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EIGENVALUES (O* '
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Abatract

The techrmique described in [9] is used to discuss the sensitivity of multiple eiganvalues and
corresponding eigernspaces of symmetric eigenproblems analytieally dependent on several parameters.
The results may be usefu: for investigating problems of stability and Tesponse analysis of lincar
structures.

§ 1. Introduction

| Throughout this paper we use the following notation. The symbol B™** denotos
the set of real m X »n matrices, R*=R"*! R=R! and
RP**={A ER™*®: rank(A4) =r}, SR ={ACR": AT= A}
in which the superseript I’ is for transpoge. I® is the »Xn identity matrix, and 0 is
the null matrix. A>>0 denotes that 4 is & positive definite matrix. We nse p( )
for the spectral radins and | |3 the usual Euclidean vector nmorm. The set of the
eigenvalues of an eigenproblem Az = Az is denoted by A(4) and the set of the
mgenvalues of the eigenproblem As=ABw is denoted by A(A4, B). Besides, let
2a(4), -+, A, (A) denote an eigenvalues of an » X n mairix A.

Lot p—(p;l, pa, -, Ppw)" €ERY. Suppose that A(p) = (ay(p)), B(p) = (By(p))
€SR™" are real analytic functions in some neighbourhood Z(p") of the poini

p"€RY and B(p) >0 Vpc #(p"). Without loss of generality we may eassume that the
point p* is the origin of R¥. It is well known that the eigenproblem

- A(p)a(p) =r(p)B(pa(p), A(p ER, v(p) ER", p€ #(0) @.1)
arises frequently in structural design, and it is often desirable 10 be able o estimate
the sonsitivity of the available designs to changes in system parameters. Although
investigation of the sensitivity of eigenvalues and eigenvectors has a long history®:+%,
tho case of multiple eigenvalues is rarely treated in the literature (see [8, p. 606]
[6, p. 138], [9, p. 862], [6]). The object of this paper is to discuss the sensitivity of
multiple eigenvalues and correspondjng eigenspaces of the eigenproblem (1.1) with
regpect t0 the parameters py, ps, +++, py. The resulis of this paper may be useful for
invegtigating problems of sta,blhty and responsge analysis of linear structures.

The following example i very interesting, from which we shall gain a good
deal of enlightenment,
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Example 1.17:7-3861,19,0.8621  WWe consider an eigenproblem

A(pao(p) =r(pe(p) = (1.2)
with |
. - Ly | .
a =TT B ) A €, o(p) RS (s p)TERY €1.9)
Dy +2Pn

Obviously, the matrix A(p) is & real analytic function of p& R2 A(0) has
eigenvalue 1 with multiplicity 2 and the eigenvalues of A(p) are
3&1(2?) =1+p+ 2Pﬂ+'~/_‘23§+2‘_3'§; Ao (.P) =1-+pi-+2ps— \/PE‘FPE- (1.4)
11 is easy 1o see the following facts:
(3?%1(29)) =(3Ra(p)) D
3}?1 Pp=0s pr=+40 3:?1 =0 r=—0 : (1 5)
%Lp)_) e ( OAg (_‘P) ) -0
3_@‘1 p=0) pa=-0 3_’pj_ §=0+ pr=+410 4
( oM. (D) ) o 3l2£_@) =D -
3Pﬂ p=0r pa=+0 3_?3 p=0¢ Pa=~0 4 (1 . 6)

( s (1) ),—-ﬂ, _ ( 35-2(?) ) h =1:

(248) a0, (HE) Jewn.  an

Here we define

( s (P) ) — lim Ma(p1, 0) —2,(0, 0)
33}.1,“ =0 Pr=4-0 ﬂl-ifq ' L:P}

and

(3%(?) ) - lim As (21, O ~ s (0, 0)

=20 lh"—ﬂ' ﬁ-n--ﬂ AL _'pi

The pariial derivatives ( O (? ) and (M

aPﬂ )F"'ﬂ'r I!r-'-ﬂ
gimilarly.
_ The relations (1.4)—(1.7) show that the funciions A:(p) and Aa(p) are not
differensiable (thus they are not analytic) at p=0, but there exisi two permutations
o and o’ of 1, 2 such that one has the relations

3"'_"1, 2! |

»

(s=1, 2) aredeﬁned

P=0: a=40

(Z) ., o= ro(P ) e
and ‘
B R ax.ag ST 3‘43;3’) ) ) s=1,2, =1, 2. (1.9)

In the next section we shall prove that the relations (1.8) and (1.9) are of
universal significance, on the basis of which we may define the sensitivity of multiple
eigenvalues dependent on several parameters, a.nd gwe some formulae for computing

the songitivity (see § 8). ;
Remark 1.1, Let A(p) be the mafrix dascnhed in (1.8). If we sot

A(p) = (A(D)) s=ioors  A(P2) = (A(P)) s=c0. 00,
then A(0) and y| (0) have eigenvalue 1 with multiplicity 2, the eigenvalues of
A(p,) are | -
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M(p) =142ps, Ka(p) =1 - (1.10)
and the eigenvalnes of A (p,) are
A1(ps) =1+8ps, Ra(p2) =1+p,, (1.11)

Olearly, the functions A;(py), Aa(p1), Xi(ps) and g (pa) are all real analytic.
Comparing (1.10), (1.11) with (1.4) we find an important phenomenon:

p1)  p1=>0, 55 >0,
[ RS NI e
o : xi 2 O’ 5 a :
(MP))M“””F{EE;:; ;ZO Vel B e %Eg iig. "

§ 2. Some Results about Partial Derivatives

First we cite the following implicit function theorem ([8, p. 277]).
Implicit Function Theorem. If the real—value functions
| J1(8x, =+, &5 M1, =+, me), G, oo, g

are real analyiio functions of s+ real variables in some neighbourhood of the origin of
R, 6f £4(0; 0) =0, g==1, «-- & and if

a(fi.r i fi) . I —asae= S — —u-n;n sz .
det BE. = £ #0, for & &= ne=0,

then the equations

f"(gij gt §l; m, **, 7}1’) =0: i’“j‘l *ty, 8
have & unique spluiion | |
| Ei=gi(m1, ===, M), G=1, «es, 8

vanishing for my= -+ =n=0 and real analytic in some neighbourhood of the origin of
Ri‘

Secondly, we iniroduce the following definition.

Definition 2.1, " Let A, B SR, B>0 A .mbspace .%’CR“ o8 an e%gmspm of
the mairix pair {4, B} éf A.%" cB¥.

Clearly, any sel of eigenvectors of the elgenprnblem Az =)Ba spans an

eigenspace; Jonversely, any eigenspace is spanned by & set of eigenvectors. Moreover,
if there i8 & matrix X € R> and a matrix Oy € R™* gnuch that

. AX . =BX.0, | 2.1

then the set of column vectors of X4 spand an eigenspace of {4, B}. Oonversely, if
X is an eigenspace, then there exist matrices X; € R and Oy € R™" gatisfying the
relation (2.1) such that the space 2" is spanned by column vectors of X, -
The following theorem is the main result of thig section.
Theorem 2.1. Lot p=(py, +--, vx)TERY, and lot A(p), B(p)ESﬁ""“ be freal
analytio funciions of p im some neighbourhood Z(0) of the erigin of RY, im which
B(p) >0 VpE€ #(0). Supposs that there is a nonsingular mairis X € R™* satisfying

r a—r Ag

A L) 0 R e g
X = (X, X, xu.(o)x_( P ) XTB(O)X =I, MEA(4y). (2.2)
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Then the e@gmpmbhm (1.1) has r eigenvalues Ay (p), *=*, M (D) satisfying
Z,(O) = Mg, 8‘“1 *ev, T, -
and there exist two permuiaiions w and %’ of 1, -+, r such that one has

(B0 bl )5) 0

(B2, . o=t (FU(2 D), ~2 (), ) %)
g=1, eoo g, =1 oo, N (2.4)

and

én which the right partial derivatives ( 3"?5;?) ). . and the left partial derivatives
i t =0y £4=+
' DA (1)
o )r—n: M defined by .
(M) == i R;(O, R O:r P, 0: Ry D) _}"l(ﬂg k" 0)
Op;  /9=0s8=40 pro+0 P
and
(33-(15') ) = i As(0, ¢, 0, p;, O 0) ~— Ao (0, »--, 0) )
apl : _!="_h Pi=-0  P»—0 - P{

ge=1 oo g, =1, --- N,

Moreover, there exisis a real analyiic ffemctm Xi(p) € ﬁ““" whose Mum vectors spamn.
the eigenspace of {A(p), B(p)} corresponding to the eigenvalues r1(p), o Ar(p) i
some nesghbourhood Bo(C#(0)) of the origin o f RY such that

» X,(0) =X, | (2.5)
9Xap))  =Xa0al— 40 X5((25E) e 3@;@ ) )X b=, e, N
- (2.8)

Proof. 1. Let

5 Ay(p) Au(p)” - Bu(p) Bu(®T\
A-xrawx=(720 7o ) B - XX - (ﬁn(@ 5acp )
| . i oy . . (2. 7)*
where A4 (p), Bu(p) €S8R, We introduce matrix-~valued functions
o F(Z, W, ) =Au(p) +An(0)Z+WAu(p) +WaAu(p)"Z @.8)
G(Z, W, p) =By (p) + Boa(0) Z4+WBi(p) +WBu(p)Z, (2.9)~
where | | |
and Z = (L) ERO W= (wyy) ER® X, p=(py, =, Px)" ERY (2.10);

F(Z: Wi P) i (fiﬁ (Z: W: P)) = ﬁfn—r}:-cr,
G(Z, W, p)=(gu(Z, W, p)) ER"Xr, (2.11)

Obsorve that the functions ¥(Z, W, p) and G(Z, W, p) are ana.lytm for Z, W
EROI*f and p& H(0), i
’ fii(o.:"oro) O.I gi}‘({}: 0: 0) =G: 6’“11 '":-ﬂ'_f.l»jn!l) vty T
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'(dﬁt‘ a(f:u’ o fir; i f“"f'i-* ik ‘-f"-hf; g11, ***s Gir, 2% Gaerity *°% Qn-r,r) )
3<Z11’ ---, 511": '-': Cn-r 1, bt gn—f[ﬂl ﬂ}:l_'l_: " a.);[_f" -..’ m“__rii, -.., m-_r’r) E#ﬂ,‘rﬂ“.’ﬂ

sk 19®@X20)  I7@Bu(0) ) [ I0®4 1@ 71> )
o = 0 ( g:u (D) @I{h-r} Eu (0) T@_I(n—r) e (li_z'(r.’!@_r(n—r} I@;@:@._”
Aa TR
]:det( )] =det(Ay—MI)" %0,

I(ﬂ ~¥) I}H- )

where (%) denotes the Kronecker product symbol (see [7, p. 3—9]) Hence by the
Impl:lclt Function Theorem the equations

F(Z, W, p)=0, G(Z, W,p)_o | | (2.12)
have & unique Teal analytic solution |
Z=Z(p), W=W(p) .  (2.18)

in gome neighbourhood %, (< Z(0)) of the origin of R¥ with Z (0) =0 and W (0) =0,

and
e det (I —-W(pZ(PT) #0 Vp&B,. | (2.14)
‘ ; I W'\,
From (2.14) we know that the matrix Z () T is nonsingular for p& He.

"Therefore we ha.#e

I 'W(_‘P)I)Tﬂ ( Vi W(P)T)I(Ai(i’) 0 ) .A. Rr*r

d
= ( I W(P)T)"g( )( I W(p)f)
Z2(p) I P\z(w) I
-Bl(P) 0 rXP
-(* Bﬂ(ﬁ))-;,o, B(p)ESR™, . (2.18)
in which

A (p) =Z11(p) +Z (9 Z s (9) + A (9)"Z (P)-l-Z (p)T4:s (D) Z(p), (2.17)
Bi(p) =B (p) +Z(0) " Bu(p) + Bu ()2 (p) +Z (p)"Bau(p) Z(p). (2.18)

From (2.15) and (2.16)

I I o |
A =B Bi(p)~14:(p). 2,19

2@, )-ED (5 @A (2.19)

Combining with (2.7) and writing |

I ﬁ
Xi(p) = : g
. x(ch))’ ——
we gob

i A(p) X1(p) =B(p) X1(p) B:«(p) " 41(p) (2.21)
| Ai(o) =0 I, B1(0) = I, X1(0) =X (2.22)

2. From (2.21)
By (p) *41(p) = [X2(p)"B(9) X1(p)] [ X1(p) ’A(P) X 1(2?)] (2.2
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Utilizing (2.2) and (2.20) the first partial derivative of (2.28) with respect to x4
at p=0 may be writien in the form -

op, op: Ip;
| | (2.24)
Let _ - | " e g
AM(A1(p), Bi(p)) ={h(P }izzs | (2.25)
The relations (2.2), (2.7), (2.16) and (2.16) show that |
| A (P) EL(A(D), B(D)), M(0) =Ry, s=1, | (2.26)

and that the eigenvalues A1(p), -+, Ar(p) aTe su-ﬁclenﬂy near bj,r A1 provided that
the point p belong to a suﬁiciently small neighbourhood %, of the origin.
Let ¢ be any fixed index from 1, ---, N. From (2.24) we see that the real matrix
B (m -1 ’ e
(6-(31 ( P%P{ 4:(p) )) | . is symmeiric. Consequently thers is a real orthogonal matrix
p= s
Q< R™" such that

o » o | |
@(aCBi(p) 1A1(13))) Se o« ¥ | (2.27)
Py :H} %> 3 | :
where
S = e =W =gi® W = eeem§W ..
{ =0 el .1+1‘__ | 14: ,=dg?, | (2.28)
55-?+—+r,_.+1“*"*=35ﬂ_'=d5}; dy #£dyY for yaém, rytoeet =

We write
| . (Q'ITB:L(P) _l-A-:I.(P) Qi) (0 o O Pyp Op 0y O)T ™= (BH(Pi))i-:H-I;r; | | (2 29)

in whmh the fu,nctmns B ( ;) are Teal analytm a.nd S0 may be writien ag convergent
power series:

. B () = 0%+ % Vp+- 05 P 0] +ef*3}p.+ , By l=1, v, (2.80)
From. | | L '
(QETB:L (P) _14‘11 (‘P) Qi) g0=A1L ",

.' [____ (Q‘TB:I. (23) A4 (.’P) Qi) ] =Q ( L (p;;: = @)r;n Q‘ . (2 ' 31)

and (2 27) it follows that

| aﬂ,m {leknl &%I}H{a@ if =1,
k if k#1, 0 if b+l

Therefore - 5 |
&1"‘5?}_@;""9“ E)Pi +9ﬁca}$’i e if kmz:

3 Lot
A(p) = (Ai(p)),_m._.n P01 0s 1 )% ﬁ'(ﬁ)=(31@))p—m. 0p00sr0pr, | (2.83)
1 A(B () “A(p)) ={if(23¢)}t=1 k - (2.84)°
an
' 8(p) = B(p)*(B(p)~*A(w)) B (p) (2.35)

Obviously & (p)™=8(p) and A8 () =A(B(p) *4(p)). Tt is easy o prove thas
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8(p;) i8 a real analytic function of p; in some neighbourhood Z, of the origin of R, -
By Rellich’s theorem (see [8, Satz 1]) the eigenvalues A(m), *++, M(p) are all real
analytic functions provided that p; belongs to a sufficiently small neighbourhood
#,. On the other hand, by the Gerschgorin Theorem from (2 28), (2.29) and (2.32)
we know that there are precisely g circular disks Dy, -, D, with centers A+
d{¥p,, -+, M+dPp and with radii of ma.gmtude O(2}), respectively, and the union

UD, containg the sed of all mgenvalues L( pi) ors, A (ps). Begides, the disks D, «-,

.D are mutually disjoint prwlded that p belong to a sufficient small %,, and in such

% case every disk D, contains exactly r; eigenvalues ﬁ.,,.,._.,..-Hﬂ (B, *o Angaiepise, (D)
which may be written ag convergent power series =~

ﬁa' +-+r.¢-;+i(P¢) _3‘1+d{‘}?"+q}{t§)—+fh D4 +?r;+-—+rm+h?¢ iy

. I<k<ry, j=1, =, ¢, k€S, (2.86)
(here ro=0). '
Now we rewrite the expressions of (2.86) as
;o .'\ i'(P‘) -}rl+a“)ﬂ+¢{"2)2? +¢)("3)P —i—n 9 | t.—.lul’ lli! .r, (2 -317)

and observe the followmg facts:

(i) A(m), *, A-(m), as the eigenvalues of [Bi('p)"ﬂi(z?)] D= (01 =30 Bys @ 10y, BTG
real analytic funciuﬁns in some sufficient small neighbourhood %,. of the point p;==
0, and for any two different indices #;.and ¢ (1{#1, t,<r) we have

R(0) #h(p) VD€ o\ {0} (2.38)
provided that &, () %A, (p) for ;€ #, and 4, is sufficiently small. (the conclusion
(2.88) may | be derwed from the fact that if A(p) is a real analyﬁc function in Z, :
and if A( p;) i8 not identically zero, then all the points of zeros of i( D) are
mlated“"’ an

(1) Bince the sigenvalues M(p), *-, A(p) of Bi( p)~14y (p) are continuous

fﬂﬂﬂmﬂm ﬂf P; (a'i (P))Mﬂ:-rﬂtﬁrﬂ:ﬂiﬂ}f; e .r (H‘P(P))l_(ﬂr iﬂrﬂnﬂl wep J)T are continuous
functions of g, in Hy;

(111) For any ﬁt&d POint P{E 'é t.hﬂ set {(K‘(P))ﬁ-(ﬂl"ﬂﬂrﬂrﬂi -rﬂ".'l’-}l=1 and the gok
{A:{p) }-1 aTe just identical. Honce for every.A,(p) (l<s<r) thére are. t’ and " (t’
and #'' may be the same mdex) dependmg on s such that | 5 H e

o 0

and for every 54(?1) (1<i<r) there are s’ and s” (¢ and s” may be the same index)
dependmg on # such that e

(2.89)

L'I
P -

(hl’f(P))p—'{ﬁr GO BupemsOy p;}é,
y L o
_ it( ) {(M*(?))p—(n. 1019101 01 @rﬁ{)_ s (2.40)
From (2.89) and (2.87) — T
@2)..- { o Q.4

6‘9 p;m-—O
and from (2.40) and (2.87) " ~
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o

8@_{ O Jy=tim=str (2.42)

op; )p=u, Py=~0¢ ¥

OCombining (2.41), (2.42), (2 26), (2.27) and (2.24) we obtmn the relatmns
(2.8) and (2.4).

3. The relations (2.21) and (2.25) show that the set of columm vectors of
Xi(p) spﬂ.na an eigenspace of {A(p), B(p)} corresponding to the eigenvalues
rM(P), *=+, M (p) in some nmghbourhood of tha orlgm of I-’{i"ir and X 1(0) -X 1. From
(2.21) we get

- L e
(AaB(0) ~ A(O))X((az( ) )M) B

[( ‘;;) )H-a.i(ﬁ%;‘i")) ]x;.f-i-z.iB(O)x;(?,B_aP(‘L))_'_; . =

_Bm)xi(@i;ff’))ﬂ T . .

Combining (2.48) with (2.2) we get - o

(0 st ) oy J-olo42) o)

" ))[M(ﬁ%ﬂ),ﬂ (24l ] e

s’ém A EA(A), it follows from (2.44) that

(ﬂ&.) b (AgT — Ay) 2 X7 [(i%z)_]’ﬂn (33@) )M]: . @ 5

Substituting (2.45) into (—JP—) - I s (M) we dbtam the -Irdla.tidns

2.6). 1
- The following theorem may be deduced fmm Theorem g, 1 «
Theorem 2.2. Lot p= (py, * p;;) TER¥, and let A(p) ESR'“' be a real analytio
SJunciéon of » én gome nesghbourhood .ﬂ‘ (0) of the origin of R¥, Suppose that there is an
orthogonal matrie X € R*™" mufymy E

X = (X, X,), X*4 @xm

-

;Li (r} 0 - .
( A’): ;":I.G?"(-A-ﬂ)

Then the %gen@m:rblem (1.2) has r eigervalues &1(3:) X, ?t,(p) mtﬁsfymg ?.,(O) -=-7L,
for a=1, <, v, and there exdst two permuiations w and ' of 1 , 1 such that one has

2 ( )p—-o p¢=+n=_}“f"*’(r(%?)— ,__u 1)
('%a;?) ),_o ;.L.,‘“m (X""( a‘;}(f)) L) s=1, ses, 1, 6=1, ==, N.

Moreover, there exists a real analytic fmctm X4 p) E R2x" w?ww oﬂlum m#ors Span
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an eigonspace of A(p) corresponding to the sigenvalues 21 (p), -+, A(P) in some
ueighbourhood Bo(CZ(0)) of the erigin of RY such that '

- X1(0) = X L 5
() nes (SR, e

§ 3. Appllcatlons

8.1. Sensitivity of multiple eigenvalued

According to Theorem 2.1 and Theorem 2.2 we may introduce the following
definition. | | __

Deflnition 8.1. Let p= (py, *-, px)TE RY, and lot A(p) LB(@) GSR""" be real
analytic funcitons of p én some weighbourhood B (p") of the point p"E RY, in which
B(p)>0 ‘V’pé B(p'} Suppasﬁ that there 23 & nonsingular mﬂt'rm Xe R** satisfying

T-(X;, X, x4 x=(M ] ) XTB(p)X =1, mEA(A).
Then the quantity | & |
) =o(XT[(2GE) - (P52 :_’ ) 1X2) @0

43 oalled the mmmgty of the fmultwpla a@gmalue A1 WiEh regpéct to ﬂw pm‘mﬁar Pi;
$he guwniwty ' -

%2 called the sensitivity of the mulidple iphurBive fy wilh roopegi R
Duay **, .'Pi-: the quanitsty ” .

e O —J SW0) - . o (3.9)

CaO=fEEme) - (3.9

43 called the mth:ty of the muzmta el genvalue . | |
Remark 3.1. If-B(p)=I® in Definition 8.1, then the sensitivity of the

mul’ﬁiple elgenvalue A w:ltrh remct to the parameter p; | _ _
o r( 84 (,’P) | ! TR T _
s,,(ll) p(X ( -2 H.x ) ;B (3.4

Eaample 8.1. The ma.tmx A(p) of Ex&mple 1.1 has multipla eigenvalue A;=1

at p=0€ R, By Deﬁmtmn 3.1 we have
. 3. (A1) =2, 85, (k) =8, 8,(As) = /T8,

8.2, Determination of sensitive elements

Determination of sensitive elements or locations of a structure ig an important
problem in solving inverse problems of structural dynamics, Mathematically, thig
problem is to determine the sensitive elements of a matrix (or a matrix pair). =

Let A= (ay), B=(Biy) € SR** and B>0. Assume that the matrix pair {4, B}
has e1genva.1ue A1 of multiplicity r, i.e., there exists a nonsingular X ¢ R"** guch
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X = (Xi, Xg), XTAX = ), X&'EXHI, iié"l(ﬁn)-

-

. Mg

"We regard the elements ay; and 8y as parameters. By Definition 8.1 the senﬂltwﬂleﬂ,
of the mulﬂple mgenvalue A1 with Tespect 10 ey &nd Bu are Tespectively |

(m“? 0
0

Sau(?u:l)"P X7 gj -Xi) 3&;;(3'1) i?‘-:l (Xl aa;; ) (35)
- Let ’
e m;e H,% g @)
o R e
XT gi X,=ddf + e, XT ji gm;zf—»mf

Therefore utilizing the lemma in Appendix we get

Say (M) =i sl @dst+ |72} |, 85, (D) = | Ma| (Nohblalah o+ [oBF2 ). (3.7)
Morecover, by Definition 3.1 the sensitivities of the multiple sigenvalue 3.1 W1th
respech 10 a4, *¢v, Gy, i, and Bras by "% ﬁlﬂm Iy AT I'ESP\BG'I'!IVE].}" |

hm,m.m.,,;..(li) “JE_EI( wi.ﬂsllw;;.llafr |25 25, )2 (3.8)
and ' S =
mmsionin 0 = [Nl f DUl ot |z )T, (3.9)

Remark 8.2. The sensitivities of the multiple eigenvalue A; with resPcact to
A and B are respectively

0 =y B (sl lolay))* (3.10)
and
302 = [l f B (A Lalaj Lo+ a2, (3.11)
Eeample 3.2.
1 -2 -1
1 b 1 1 -
A a1 o T ERERRT
-1 1 -1 b

There is an orthogonal matrix
—0.7 —0.1' —0.871748 —0.601501
~0.1  0.7[—0.60160L  0.871748
X = -
0.7 0.1]-0.871748 —0.601501 (Xx [ L)

—~0.1 0.7 0.601501 —0. 371743' |

such that
I’*"AX =diag (6, § 3+«/ , 38— ~J 5).
Therefore Ay =6 ig an eigenvalue of multiplicity 2. The sengitivities of the eigenyalue
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A1 with Tespect t0 ay are given in Table 1.

Table 1

1 1.0 0.3 1.0 0.5
b e = T _ 5 L
2 0.5 1.9 0.5 1.0
T VR G AR T r
4 0.5 1.0 0.5 s 2 oLiis 5
Appendix -

Lﬁmma. M ﬁ be R“ Th&ﬁ T ':-F"f--,l-ﬁ- TR . i
. L p(abT+ba") = Iﬁﬂgﬂbﬂ;‘["‘ la™8), o
E{qqf I"lrst WE may take an orthogonal matrix U- (s, s, o, «u.) E R¥* guch

_,.1*"_: TR o “,! | .r;,;
Therefore i =
Ly - 2.31 .Ba
a
wa geii G iy L, o pan s
p(ﬂb"+bﬂ-!’) ‘N(I'Bil +‘~/BL+ = g ﬂa[ﬂfb,[ %'Iﬁlgﬂbﬂgﬁ'[ﬂfbl + la]:15]s.
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