90#_lﬁ)u+F(m, Hu=G(z, 1), £>0, 0<z<1, (1.1)

6:0'
/4 [ ¢=u=ﬂ | =1 ==-0, t?ﬂ, : (1.2)
@] o=Up(z), 0-<z<d, | (1.8)

where u(z, f) is'an unkrown complex functional vector, A(z) = (aw(x)) is a real
diagonal matrix, B(z) and ¢(s) are real functions, ti,(z) and Gz, ¥) are complex
functional vectors. In [1] and [2] a class of stable and convergent finite difference
gchemes of (1.1) have been proved. In [3] the existence and uniqueness of the
generalized solufion for system (1.1) have been oblained. Now we consider a wide
class of functions, which should satisfy one of the following conditions for Whe

nonlinear terms B(x)g(s): & .
(1) Ki=B@)>0; Q()>0, s€ 0, ), @) =| a()ds,

(1) [B(@)|<Ka |[¢E)| <Ky 3€[0, ),

(i) |8(2) | <K g(|8]?) = 8], 0<p<2. S
We will construct & new finite difference scheme, which possesses two conservation
quantitiés, and ~will “prove that it is uncondifionally stable and convergent.
Furthermore, by using the Galerkin method, we will prove the existence and
uniqueness of the generalized solution for problem (1. 1)—(1.8), and the convergence
of the iteration method in finding a solution of the finile difference &E_'eiﬁa under the
condition k=O(#%). The notations and conventions here are adoptedns in[1].
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problem:

%(Qf)':'}) '_"‘"{wm §+1/2 [(¢?ﬁf})n+ (¢'m J).u:] }I |
B QU —QUPD ey g
2! |éﬂ+1|ﬂ l‘#’nlﬂ (‘abm- _'I'quj)
Eﬂ*iﬂ”(¢"+l+¢“) —-@Yr, 1<m<M, 1<i<I -1, (2.1)

i=1

"‘f’m-r'“o l<m<M, . (2.2)
M....;ﬂ[_,_,,,,.,(mﬁ),..f 1<m<M, 1@3-@? 1 - (2.3)

where Q(g) -=r g(z)dz. First we _take a priori ‘qsmma,t&s for tha finite dlEEIBBGB

solution. -
Lﬂmmﬂ 1 SRPPOS& that fm ;(ﬂ.‘r, f-) -=-f;,.,.(:u, t) HG,‘(‘.'E, f) IL‘QK-G: Uoym ELQ [0 1] g
1<<m, 1< M, where K g é8 G posiiove oon-smnt. T hen thers is an estimate for the solution

ofproblem (2 1) (2 3)
| | ﬂcﬁ,.u-aas, OémkﬁT 1€mﬁﬂ

aphere O, 43 a positive constant.

Proof. Computingthe inner product of both mdes of (2.1) with (P %, 5)

- summmg up for m ffom 1 to M, and faking the imaginary part in the resulting

- re«latlon, wo have
N b3S gmiim-a 2 ?IMEG"“”(EH&FE)- (24

By using ;hhe d.lSGIE‘IiB Gronwall mequahty, the conclusion of the lemma can be

obtained. .
" Lemma 2(So’bolev estimate “’) Suppose uEL,,(R"), Du€ L,(R"), 1<g, r<°°-

Thm for Oﬁgﬁm, -Lﬁusé‘;l we have
IID’ulln <O} D™l lulE*,
where E’—-—-L+a -}-——)—!-(1 a) , and C i8 a positive constani.

Lemma 3. Suppose thai the oondmms of Lemma 1 are mmﬁed, 0<a<<am(x)
<4, |fai(® <K, Rl = D) | <Ky, H—i‘“——lu <K, to,n(®) € HI[0, 1],

l<m, I<M, whefra @, A, E;- and Kq are positive oomtania and q(s) cot, and
assume that one of the following condetions are swmﬁsd

(i) Ks=>B(®)>0, Q(s)=0,8€[0, ©); - el

(1) | B@) | <K 10| <Eg 1€10, 0);

(i) 18(e) | <K g ¢ =2 0<p<2, .,
where p is & real number, K s and K g are’ pfmtm o{mstants Thm for the solution of
prablsm (2 1)—(2.3), there is.am estimate = . . .

H(‘.‘!’ )-I]'Qom UQnE'QT 1'<m<H,

e
*Phﬂ’ﬂ Op it a i positive oonstant. Tt L

£t 1!"

Proof.” @ompuhng ‘the inner produc‘b of bo‘kh ﬁulﬁ of (2. 1) wi’ih (t,b,,., f
gumming up fﬁrmfmml’soM and’ea.kmgthe realpart,’wehave |
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+5 3 3 BRGETEDL
=h Y ga.mr;ﬂ(qb"“)ﬂ .. e

'H.

M=l

(2. 5)imp]iaﬂ ; s P G o
L3k gna,.m [CEDN |ﬂ+—-;;ﬁ il .,.i ﬁ;;} SRR 1 D
__;,,E gﬁ.(gﬁm Fut) Wi & e . L -
-5 zg aminl G014 2 Fo@+ B F "2 £l R8T
2; RIS XC AR ;“; G Fe)
_n3 3 S rremhedE.
By the condition in the lemma, it follows that
AR gam,,+1m| @+ ;} BRI | <Ko, (2.6)

‘where K,is a posl’ﬁwa constant,
Since condition (i) holds, from (2. 6) we get

| RIC P “'Qaa: : l<m< M.
By condition (u) and usmg the Ta.ylor expression, we have
a’
23 AR | <5 Ko 19O -MO2+—K@( gs1) )
By the dlsoret'e Sobolev g 1nequa11ty

[ < Ealn ]+l (6n el -
where K, is a posltwe constant and 8>0 is small enough, we oblain

J-l '
1 8 s | <yl o g e B (it »1
| 'QE::-!- Kggﬂ E ﬂ(‘i"ﬂ):ﬂ, .
whete K, abd K are pﬂmtwe nons‘ﬁanmf Smce O S B ;ﬁ p—
2 ) % Gmd—l—ifﬂ[ (¢m,})¢| }._-.E H (qbn-t-ljllj

= P T .:_ [ TR .--"N LTy e 5
a.:nd from (2 6), "i“fﬂ ha.ve 40 I L al
4z s ; 1 r & ko & Fo o ial : 45 *_;:-.. 1- ::":;' ;.- ;
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l_'ﬁ BIQ"H ‘ BJ ¢n+1la£p+1} Kﬂ-’ 2ﬂ"h E |¢' +1|={r+1}
O — e 2(9-;—15 2] m-s.;
Lot p=2—3§; then 2?5?0 and | | |
l_}t.‘l’-l B‘Q,;-f-ll ‘g_ZHﬂ—l_K'ﬂh E Z ¢.n+1 -.ﬂ._ | (2.7)

Uamg Lomma 2 and the 1ntarpolat10n lemma'®, we .
3
H¢n+1|] D:-HQ KJ. “ (¢’H+1)’H'§'___Tﬁ “ ¢’“+] “-ﬁ-'lm, :

where K, is a positive comtan’ﬁ. Henoe weget - ... ;..; .
W %, gt h; 1¢::t} CHSK nw“) 1 Ilqb“”! .
' T
By the mequa,hty Pl »
| R ,a-"‘ ff e

- 'qr.t;'i.. nrvag
I 1

— b
?
bé(ﬂm) ( _'P) 'E'{';];"’i Gy b: s, P: 3:"0

we obtain the inequa.lity __
h g I¢n+1 E—ﬂags (¢n+1)'u2 . Eﬁﬂ¢n+1u{4—ﬂ}aq8“ (¢H+1)#“1}.+KG!

«here K and K, are positive constants dependent on.- 8. Substltuh.ng the abgve

Inagualiby dato (2.7), W have i S - ,!f.i.%_.' e T
. e N S
&S e 2“-1-;:;2‘. (Bﬂ(¢‘+1)='ﬂi.+_ﬁ"_ﬂ),

By the abova estimate an.d frcrm (2 6), it fu]lowa that —
K | ) | ot 290 K KM A2 K s 345l

2 m=]

} e g (—-)H’“ , e obtam

E H(fﬁ“”‘)-ll”%—(ﬁ'ﬁ*?" “hK aKuM):

l.e., ,
e i 4
Lemma 4. S’!@W that the conditions of Lemma 8 are MMM Then we have

=l 'QU,_, OQMQT lﬁmgyf’ o *_"':‘;

where 01 48 & pome.w oo-mstant __
Proof. It is obyious by Lemma 1, Lemma & &

Theorem 1. Suppose that the conditions of . WG S a1
that for the solution of problgmw.(1.1)—(1. 3),. 48 **E
the solution of the difference problem (2.1)—(2. 3) 6B
(1.1)—(1.8) én Ly norm, and |th— :lmsﬂ:-,,==-til'(k"+i'~")E :
Theorem 2. Supposs thai: ' the ‘condétions of
slution of problem (2.1)—(2.8)- s stable in Ly norm fordmisidhoas. = . .
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§ 3 Existence and Umqueness

Definition. The function vestor w(w, t) = (wi(w, 1), -, u,.(m, t)) € L~ (0 T; Hy),
u:(z, Y L= (0, T; Ly), 4s a .generalized solution of the prnblem, of the foﬂowmy
integrating identities are ful filled:

i (tinty Om) + (Gonllingy Vo) + (B8]t ¥m) +Z}(fm.m, V) = (G, '”m):

Yo € Hi >0, l<m<M, | b A (3 1)
(-u,.(m, 0), va) = (uo,..(m), *’m)r ]-Q'MQM | { | -.(8.2)

Let {W,(m)}GHI bo a basis dense in H where W,(m) are rea.l funatmn.s By
using the Galerkin method, - we oons’ﬁruct the a.pprcmma’se golution of ‘problem

(1.1)—(@@.8):

- r

. (2, t)"g G,,,(#)W,(m), -1€m€ﬂ!: B T o B (3.-3)
where the coefficients Om(¢) Bahsfy the following system |

(e W) (o, W) + (B (015 W,)+z;(f,..w, W)= (G W’,),

1, 2, o, J, 1-gm-qy (8. 4)
(uJ(m: 0): W:!) (umm(m): WJ’) | o s P o (3*5)

Lemma b. Supposs that the conditions of Lemma 3 ars, sate.sﬁed Then for the
sohctaon o, of problem (8.4), (8.5), there are estimates

J i <0i  |aln<Os,  |um|-<O, 1<m<M,

where O, i3 a positive constant independent of J.

Proof. Multiplying (3.4) by Coy, SUMmMing up for j and m, and taking the
imaginary part, we have | |
Mulhpljrmg (3 4) by Gm, (ti summmg up for j and m, and taking the real part, we
ged; i 'E\E i
H‘ugmuﬂ.%a# - L t&l'"t L
From Sobalev’'s meedd_mg thecrem, it follows thai . F mmﬁ hoat flo, ;

IuJ o FIEE n; ﬂft ﬁt: ﬁfea Leo

~ Lemma 6. Sf@qme that tha conditions of mea’ 3 %f :n_:.-,.,- Tﬂmtto...(m)
€ HY 1<m<M. Then th@rﬂ @s an as#mmtﬂ fgq' t}.-,ﬁ ,ﬂ AV 3‘ o kS

where O“-sapmtwamwtmt o
Proof. Differéntiating * (3 4) ‘Wﬁﬁi Yespect™:
relation by, 0.,, @, a.nd summing uE for J m 4,;.1??2& SR - g

J’ : , ,. R SRR Ly LRl ¥ s i

- {‘?: £ : % F e i AR W i p eyt vy

i ufg u: (am H!,.i A R =1 "-' % g f'**.‘r." I-*nh T . o R R

. ﬂr'f t l mﬂ’ Rl PR AN ‘}J" R T T n ok -,
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+ 2 (Ba((@] D)ty 1520 + 31 33 oty wt)+ 24 2 Sl 0 ’

e g z](@.,,,, ).

'll'ln],

With éondition (11) ; |g’ (s) | <K, holds. When condlhons (1) and (111) are fulfilled,

letiing -
|¢<§)|€E¢. ..

g im-
ﬂ-:f-:lfﬂi

a.ndusmgLemma5 wechave e .
| 2w i, u:.o[-[z g BT i u-:.,)j-g;g-.- A

ﬂi’hﬁl‘e K cisa ppm’sma noonstant. Henae mmg the imaginary pars in (3 6),we get

d‘t(mz.;u”’”* L.)Q-En Z&H‘lﬁitﬁ +E9:

hare Kgand Ky are- pomtwa mnstan’ﬁs Aecorﬂmg $0 Gronwall’ s inequality, 1%
follows thaf |

<05, 1<m<H.
Theorem 8. ' Supposs that the'conditions of Lemma 6 are satisfied. Thm there
amsts the generalized solution of problem (1.1)—(1.3).

" Proof. By the uniférm bodndness of Tkl zas tmeiz, and ﬂui“h, for J, and the
mmpact arg-umen.t we can choose the sequence {u5}, such ihat - .

a3, 1 (a1, i IO, T L),

woak
o ne(@y 1) > Uma(Z, 1), mL“’(O T Hj

eak
Ui, 1) = ru,,f(w;'-.t)',-- in L~ (0, T; L,),. .

a.k
_ . (o1 L g(e]?).
Let J ~»00 in (3 4) for a.n.y fixed j. We have

9’(“-':: WJ) + (a,.u..., Ws-) + (39 ( | u l ’)Wm W;) +?;(fﬂuh Wf)

=5 (Glu W!)l lﬁm@
Sinoce {W ()} 18 dense in H the above aqua]lhes hold for every # & Hi. Hence the
IIl (1 1) 7—.(1 3) exists.
ubimm P

= . " e Wit ="?Jm Wb iAot o sl 1

'I:}IH L;l-_-ﬁ,[ fgh s 54"’ *A%Mﬁth?q)fo&ﬁolm;p'ffﬁmn%mhﬂm -i
| The system (2.1)—(2 87 68" aiebiitch "SuihtihH T E ey of trahscandenitil
equa'hoﬁs “whioh can be sol yﬂﬂ.\hy meandof ihratmm Jo £ e bave proved that
she Hération is convergent under the ooﬁﬂiﬁm E<conste h¥:4n T3] fhe saie result -
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is also obtained under: the condition k< constsk. Now we write the formula of
iteration for the system (2.1)—(2.3), and prove its convergence under conditiond

(i), (ii), (iii) and k<oconst-A.
The formula of iteration for solving the system (2 1)—(2.8) is

mi¢:i+1(l+1)+B ¢n+1{s+1}+ Dmd :I"‘}S_"l'” E""'l{“} | (4.1)
{ :I-l:l(:+1)_¢n+1(l+1}_0 1<mQM, j==1 2 J—l, (4'2) |
where
- k
0“"- - %n alﬂr’—ifﬂ!
-k

-Dm;l- e Sh3 Am.f41/99

. - k i.. = " :
B,..;-E- - -2—]}‘5-(%.;..‘1;24‘ anid+1fﬂ):i

E;-I:l(l} ]gG“"'iﬂ-l-wgu } | kg [ﬂﬂlf+1}ﬂ¢':ﬁ;’+ir (dm.-f—ﬂl""ﬂmﬁ-lﬂ‘)‘i’:ﬂ+anii-1fﬂ¢:h-f-1]
s N i " n L] 1 n
| __%[ z mf:i,m ;+1(-+1) s ,E f +1§=¢ +1Gs) +;f‘ fm"'%"}! ]

B8 QU |N—Q(UBFD) (grsrcry g
. ~2§ |¢ﬂ+1cs}|ﬂ_l¢j{ﬂ (¢' “+¢’ j)

Theorem §. Supposs that the conditions of Lemma 3 are m#@sﬁad Let the
initial valus of iteration Puy ™ =dh, l<meM, 1<j<J —1, and let the time size
k< Ogh, where Og i3 a positéve constant. Then the iteration method (4.1), (4. 2) s
'mwrg&nt

Proof. Lot 845'® =it —Puf' ™. From (4.1); (4.2) we obtain

n+1{s+1) Hn + 1(#}

{0 s:.+1<'+1>+B 5"+1(‘+1}+Dm13m1+1

s:‘+1(:+11 eny 1(e4+1) 0,

(4.8)

where
H:H—l(t)_ __["21 4:11;"23?+1(:+1} +- ;ﬂf:?é?ﬁﬁ'#ﬂ
kﬁ; Q8772 %) —Q( I rgrtr g
[ e @
n+1(s} |2 I 2 -
g Q( | Tgﬁ"““lj I)ﬁ ?é’lr; (‘;bﬂﬂm"l'qb:ﬂf) ]'
When the condﬂmn [B,,.;I — {Oms| — | D3| >0 is fulfilled,from (4 3) it is not d1ﬂ:'101;11’ﬁ

to prove .
e T max |&i*P|< max - A H i<m<M. = (4.4
1<f<d-1 1<§<i-1 [B,;| — IG,,.;l = ID.;;I’ - - .
Since ¢Li1 P mdhy, wo have . T L 5l i

|8 +1{u+1)l.§ mMax |¢“+1—¢:ﬂl
b bt T fﬁfiﬁﬂ?sﬂ‘ifﬁf 2

In the followmg we Wﬂl prove:l by mdndﬁﬁiﬁ&j jﬁf:ﬁ r: " 2
lsn-ﬂ(ﬂlg ma':x“t'tﬁ"“—qulr =0, 1

—1
1Sha™ ﬂ*i‘ﬁ

(4.5)
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" Suppose (4.5) holds for s. By Lemma 4 it follows that

|| <80;, 1<m<M, 1<j<J-1. - (4.6)
mex (|g(é) |, f(f)[)‘QKm:
o -fE[l} BMOY]
Kyo—a positive constant and using the Taylor axpremon, (4 6) and Lemma 4,

weo ge’ﬁ

IH:‘;I(:)I T k-g.l" ﬂg lsi}+1(l+1)l + E‘E‘F lﬂﬂ+1(l)

[q(—%—lﬂ“!fflﬂl’) e

+ L i)~ @195 1~ 14119 ] (@ =+1+¢;a -
| 9(2|¢"+1(')‘=+'—‘|4’!|ﬂ) |

+ L - q’(&)l(ifﬁ“”"’l’-|¢’f|’)]( B L)

‘Qk-ﬁ.u [z Isn+1&.}|ﬂ+ E IEH+1&+1J ﬂ]

_where £,(i==1, 2, 3, 4) and K3y are definite constants.
Choosing k such that

BE 5
T3

ﬁ: 4O+ @RI, ' N CR)

whore Oy is a positive constant, which can be definite in the sequel, we get
lefl s iUmJI B I-Dﬂul “’\/1 573 \ﬂm-i—ifﬂ+ﬂmnf+ﬂﬂ))

(ﬂﬂ'! i-1/2 + ﬂﬂh f+1fﬂ) }GTk

2hﬂ
Hence from (4.4), | |
e o,
—_— w104 1) i, e n+1(s) n+1Ca+1)
1<j<d—1 | 8% |< 0, 141::-1[§|&.H |+ E | &5 | ]' (4.8)

From (4.8), it follows that

max ls.ﬂ.+1(:+1)| Q

L 1si<il | O 1<ici-1
: : - Axmal

2MK 4 ]]133'. |8n+1(s}

Ohoumng O-.— a‘uch tha’o | | |
] - OT}2MK,1, e B M . - (4.9)

we have Cme s | e R W

max |a"+1""'”|<: MAX ]a “"I

1-: -:J-*I 1gfgS—-1
j Ly l-gln:l‘

 Prom (4.8) and the a.bove mequahty we ohta.in

MAaX I.Bﬂ-}-lfl+1)| < TDAX: '3. »ud O
% 1"‘;—-1 : 1 ; 1‘?#—1 ﬁ;- . s A
" f-‘ - %!’i ' 'e--."#.-';'f" .

when (4.9) holds. Analogously, we ha.ve E J E
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| ¢n+1 AN [
mf mSf
P - | lejcd—1 lacfsd—1 :
lama M lama M lam<i

when (4.9) and (4.7) holds. In the meaniime, we can obtain

2MK -
max |shy et < 1 max |8l
1<fd=1 ' O’,‘i" - l<ictd—1
lam<M : lem<M

Hence choosing O, and &, such that
h
O ‘W< BRI s 40, ok,
we have got the convergence of the iteration method.

max |3 | < max |&hh'®| < max

§ 5. SomeRemarks

(1) It is known that the difference scheme preserying the conser vation of energy
is esgential for computationsl efficiency;. especially, :for ihe goliton computation, by
using this scheme ‘we ¢an see the natare of solifon, more clearly,”

(2) The treatment of nonlinear term. For the factor in the monlinear ferm Q,
taking the Taylor expression, it is easy to obiain | |

c Qeg(Ligr 218510 )+O11w 1~ |47

For & given error 8, as |+ ¥ |2—|@]|*=e. Let.

.__._Q( I ¢n+1{l) |H) _Q( l ‘ﬁﬂ- Lﬂ).
e LR

as |@y+1@|?— |¢}| <s, let
1,,.
' QﬁQ(fl'ﬁ:Hmls"]‘-z—'M'fln)-_
We oxpect that the total error will be small for this treatment.

We are grateful to Professor Guo Bo-ling for his valuable suggestion and help.
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