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Abstract

Recently, the Richardson extrapolation for the elliptic Ritz projection with linear
triangular elements on a general convex polygonal domain was discussed by Lin and
Lu. We go back in this note to the simplest case, i.e. the bilinear rectangular elements
on a rectangular domain which is a parallel case of the one-triangle model in the early
work of Lin and Liu. We find that the finite element argument for the Richardson
extrapolation with an accuracy of O(h*) needs only the regularity of H 4 for the
solution % but the finite difference argument for extrapolation with O(h**t*) accuracy
needs u € C*T2(0 < a < 1). Moreover, a formula is suggested to guarantee the
extrapolation of O(h*) accuracy at fine gridpoints as well as at coarse gridpoints.

1. Error expansion for rectangular elements

Let S be a square domain with a square mesh Th of size h,u € H§ the solution of
the Poisson equation with gero boundary condition, S® ¢ H} the piecewise bilinear finite
element space over Th, and u® € Sh the Rits projection defined by

(VuP, Vo) = (Vu,Vv), YveS™

Let uf € SP be the interpolant of wu.
If u e HY°°, we have

uP — uf = h2® + O(h*|log Al) (1)

where the coefficient @ is independent of A.
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Proof of (1) . By Lin and Liu (2], for a function E satisfying E(a) = E{g) = 0, we

have

- o 1 g

/; Edz -= llz(ﬂ—a)ﬂ‘/a._ 333&:-—- E/; Q(z)32 Edz
1 | B 1 P
= —=(f- a)’ /; 92Edz + j; P(z)3*Edx
with |
Qe) = (z- o)z - A)(=~ 22F), P(a) = (z- a)?(z- B)2

and P’ = 4Q.

Let K € T" with sides 1 and 2 coinciding with z-direction. Then, for v € §*,

(V(* —ul), Vo) = (V(u - u!), Vo)

= u—ul)a,v u—ul)d,p = ,
_;fxaﬂ[ )3y +§:];{3,( 12, ;I(K)-I';II(K)

I(K) = ('A—/z)(u-uf]ayudz= —?—:[A—L)Bguayuh

i 2
"E(/ ‘“/]Q(m](a:“ay”+33§“6=y”)d5 = ‘:2/ 8y 87udyv
1 J2 i®

1
_E-/;fQ(z)(ayaiuayﬂ‘l'333;33“33#”):

hﬁ 1
Y HK) = EL&:&iu-u— E-/..s Q(z)(8yd2udyv — 333331&3,:}],

and, 'Ei.milarl)f,
- h? 2 2 1 3 2 12
E INK)= — d,0zu-v— = Ry} (820, ud v — 38;3,udyv).
B S '

Let G"; € S” be the discrete Green function of G; and g, € H}} N H? the regular
Green function defined by Frehse and Rannacher {1|. One has

| -/S (e G.| < ch®|loghl,
f [D(GZ — ¢:)| < chllog A,
S

/;w”g,l < ¢|log Al.
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Thus,

2
(uP —uf)(2) = (V(s" —uf), VG) = %’“ _[g 9,92uG,s
L [ Qe)6,02u0,0. ~ 3530200,
S

_% ./3 Q(y) (3=3§v3=9s . 3333:“3119!) + O[h‘l log A})-

Integrating by parts, we obtain

4 f Gt} 0ud, g, = f P(2)(8,0%udyg, + 8,83uyzg.)
] S
= / P (z)(B:uawg, -aya:“‘au:gl):
5

4/ Q(z)3332ud, g, =f P(z)(8y03udzygs — 0302ud224:).
S S

Finally, we obtain (1) with
1

O(z) = 5

[S 8352uG, dxdy.

2. Extrapolation at fine gridpoints
Let -z be the angle points of K. Then, by (1),
(v — u)(2) = A2®(z) + O(h*|log h)). (2)
Let 212 be the middle point of two adjacent angle points z; and z3. Define
6" (z12) = u/2(212) + 2 (% — w*)(z1) + 3 (/% — wP)(za).

We have .
(8" — u)(212) = O(R*™). (3)

Proof of (3). By (2},

®(z;) = u® — uP’?)(z;) + O(h®|loghl), i=1, 2.

4
3h? (
Note from the error estimate for the linear interpolation of @ that

B(213) = 58(z) + 3 B{zs) + O(K*~),
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we have
B(s12) = 5 (v — w?) (1) + oo (v — wP/)(za) + O(H*~). (4)
But :
W/2(213) = uz1z) + "+ B(s13) + O(h* [ log A).

Thus, (3) follows from (4).
. Appendix

Let us recall the early work [3] where the error expansion for linear triangular elements
on a right triangular domain was considered. The proof in [3] and the proof in Section 1 of

the present paper are similar. We now explain it as follows.
Let K and K' be two adjacent triangular elements with common side coinciding with

x-direction and other sides 1, 2, 3, 4 coinciding with
y=h-—-z, y = —z, z = h, z=20

respectively. Noting that
d,v = const in K U K"’
we have

fKux* 3x(u— u!)d,v = a,uf 8, (u — o).

KUK
By Green’s formula

and _
(f+[)w-wiay = [ 1 (— 2 2u(h,v) + = Ply+ m)3ulh, ) dy

0 h2 4 1 4
+/ (_. 17 954(0y) + 2—4-P[y)3,,u(0,y))dy

2 1
” /;f (35102~ 8)93u + 3 Pla +1)(0: - 3,)0}u)

with P(t) = t*(h — t)2. Similarly

(/;*j;) (“_“I]dy=—(/;+/2)(u-uf]dm

= [ (50~ 0%ule,h—2) — 1 P(a)(0n — 3 ulz,h— =) e

+ /,, ’ (g@, — 8,)%u(z, —z) — %P(m)(&, ~ 8,)*u(z,~3) ) d

h? 5 1 4
” ./;: . (- 5586(8: = 3,)%u + 52 P(2)3, (85 - 8,)*u).
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Hence,

% |
j‘ a,(u - uf)azﬂ o —‘ﬁ f axau (3: 2 ay]“ +dgv + O(hi)ut’ul.ﬂ
S 5

2
. !1‘.5 523, (3. — 3,)u - v + O(h*)|vln.2-
S

A similar expansion holds for

f 3y (u — u')dyv.
s .
Finally, we have, for v € Sh
(Vi =), V0) = [ 8.0,(0. ~ .- 0+ OWlvla
= h3(V@*, Vv) + O(h*)|jvll1.2

with ®”® € §”*. Hence, we have

(V(u — ul — K2&*), Vo) = O(h*) v,z

luh — uf — h2®P||; 2 < ch?,

Juh — uf — h2@* (0,00 < ch*|log hl'/?,

ie. the error expansion (1) holds. This is however, not new al the finite difference angle
since the linear elements over a uniform mesh on a triangular domain is almost equivalent to
the finite difference approximation where error expansion has been given by Marchuk and
Shaidurov [6].

The proof in [3] mentioned above is based on the finite element argument, but, un-
fortunately, it is limited to a one-triangular domain and cannot be generalized even to the
quadrilateral domain. This problem has been solved recently in [4] and [5] where the er-
ror expansion was proved for the quadrilateral domain and the general convex polygonal

domain, respectively.

Final Remark on the Nonuniform Partition

The error expansion for rectangular elements has not been further developed in the
last three years (1985-1987) and our attention was focussed on the triangular elements with
the efforts to weeken the uniform condition imposed on the partition. We cannot, however,
free partition completely from uniform condition if persist in using the triangular elements.

In order to free partition from uniform condition we have to go back the rectangular elements

with the following extensions:
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(1) Extend the error expansion in Section 1 to the nonuniform rectangular mesh;
(2) Extend the Poisson equation in Section 1 to the variable coefficient equation

corresponding to the functional

/ P11z Vz + Pazu, vy, + Plz(“y“: + “zuy)
S

with v # 0 even on 95;

(3)Extend the square domain S, by a bilinear mapping ¥s, to an arbitrary convex
quadrilateral {};. Under the mapping ¥, the line parallet to z or y axis in S is transformed
to the line linking the two equi-proportionate points of the two opposite edges in {1; and
a nonuniform rectangular mesh in S is transformed-to a nonuniform quadrilateral mesh in
{1;

(4) A general polygonal domain 02 can be decomposed into several fixed convex macro-
quadrilaterals 3,,{13, -- .. Each of {}; is transformed back to S. For a function V defined
on {1, let v be the function defined on § : v = V - ¥5. On the other hand, a function v
defined on S determines a function V on ;. Define the plecewise isoparametric bilinear

finite element space:
0Qh = {V € Hy : V . ¥5 piecewise bilinear on S,*-*}

and, for U = uW¥3!,
Ul =o' o5t ul e sh

Then, a typical integral is transformed by

./1;; (U — UI)EVEdEdq —3 / (pu(u — u‘()zu,,
E 5 ;
+p22(u ~ u1))yvy + pra(u — w)avy + (u - u!)yve ) ) dady.

Thus, we obtain an error expansion for 1soparametric bilinear finite element ap-
proximation defined on a nonuniform (regular) quadrilateral mesh constructed in linking

some equi-proportionate points of the opposite edges in each macro-quadrilateral (i =
1,2,---) € 1. The interested reader is referenced to a forthcoming paper: Lin Qun, Finite

element error expansion for nonuniform quadrilateral meshes, Systems Science and Mathe-
matical Sciences, 2:3 (1989).
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