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ON COLLOCATION METHODS FOR SOLVING
THE NEUTRON TRANSPORT EQUATION
IN TWO-DIMENSIONAL PROBLEMS".

Lru CHAO-FEN (fnl #A%) Du MING—EHEHG €2 E)
| Abstract
Collocation methods are eonsidered for ﬂulvmg the time-dependent neutron transport equation in -

two-dimepsional planar geometry. Error estimates and stability are derived.. Finally, some
numerical results are presentad. ;

Introductmn

The neutron transport equatmn is an mtegral—dlﬁ‘arentml equation in which the
differential part is of hyperbolic type. In solving a neutron transport equation™,
can be as simple and convenient as the DSN method™, and the logical consiruction
of the program is generally the same .except that a lower degree linear algebraic
gystemn must be solved on each mesh. In fact, the DSN method is a special fiype of
collocation method. It 'is a weighted residual method and is equivalent o the discrete
Galerkin method. The collocation methods have higher accuracy and faster
conveérgenoce and requires less opera.tmg time to aftain the same accuracy than the
DSN method.

Many suthors have done works of value in u.smg on]loca.hon methodﬂ to solve
partial differential equations, for example[8], [4]. ' '

In this paper, we will use the collocation method to solve the time-dependent
neutron transport equation in the two~dimensional #, y-plane ge'!on:ietry. Here, the
Crank-Niocholson central difference is used to approximate the time variable, and the
discrete ordinates approximation is used for the angular variables. An outline of the
paper is as follows: the calculation method is given in Section 1. In Sections 24,
error estimates and stability are derived. In Bection 5, we disouss econservation of the
method and some relations, such ag its comparison - with the difference method ‘and

the diserete Galerkin method. Finally, in order Yo explain the eﬁ'ecbwanesa of the
methods, some numerical results are presented.

§ 1 Numerlcal Method

For the sake of simplicity we oonmder the m:ttua.l--boundary va:lue problem for
the one-group neutron tmnspoi-t equahon aa fo]fows. -

. ® Reoceived Eeptember 10, 1933. ;' 3 o owm, Bl T8
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A(@)_ L ?+p%+v?—£+a@=@3(@) -wl-i‘i‘ljl

&(i, o, 9, t, ¥) |smo=Do(2, ¥, 1, v), -

&, o, 4, 1w, ») |n=0 for £2-h<O, ., R
&(t, =, ¥, W, ”) [l-ﬂ"':d'j(t &, Y, —H, "’) |:=n,.

(D, 2, Y, y ¥) lgmo=P(, @, y, 11, — v} |y=0,

where the function @ (¢, o, v, m, ») represents the angular flux of neutrons at the
point (3, z, y) and tha a.ngu]ar direction £d= (1, ¥), where

o= sin 6 oo i,
p ==gin § gin ¢,
&=o0080.

Thus the neutron velooity ©*=0"} (see Fig. 1). Here, o, 8 are some nuclear dats,
and are supposed to be block constants, satisfying

0<ap<aa, 0<Bo<B<B:
Denote by B the region in which to solve equation (1.1)

Fig. 3

where Dy: [0, T'], D Dyx Dy, D,: [0, Z'], Dy: [0, Y], D,, is the unit disk in the
(@, v)-plane: pu?+12< 1. I' is the boundary.of D. Denote by f the unit vector in
the direction of ouiiward normal to I" (see Flg 2) | el

U2 -8, daa.

An outside source term is denoted by F (t ®, ¢, Ky p) Suppose that &, is conlinuons
on DxD,,. _

We divide the spatla] varmbleﬂ and time mto

| : 0-%<w1<* <im:=1" g B
0==yn<y1< <y;==I"-T -
O=to <ty <looo<lty=T., ¢



No. 3  ON COLLOCATION METHODS FOR SOLVING THE NEUTRON... . 99 -

Let | -
nsl +1__ (B - ntl ' L
gt _EU-0 . i L (g o), 1.2)
AT 2

where &*=&(t,, @, y, B, v). Now, the digorete ordinate approximation is msed for
angular variables. For example, we can divide the unit ocircle on (u, v)—plane into
some blocks of the same area, with ordinates (fime vew), m=1, -, My 8=1, -, 8.
Therefore (1.1) can be written as | ;

A,...(@...)E;;l.— i Drma® + Hima 3@3;’_' + Ve ?‘2}“ t+ a@p? = Qu? + Faut, (1.8)

5 M
where | Q.-.(t, @, y) -t B .g mgl wmr!r_@mr!:,

. ﬁﬂl-ﬁ(tr Ty Yy Home, th)r
Y e =1.

1et 9, denote the set of all smﬁal‘ meshes for any ¢ € D,
_fl‘ﬁ {Dy: B 1 STy Yi-1 YY1y b=1, oo, 1, j=11 ooy J
I+ is obvious that the mapping | |
 ? s=gat SR (E+D), €<,
{ p _ 1.4)
ﬂ=ya-1+—g—’(ﬂ7+1), |n| <1,

maps Dy onto D, where D is a unit square, dwy=wy—x_1, and Ay;=ys;— ;1. Take
h=max{An, Ay;+. Given that &, n; are zeros of the Legendre polynomial of degree
& : _
K and L respectively, we can take the intersections of the family of straight lines
£=£lj q?mmj I;=1, ev K; I=1’ e L
io be collocation points in which the corresponding coordinates are (wg, yu) on Dy.

Lot Pry(Dy) = Px(Da) X Pr(Dy;) Tepresent the polynomial space on Dy, where
Px(D,) and Pr(D,;) denote the spaces of polynomials of degree K on Dy and L on

D,; respectively.
Weo will not consider the properties of the functions on Dy, D, which are

always assumed to satisfy our requirement. Leb
H={p: p€0(D); o€ Pxr.(Dy), YDyE T s}
Our problem is to find a function @ in H such that |

PR

[ gt tims 240 2%t 0o~ (@ +FD} =0, (1.5)

o(t, O, Y, Hemss Ve ) Ifﬂ’“_dﬁi}(ﬁﬂ;,yﬂ; Foens s ?m):
o(t, @, Y, toms, Vms) |r=0, for Bn<0,

‘;’(#:__ml Yn, F’mn_"-'u) H=0 = (%, @y Y1ty T Hinsy pﬂl)i__ﬁlﬂﬁ'; |
Pt @, Y5 Homss V) |5-0=@(Ey Ty Yy Homsy —Vona) "0

(1.6)
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Obviously, the number of undetermined coefficients of "E i 1T (K +1) (L+1)

M8, where M =1+-'g-. The number of ﬁhé collocation equations is IJ K’ﬂMS, and

other equations are just suﬁplied by (1.8) and the continuous conditions.
T ; . = 1 B -

Solution procedure: suppose that " is given; find oub ¢ *Z. then determine g"**
by (1.2), =0, 1,-2, «--, N~1. Let “+” represont collocation points, “x” represent
points determined by continuous or symmetric conditions, and “A” represent points
of extrapolation. Caloulation beging from the mesh of sign “—” in Fig. 8. ¢ In

souroe term takes the result of the last iteration. The caleulating sequence can be
determined by direction £2, that is:

1. p<<0, y <0 (EBB :Fig‘ 3(1))! gm=1, 2, +-, '%' 8, m=1, 2, .-, —;' M,.
'%' M."l_l, mY MI'

3. w<0, v>0 (see Fig. 3(3)}), 3=%. S+1, +e+, 8, m=1, 2, v, -%- M,

4. >0, >0 (see Fig. 3(4)), s=-%— 841, -, 8, m=-%— M, +1, -, M,

Thus we oan 1se source iteration by direotion in Fig. 8 to solve one mesh after
another. .

2. >0, v<0 (o6 Fig. 8(2)), s=1, 2, -, = 8, m=

Pig. 3 - | | Fig- 8(8)

§ z. Qggniﬁon and Lemma

Denote 5 B Ba, for £€ D, and (u, ¥) €D,,,. Define space W,(D) as
| W £,u(D) = {v: v EO=2(Dy)}. '
If ¢ €L (09D % D,y) XWg,1.(D)), define R
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|‘1’1-=:11L°°(B) = o8 51113|‘?-’m(* T, Yy Hy P) b

In order to mmphfy the writing we often omit ¢, u, », for example fu(&, ) =0(t, &,
m, w, ¥) (Denote by Dy the material region).
Define the discrete inner produoct as

N=1 .1 o
{u, ¥>= adt 2w, vye,
where {u, vy = g Wena oy "-’.nu>ﬂ | et
<uf; ”)Bng <!-5, U>B¢J}

(1&, ﬂ)ﬂu= i‘;"'_ —A%' <§: é>31

(E, "t'be“ g g WEEIE €3 ;". 9?:)5_(&; M),

where &, mi; Wy, w; are the Gaﬁm—Legendre absoissas and weights respeciively 1<k

<K, I1<i<L.
For the sake of simplicity in the next section, we first prove a few estimation

formulae in interpolation 0perat0r
Let g Bx(£) _(_) ! d&k—l [(§+1) (&—1)]%

If ¢, are zero points of Bx(§) in |£|<1, then
-"1'= G‘n{§1<ﬂ'1<' '{Sr(ﬂ';—i-

Thus ~ Bg(§) = '—m ]!___I (E—0o%).
Similarly, Br(n) “m H(’f} 3).

Define 11, to be the interpolation operator from 0@ (D) to Px(D,), such that
f5(¢, ) | emar=2(on, m), VOECV(Dy), k=0, 1, -+, K.
Similarly define 11, to be the interpolation operator from O (D,) 1o Pi(D,), such
that
B.o(¢, 1) |gms,=0(¢, &), Vo€09D,),1=0,1, -, L.
And define IT to be the interpolation operator from O®(D) to Px (D,) % P,,_(ﬁ, "
such that |
ﬁ'i;(f, n) ‘F.-E:-M:“'s(ah .Bl): V'ﬁeom}(ﬁ): k=0, 1, -, K; 1=0, 1, +, L.

It will be seen that 1 =1,&0,=1,®1,.
If we denote the unit mapping as &, then

B-f1=(B-B)@F+EQE—-1,) - (B-1)@E-1,)- (2.1)
Yemma. Assume that 6€OE+ ““’(ﬁ), then
w—ﬁfbﬁﬁﬂ( |oxst,0] 2y + | Vo, L1 | 2By T+ |3r+1,' te1| o)) (2.2)

(ag (“"ﬁ")>g<a("’r+ﬂ-ﬂ|ﬂ'cﬂi+ |91, 248l ety + 02,541 | 22y l”x-:-:l-m-il;.-{ﬁ;),
& 1* ""3'1 E e e b F £l .- W : i (2 3)
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<—-—( o101 0)>B€C’( | 96, L+3] 2Dyt l ﬂx.;.n.i | b=ty + [ V411 [n-(ﬁrl- | W£+1.L+1 [ L‘{'ﬂ))

Proof. Take Lo=o— 0. If 6€ Pg(D;), then we have g_ﬁfﬂepx(ﬁf), and
ox(k=0, 1, ---, K) are its zero points. Henoce Lyw=0, Vo€ Pz(D,). According to the
Peano theoremm we got

| L{”=”_ﬁf‘v=j ‘l’r-l-:m(?“ G (&, A)da,
and gimilarly, | '
Lip=s—13= | Sorale, v)&(n, 7)ds,

where G (&, A) = LQx.1, @(7?; 7) =L Qm-:h

' (E—A)¥, £, (n—2)}, =7,
Q"—{ : g"(:": QI-{O; 9?-<‘F.
| Therefore
" (B-0)@@-B)s- (B-1) (L) ,
» “I_Ij_l?xﬂ.m:t(?‘u 2)G (0, )G (§, A)drdz. (2.5)
Then - |
=B Srinolh MEE N A+] b0 raalé E(, Vs
i r J" Qk-pi.Lﬂ(l 1‘)@(‘??,' 7)G (&, A)dhdv. (2.8)
According to the definition of discrete inner produet and since G, G are bounded,
(2.2) holds.

If we take Lo=0—II 20— vxi1,0(0, ?})Bg(f), it is eagy to test that -
Lo=0," Vo€ Pry1(Dy). .
'Thus using the Peano theorem again, we can obtain

| B Bi=tri.0(0, MBx(O + [ Sxinolh M€ V. (2.7)
t' Similarij‘, takmg L, -t?%;— ;,5.—-.5.;, L;_l(g, O)B},(n) , we got © WS |
& m—ﬁ.,v—wmbﬁ(f U)BL("?) +I %.L+ﬂ(§j ‘F)@ (‘3?, ‘F}dﬂ + | (2.8)

By (2. 1),mmbmmg(2 5) (2. 7)and(2 8),wahava I T
' $- 5= [ Seumolt MG & NI+ Sora(l, DEn, Nae

—r r ’ﬂ.z:-i-:t;lal;-u@-i -‘F‘)g(ﬂ: '?)G‘-(fs A de

_ L Orsn0(0, 1) BrlE) tveirsa(Ey 0) Be(m)ii- L. ; (2-9)
Diﬁ'erenmte (2.9) with respect to E, 7 respeotively and then let & -y 19-1;;,
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SRCE O L WEED| | artburenlbn O Be
+r;131-1-+ﬂ(§;h T)G.(??h 7 ) = b .
[ [ Seiness 8, G

1
-]

™

l dnde
fmfy

%(E_ﬁé) [ews "f.ia“*“-i(": ) G (& A)dA+0x41,1(0) ) Bx(€)
+r_130;£+.=(§m ’F')—Q@-Sg’—fl dv
_£1£153+1, re1( T) ﬂa%‘hﬁ G(&, M)A dr.

and jin consideration of the

Also according to the deﬁniﬁon of diaéfete inner ];iroduc’ﬁ
(2.4) hold. This completes

boundedness of &, &, @G*, G" and their derivatives, (2.8),.

the proof. |
By (1.4) and By 1= 279D Axd Afiuy,;, We have the following ocorollary.

Corollary. If vELL(O® (DX Dyy) X Wr4a Lt (D)), the following inequalities
hold: -

{v— < g (RE* | ogps.0l ot

(L (w19 y<OG= | vmsnol o +H4 05, mas o

R vy, gl I,-(B)-l—hx""l"," ogss et @)

R+ | wo, 144 ey HREFE |ox st ze1] z7m) s

(2.10)

<-—aa—y-(ﬂ— oo )><;G (R vo, L12 | Loy + hE  wgeal
+REY2 g0 1| ey +}QE+F+1 | Vg1, L41 [zcn)e

We are going to use the following equality
23 ( i1 gh)gn® 6™

T
— (e — g+ P4 (1=

)[(q?';:l)ﬁ-l-ﬂ% agt (%) ﬂ]a-n#""" ,

4"z
- o | - (2.11)
~where @ is a Teal consiant.

. §3. Error Estimate

In this seciion we shall analyse the error of the solution @ of equation (1.1),
which is compared with the Qorresponding solution p of the collocaiion equations

(Juf %ﬁﬁ*}a ﬁﬂ% L;glﬂ‘ﬁ) -rfI.lE't * i & ‘

sﬂﬂﬂdsﬂ_.@ﬂ“! €ﬂ=¢ﬂ—H¢‘{h : t

-t e

ol
ARSI B W G

: (‘i‘hﬂen 1 Sabisfy the following equalions i
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"ji_i'di'pm Hims 32?;“ 4 pﬂ“ gﬂm -I-mf—’m"ﬁ waf'll-w'l"R - | (3.1)
on collocation points, where |

. ___' 1 D l"i'f 9
5 240" B t=t(At ¥+ By,

R, is the error of numerical integrafion of the source term @ a.nd wdl not be
discussed in this paper. -
Theorem 1. .Assume that the solution of (1.1)

&L, (09D x Dlu,,.) X Wx.pfa.L-{-ﬁ (D))
B, €L (09D % D) X W g1, 241(D))

and @ ¢ the solution of (1.5) and (1.8), when ﬂt(—ﬁ—, where - .

ﬂ={ dvo(Br—ag) +1, PB1—o0g>0,
0? Bi_ao<0l

Then we have

KP— > KOAh™ A1 (D) +h " A (D) +AEHAL A, (D) +4RY], (3.2)
where s i g |

Ay (di) — I (d5=)1r+:t.u I’L'tB)"" Ii'r-l-ﬂ.o I I-"{B)"[' ]¢E+1-ﬂ I wpt '@K-l-l,i l I~(B)
+h | Pren,1] ooy
-Aa (ﬁ) sz | (@,) ﬂ.L-{-iIL'(B}'I' !ﬂjﬂ.mﬂlﬂ'{ﬂ}'}' |¢0.L+1 I L5+ |@1:D+3|F{BJ (3 3)
+2| D1, 1.42] 278y
Ag(D) =k | (Pe) ka1, 241l rem+ (LHR) | st 1o 125y
Proof. By (3.1)

(3

- @il ma+ Lims ag: -va. 39"“—-—-1 .u)-i-B §W.wﬂw+3. (8.4}

% .
Multiplying (3.4) by &me ™" and summing up over n, using (2.11) and when
T |
2 1—e 2 @ '
At<-ﬂ-, we have -—-T;JAZ—. Thus

-21.[(3,2.)%*“'—(3:.)5 2 S aewia ]

N_l(ﬂ'msm 3;{5“ + VieBume 3;‘;. +aag, )ﬁﬁ_"ﬂ.-ﬂiﬁwﬁlﬂm gﬂhlﬂ’ai’l'.
<3} ome ™ 2 {[ ~ (L bt tim 335 + Ve 3;’ +06u )]
R | R < X
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A— e o o —

Am;dg, and summing up over 4, §, ¥, I, we have

Multiplying (3.5) by ww; -
<an: 3ms> + Nilﬂ.-ﬂnﬂ dt’{#’m&<gmﬂ 35m> +pm<6“"’ 38’“
+( Ao "l'ﬁo) {8ms; Ems)D~ Ewm’r CEmey 33’“"’>D}

N~1
8me’pt Eﬁ'“ﬂdt{ < m: 3m->

By > ~—{8msy @0esdp

2

_<3,,,, me ) (o 7o

3} Gk 8mey B>+ 5mes B0} (3.6)
According to the property of Gauss integration, we have

<3m 333:> - S S Ay r 381:5-’;:?5:)“

ez 2 ._A_y_’ w;[ 82 (X; y;;) - 82 (0, yﬂ)]r

<3ml.r 33” > g wb[ﬂm (:Iiu;, Y) _Sms (mﬂh 0):[
Multiplying (3.6)”by w,.,. and summmg up over m, $ in consideration of the
boundary condifion and the central symmetrical condition, and also using

WeneWarwEmsy Bbavs) P18, &0,
7 8,7 8"

we gel

N-1 G o '
P Sl {§ Wine [ﬁm 2 ﬂi‘ wienms (X, Yir)

+ Vo 2 Aa:; WS (Ve Y)-I-(d:vu + g — 131)4:3: gt

N-1

S e gawﬂ*‘"‘ {-;_,lz-wm Cedemi + <oyt (Z)

+ {8dp4 <E'> i +a; (e8Pt {OPpt + B1ldpmt (Dt +{BPemi{8Dpt }-
Henoce we get |

( 4‘:,0 = )(e, 8>£0(-3—1<dﬁ, s>+<-g%, 3>+<-—-gy-£-_; s)
| +ax(8, )+B1<0, ) +<B, 8>
If we only 1ake @ to satisfy the given conditions of this' theorem, then |
<e, s.mo( @by +(22) +<--) +<9>“+;R>) %{ uE

Aﬁmrding tothe oorollary we have 5 ol Do mﬂﬁ .
(&> <ORE*| (By) x1.0| 1y A1} (ﬁt) n.m-:rl :rm-l'f‘n'“’l (@) rﬁ.uﬂ m)

Using our lemma, un&er mndiﬁons of (8. 8) w«a g"é‘ﬁ*ﬂ{»s 2)‘*’ Thts - _-
' been proved. _ W LI, cadGide da :ﬁ,m ol
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el —

1i is obvious that when K =L, if

> HEC I (oml(D‘x DF,,) X Wz-l.m L+3(D)):

we obtain |
(D~ pd> <O[RF* (A (D) + As(D) + 45 4s(D) ) + 487 +<RD]-

§ 4. Stability

In this section we are going to disouss the stability of the collocation method.
Theorem 2. Assume that @ i a solution of (1. 5) ﬂﬂd— (1 6) foq‘ pE H. Then
there i3 a constant O suoh that ¥

ORI
(PP<OUpomet<FY), for B<2. (4.1)

Proof. Muliiplying (1.5) by Dt summing up' over n and using (2.11),
we oblain

e (= PR+ B phem 1)

*

& L N=1 B |
+2 ”"“”""agmm o~ dt+ 24 VmePms P -0t 454 2 o~ At

| Y
'Qri 6'“'&@QO+2 g~ Pmel ms L. | | | (4.2)
Multiplying (4.2) by W ms A;‘ 44y W, W, and then summing up over ¢, j, &, I, m,
3, we get
o <pdhrte™ (rta— B ) <pH'<
Then
| 1 1
2% <Q’>t-r+ﬁ-ﬂ ( 4“:“ +op— By ""‘%‘“)(‘P)E";ﬁ;— <¢>f=0 +—2"<F>’-

Take g 10 satusfym+an Bi ——%—=b:>{} Then we bave

<<P>?=r'€?:— e <93>?=o+ vee™ (I,

WPr< 28: <*'F‘> +§3- <E)'e.

Thus (4.1) holds.

(4.1) oan be ln‘u'erpreted o Bolliveds If tha Ormk-Nioholson difference
approximation is used for time, the disorete ordinates appmﬁmntion is used for the
angular direotion and the collocation method is vsed. fox gpatial | ¥ariables, then the

s8olution continuously depends on the initial value and the quiside source. Therafore
the method is stable. Eibe B



No. 2 ON COLLOCATION METHODS FOR SOLVING THE NEUTRON... 107

e i T ]
R fifery

§ 5. Conservation and Comparison of the Collocation Metimd
with the Difference Method and the Galerkin Method

1. Conservation.

adi =
Multiplying (1.5) by 4¢ T WL W A;;‘ Ag i summing up over all indexes,

and using the property of Gauss ;in'lsegratiﬁn and (1.6), we get
L % 2
%%wﬂjﬂ ﬁﬁ'd@dy-*- mzm A » Wome [_‘-:M (tﬁhﬂ-: I, Y Hmey "'Hﬂ)d‘y
x atl -‘ nt} “h '
+Jﬂ l'uw?(\t I: &, Y: Fome) I'll-l)dw]'l" Ewm 4t IDWP(.* ®, Y, Kms; v,,.,)dmdy

1 i I
P 2 Ums Atﬁr Am'dy Wty f (tﬂ'wr Doy Yty Fomay I"ll'“)

man 2
""r’-kii
+%§wﬂjnq’:‘ﬂwdy’ | . . : L
where f=Q+F. [

Tt will be seen that if (1.1) is infegrated on B, ite disorete form is (6.1).
9. Comparison of,the Collocation Method with the Difference Method.
| B'I]PIIDHE thit the Space P E‘H (Du) is Pgrr (Dﬂ) with the exﬁepﬁon of the term
oXy%¥. When K =1, the polynomijals take the form ¢=aa+by-+o. Kor example,
in Fig. 4, this ocollocalion method is equivalent to the following difference
soheme: '

nt+l s T ;
1 ¢mr & '—%r ""%’ ?3'“! &y ‘l—%—. ’-%‘ : | /
wn—— ¥ - _ a

|
|
g AT i :;«I:;
?’H% = ‘}"H% o ’4 }
m, &ty j-'-f m; 8y $—1¢ ’-"ﬂ' . 4
+ plﬂ-l ; M‘ J — ..%...-._-_— ﬂ:-.,.-._-__._..-__’_-...— i e e 8 e s S
" whd wi E
T — T |
T C 4y . T T
i ;
"tz : I
+ G wﬂi #y ‘_%I f—% i 1 l'-—l-
i Hrl;i—%if—% . | ( 3 ) . : Fig. 4

This i8 just the diamond scheme of the DSN method. Henoe the DSN method is a
gpecial type of: éoliocation method. . _.
If we subatitute Pxx for Pgx In H, and the angular point of outward trace on
D, is discarded, it ig clear that Theorems 1.and 2 hold. |
3, Equivalence of 'the Collocation Method to the Discrete Galerkin
hen { = t"% s o™ sy ¥ =y, the disorete Galerkin method is represented by

{i,".:’{:?f',‘;i‘i ~‘* e (A.b(?),ﬂc)n-'(f, u}p,u_fGH',;HﬂeH' T (5'-3)

el
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where H" ig & set of elements mtisﬁng (1.8) in H. That is 1o ﬁnd a fonotion rpE-H ~
such that (5.8) holds. |
Let us m’ﬁroduoe the bases {uun(?, o, y, Limes Vma) } fOT H ‘which E&'ﬁlﬂﬁeﬂ

1

u'iikl(# » Twwry Yivy Homsy Pm) aﬂfai:ls’a,fj'aﬂf, _ (5 .4)
where |
| 0, for d+d,
aw={ ' o
1, for ¢=4,
émlj "'-j. I; j=1? ---, J; kmll ---, K; z=1,'---’ L_
If v is substituted by (5.4) in (B.8), we get collocation equations (1.5).

'§ 6. Numerical Results

In this section we degoribe the resulis of numerical experiments that were
designed to lest the effectiveness of the collocation method. The experiments given
¥ here were carried ont using the procedure.
r in Beotion 1. We have considered a few

Yz - .~ gimple problems.
, Ezample 1. Construct the solution
Dz 2 - @, of the onegroup time-independent.

neutron transport equation as follows

d - A(D) =g ”+p@+a¢ —~Q(®) +F,

O|p=0,|n, if 2:-h<0,

' - I Q(m’ ¥ Ky P)|;=u=d5(:u, Y, — M, ) | gwoy
0 31 Xa @(ﬂh Y, Iy P) I,.,u=¢(m: Y, i, —p) |1r=-ﬂ;
e _ (6.1).

with @ being continuous on I';, the boundary face of the inside region D, (see Fig.
b), where

F=[uf' @ g() +vf(@)g @) +(e—B) f(®)9y)]1h(u, »)
— (1452 +52) Bf(@)9 ),

f= {f1=a1(a;3+2cu"'+3m+4)+agar017gm+1, (ﬂF, y) E.Di,
| fﬂ“‘ﬂs@u‘: (z, !f') G-Dﬂr
o[BG U ey, (50 €D

ga=0610™, | (o, !!) € D,
_ (g, ¥) =1+as(lnl + Irl)+ﬂm(n’+v’), o
S0 tha.‘i the emt solntion of problem (6.1) is given by
e e, By=f@ gy ). |
. Lot @ denote the milocation-.mlutmn. To evaluate the acouracy of the method,
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define the maximum error by

%1 Ivds ’fﬂlll’_ Qh*r [ Lﬂls ]
¢]ﬂrh $e demy 8

E,.= max
hgl.‘,f.ll‘l,l

and the “mean square” error by

1 — -
E'=J My E.I.Em_,(%'l*""""*_dj""""*“*')’.’

where Mo=KLIJMS. - : -

For simplivity, we assume that 8=4, X1=Y;=0.b, Xg=Yg=1,T and J &are
+the numbers of meshes in @ and y direotion, respectively. Thus, the total number of
meshes is I+J. Take gy=as=as=ag=1, as=az=2, and ag=a1="0.1; a; and a; can be
derived from the continuity on I'y. Here take a=1 and 8=0, 0.1, respectively. The
errors B,, F, are given in Tables 1—2. -

When 8=0, errors from discrete ordinates angular quadrature are avoided. It
can be seen that when K =8, caloulation ‘
gives the best results and the rate of
convergenoce ig the fastest as the size of
meshes turns fine. We compare columns
K =1and K=8. When K =1, even if
1.J =64, the acourpcy can not compare
with that of J+J =4 when K =3.

In Table 2, we observe that although
the accuracy is improved with the
inoreage of K for the same size of mesh,
yeb it is unlikely to improve for the
same K when the size of mesh turns
fine. It is noted that the errors of angular
guadrature are important.

Eaample2. Theoollocation method | Fig 6 |
ig readily adapted to solve the eigenvalue problem. In fact, if we take F=01n (1.6),
the generalized matrix eigenvalue problem is obtained. |

To compare with the exisiing methods, we have considered the same sysiem as
4n [6] with a simple geometry (¥Fig. 8). We have caloulated a multiplication rate
K o for the gystem, where K i8 the greatest eigenvalue of the operator 4'Q, and
the boundary of the spatial domain is assumed to be & vacuum one, [6] gave the

following results

y..

Monta-Carlo

1.8204:0.0050

where the ximber of meshes is 20X20, | - bl RS 4

% Sl

The reﬂulta of tha co]loaahonaragwen in Ta;bla Goon ome
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Table 1 Errors (example 1) @m=1, 8=0 B
1.7 E,n l E, Ee E, E. E,
B 2 0.25 [ 1_1_.4 0.58 x 101 1.65 0.80x10-3 | 0.12 -
4 0.47x 102 -3.0_4 0.18 % 10:‘ :& 0.20%10-8 | 0.34:10-2
- 8 0.12 X 10-1 ;.73 :.54:410-2' 0.1 | 0.14x10-% | 0.53x10°%

0.28

2 0.22 0.64x 101 1.81 0.55x10°2
4 0.42x10* |# 3.2 - 0.23%101 0.60 0.78x10°7 | 0.21
0.11x10-1 0.28 0.76x 102 0.21

& 0.183x10-1

. Table 8. Multiplication rate (example 2)

1 2 3
B ot K o2t Kore
2 ) 1.0844 J - 1.8561 ) 1.8262
4 1.2680 - 1.8324 o 1.8191
__s 5 _1.3053 1.8228 1.8184
16 o 1315; “ | i_-i.3194 | | | 1;3134___ _
L S ——— gt s N i 8

[13
[2]
[8]
[¢)
51
[6)
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