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Abstract

A general and unified method is presented for generating a wide range of 3-D objects
by smoothing the vertices and edges of a given polyhedron with arbitrary topology
using bicubic Bezier patches. The commaon solution to the compatibility equations of
G' geometric continuity between two Bezier patches is obtained and employed as the
foundation of this new method such that this new solid and surface model is reliable and
compatible with the solid modeling and surface modeling systems in the most common
use. The new mgethod has been embeded in an algorithm supported by our newly
developed solid modeling system MESSAGE. The periormance and implementation of
this new algorithm show that it is efficient, flexible and easy to manipulate.

§1. Introduction

In recent years, much effort has been put to developmg more reliable and flexible solid
modeling systems and surface modeling systems to meet the needs in industry. Combining
the surface modeling and solid modeling is a new trend in computer graphics, CAD/ CAM
and their applications. The application of surface modeling techniques within a solid mod-
eling system requires a general and unified method to generate a wide range of 3-D objects
bounded by planar and Bezier patches. Especially, in shape design, it is very common and
important to creat a wide range of objects from polyhedra to free form shape in one system.

Quite a number of solid and surface modeling systems have adopted more flexible math-
ematical models such as B-reps, CSG, Bezier patches, B-spline surfaces, Coons patches and
so on. Recently, the topic of integration of surface modeling with solid modeling has re-
ceived much attention [1]-{2]. For the description of many objects, both the flexibility of
the shape controlling of free-form surfaces and compatible representation of solid modeling
techniques must be provided. Unfortunately, how to generate a wide range of 3-D objects
from a polyhedron such that the model is consistent with the most solid modeling system
is still a problem.

Some useful methods for smoothing vertices and edges of polyhedra have been proposed
by Doo et 3_11[3]*[411 Lu et al.l%l, H.Chiyokura and F.Kimura et al.lé1=17l and J.R. Rossignac
and A.A.G. Requicha et al.l8]=(%] In [3], [4], extraordinary points are represented by a lot
of subdivided patches, and globally rounded surfaces are generated from polyhedra. But it
is difficult to round off a solid locally or generate sharp edge curves, and it 1s difficult to do
~ any analysis because it is not described in mathematical expression and analytic form. In |6]
a method is proposed for rounding off corners and edges of polyhedra using Gregory patches

*Received February 22, 1938.
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and applied to MODIF system successfully. The Gregory patches are neither represented
by Bezier nor B-spline surfaces and are inconsistent with most solid and surface modeling
systems. In {8, [9] some blending methods were proposed, but they cannot be used for
rounding off corners. The main difficulties in solving this problem come from the smooth
joint between free-form surfaces. Unfortunately, the conditions of geometric continuity and
its solutions are still a considerable problem.

In this paper the common solutions to the compatible equations of geometric continuity
of first order (denoted by G!) between two Bezier patches are obtained from which we drive
the condition of G* geometric continuity (Fig. 1)

r(l,v) =7(%,0}), 0<Laz=0v<1

It is readily shown that if S and S meet with G! along I', then there exist the following
rational polynomials
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Substituting (7) and {8) into (9) and comparing the coefficients on both sides yield
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ds dy ds dg € €4 €3 E9 fs 2fs 3fs
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From {10) we obtain {Q;0, @11, @12, @13). Substituting it into (11) we have some conditions
on the coeflicients d;,e; and f; which are called shape parameters. Notice that the shape
- parameters must be independent of the control points. Thus we have

M2 = Mj(M;)'M,, (12)
M7 = M3 (M) ' M;. (13)
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Denote
r {],D | =
ST o @y 4o
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i~1
dg — lfd{;, a; = —& Z_ﬂkdi-—k* (15)
k=0

of an umbrella which is a set of patches in an umbrella (see the definition in Section 2)
and obtain the common solutions to the compatible equations of the umbrella. Then we
develop a new method for generating a wide range of 3-D objects which are obtained by
local modifications of polyhedra. The algorithm for generating this new 3-D model has been
designed and applied in our newly developed solid modeling system MESSAGE which is
capable of designing complex solid objects bounded by planar and free-form surfaces. The
performance and pictures produced by this new algorithm are illustrated in Section 5.

»
"§2. Compatible Equations of Geometric

Continuity of First Order

Recently, the topic of geometric continuity between two free-form patches has received
much attention from CAD, CAGD and computer graphics community. A number of papers
on this subject have been published [10]-[14]. We have obtained the common solution to
the compatible equations of geometric continuity of nth order between two regular patches
[15}-{17]. In this paper we confine ourselves to bicubic Bezier patches only.

2.1. The Condition of G* Geometric Continuity Between Bezier Patches
Let & and S be bicubic Bezier patches

3
S : r[u, '!J) —_ Z RjBig(u)ng(U), 0 "E t 5 1,0 S v ﬂ 1, {1)
1,7=0
3
3:7(8,0)= Y Qi;jBis(u)Bjalv), 0<a<1,058<L1 (2)
3,7 =0

where Bis(t = 0, 1,2,3) are Beinstein base functions. Rewrite (1) and (2) into the following
forms:

nv)= b, Bges (5
I-,j; -

r(u,v) = E Q:;(1—w)'v, (4)

(Pj) = Ma(Pi;)(M1)7, (5)

(Qis) = Ma(Q:;)(Mi1)", (6)
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where M, M, are matrices of transformations from base functions {u®, u?,u, 1} and {(1 —
u)®, (1 — u)?,1 — u, 1} to Beinstein base functions respectively.

Assume that the two patches § and § meet along their common boundary I'. Hence
from (12)-(15),

e; = apeod;, t=0,5 fiy1=aofodiy1 +{a1fo+aofi)d, =15 (16)

Denote
a=agey, B=apfo, B =—(aafo+ aof1+aifo) (17)

Thus we obtain

Theorem 1. If the shape parameters are independent of the conirol points, then the
common solution to the condition of G' continuity (9) 1s

p(vl=«a, gv)=p£(1-v)-pFv (18)

where a, f and 3’ are arbitrary constants and are called shape parameters of T,

The assumptign of the mdependence of the shape parameters of the control points is
essential, because in shape design the designers need to modify the shapes by changing their
shape parameters while keeping the control points invariable. In this sense, we can say that
(18} is the common solution to the condition of G' continuity. From Theorem 1 we have

Theorem 2. The necessary and sufficient condition for § and S to meet with G!
continuity along I’ 1s that there exist o> 0), f and B’ such that the follounng equations hold:

Ty=—oly 4 BTi, (19)
Vi wiall 4014t — %ﬁ B éﬁ'm 3 gﬁ(E+ ), (20)
T, =—aT)+ 8Ty, (21)
Vi=—aVi +(1+a= 2 — AT+ 20/ (E'+T)) (22)

where

To = Poo — Pso, Ty = Qo1 ~ Qoo, T2 = Q10 — Qoo Vi = P — Psp,
Ve = @11 — Qoo; E = Qo — Qoo

end ssmalarly for T, V! and E' (Fig. 2).

In Theorem 2, the necessary and sufficient condition for § and S to meet with G!
continuity along I' is expressed in terms of the shape parameters, tangent vectors and twist
vectors.

2.2. G' Continuity of an Umbrella

To apply surface design techniques to solid design, it is necessary to establish the concept
of geometric continuity among Bezier patches which meet at a common vertex and form an
umbrella in shape.
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Fig. 1. Two adjacent bicubic Fig. 2. Bicubic Bezier patches

Bezier fatches with G! continuity

Definition 1. Let U = {5}5(S., = Sy) be a set of Bezier patches or polygons.
U 13 called an umbrella or in umbrella
shape if all S; meet at a common corner
P,S;_1 and S;(t = 1,2, -,n) meet reg-
ularly along their boundary edges, de-
noted by e;, and all e; are different {see

{19/, [20]/). The corner P 1s called the
vertez of U, e; 15 called the edge of U/ n
1s called the degree of the vertex P, and
the other end point of e; denoted by Q)
13 called the end point of U (Fig.8).

Definition 2. The umbrella U =

{S;}7 1s said to be with G* continuity . P ff g
if all S;_1 and S; meet along e; with G* X o ¢
continuity

Let U = {S5;}3(S. = Sp) be given,
a;,B; and B! be the shape parameters Fig.3. Bezier patches in an unmbrella
of edge ¢;, {Ti—1,T;} and V; be tangent shape and their tangent and
vectors and twist vectors of the vertex twist vectors

P on S; respectively, and E; = Q; — P (Fig. 3). From (19)~(22) and Definition 2, we can
conclude that the necessary and sufficient condition for umbrella U = {8;}§ to be with G
continnity is that the condition (19)-(20) of end points Q; of U is satisfied and the following

‘equations hold:
Toya = —eelly 5y i=1,n, &3)

' 2 :
H+1 ﬁ:)T't + gﬁt{Et F T‘:)J t=4,n, (24‘)

|
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R
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Tﬂ—i—i = T;T: 1= 01 11 (25)

Vn —_ V[}. (26)

{To, Ty, -- y Tn—1} and {V},---,V,.} are called tangent vectors and twist vectors at P
regpectively, '

2.3. Compatible Condition of the Umbrella of Vertex P
Let [, = /T;/,6; =< T;_, T; >. From (23) and (25) we have

Qo] "y —2lpp_) = 1, (27)
livr = oili_y8in(f;)/sin(6;4 ), (28)
Bi = diyysin(6; + 0,41 ) /[l sin(6;)]. (29)

Obviously, (27), (28) and (29) are equivalent to (23} and (25). From (24) we have

n—1
ol | 2 1 2
Va = (-1)"Vo + gt—l)“ Man-yconi((14 = 28— SB)T + A(E + T))
e (30
From {26) we conclude that, when n is odd, {30) turns out to be
Vo = W/2; (31)
otherwise
— - 2 |
- _ ﬂ--IH-l - : i .__'f v il . I i
W = ;( )" oy o [ o= SA - AT+ (B4 T)] =0 (32)

(32) is called the compatible condition of the umbrella at vertex P.

The value a; depends on the direction in which we determine neighboring patches with
G' geometric continuity. If we choose the opposite direction, o; will be changed into 1/q;.
By symmetry, we have

a; =1 21=0n-1.

§3. Local Smoothing Operation

Generally, there are two kinds of local smoothing operations to modify a polyhedron:
edge smoothing operation and vertex smoothing operation. The edge smoothing operation
1s simple and omitted here.

Definition 3. Let V be a vertez of a given polyhedron, U = {X:}5 be an umbrella with
V as its vertez. Vertex smoothing operation on V is defined as the operation of determining
6 surface S with G' continuity which 1s composed of a set of umbrellas {U;}5 and a set
of polygons {Y;}07 1, where Uy, U, - - -y Up are umbrellas with the end points of Uy as their
verftces and Y; € X;. S 13 called a smoothing surface, and the vertez P of Uy 13 called the
center of the smoothing surface S. The Bezier patches in Uy are called smoothing patches
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of vertez P, the Bezier patches in U; — Uy are called smoothing patches of edge e;, and Y; 15
called the residue polygon of X;.
From Definition 3, we have

n -1
S=ZU;+HZ:}’;. (33)
1=0 +=0

The topological information of the smoothing surface is obtained by using Euler opera-
tions, and the geometric information is obtained from the solution of equations (23)—(286).
The geometric description is given in the next section. Fig. 4 (a), (b} and (c) show the
change of topology and the new object which is obtained by using vertex smoothing opera-

tion. / /
et

/

7
. L g
(a) (b} (<)

Fig.4. The change of topology ({a), (b)) and the new object obtained by using
vertex smoothing operation on a cube ({c))

Generally, let umbrella U = {X;}3, where X; are polygons. Let {S*}2~! be the smooth-
ing patches of vertex P, {S},S}} be the smoothing patches of edge ¢, Y; be the residue
polygon of X;, P; be a point in X, and @Q; be a point on a certain curve with P;_; and F;
as end points, as shown in Fig.5. From Theorem 2 and Definition 3, we have

Theorem 8. Assume the following conditions:

(1) S} 1s tangent to Y;_1,S} 13 tangent to Y;, S} and S} meet with G continuity along
thesr common boundary.

(2) The tangent vectors and twist vectors of the vertez P, F;, Qs (: = 0,n — 1) satisfy the
corresponding conditron of (23) and (24).

(3) The tangent vectors and twist vectors of F; are all on the plane of X;.

(4) The tangent vectors and twist vectors of Q; satisfy the compatibility condition (32).

(5) When n s even, the tangent vectors and twist vectors of P satisfy the compatible
equation (31); otherwise they satisfy condition (30).

Then the smoothing surface

n—1
S=) (8+5+S5i+Y) (34)
-

is of G! continusty.
Obviously, the smoothing operation is local, and the new object 1s obtained by changing
the neighbor of P and keeping the rest of the object unchanged. Examples of the change of
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topology of a polyhedron and the new object generated by using vertex smoothing operation
on two different vertices of the polyhedron are shown in Fig. 6 {a), (b) and (c) respectively.

A%

St
Fig.5. The umbrellas and smoothing Fig6. (a) The origin topology of
palghes of vertex smoothing a polyhedron
‘operation

My,

=i

L1
g, l
Fig.6. (b) The topology obtained by Fig.6. (c) The object corresponding
using vertex smoothing to the topology of
operations to Fig.6 {a) Fig.6 (b)

34. The Geometric Description of a Smoothing Surface

Let n be the degree of center P. The main points of the geometric description are as
follows:

4.1. Determination of P;(: = 0,n — 1) and its Tangent and Twist Vectors

A simple way to deterrnine P; and its tangent and twist vectors are shown in Fig. 7 (a)
and {b), where d; is a shape parameter.
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(a) (b)

Fig.7. The geometric description of P; (a) and its tangent and twist vectors (b}.

4.2. Determinatjon of Q;(: = 0,n — 1) and Its Tangent and Twist Vectors

Take the middle point of the quadric Bezier curve with control points {P._,,V; P} as
Q;, where V; is shown in Fig.7 (a). From the compatibility condition (32) satisfied by the
tangent vectors and twist vectors of Q; we have (Fig. 8)

TV = (—BTE + 2d2(Ps + T) — (Piey — TI_1))/ (d2(FF — 10))

where T3 //(V; — V), dz is a shape parameter and d; # 0, and a = 1,8 = do, B’ = B* are the
shape parameters of the edge with center P of the smoothing surface and Q; as end points.

4.3. Determination of Center P and Its Tangent and Twist Vectors

Set
P= [1—-d4)V+d4ﬂiP,:/n, (36)
1=0
N =Y (Pus—P)x (B~ P)/| L (Pivi - P)x (R~ P)| (37)
(=0 =40
T, = da(sin{27/n)(To x N} + cos(2x/n}Ts), (38)
Ty, = sin(4x7/n)(To x N) + cos(4mg /n) Ty, (39)
Toi41 = sin(-iwj/n)(lTl x N)+ cos(d4mj/n)Ty, 7=12,--,(nf2) -1 (40)

where d; is a shape parameter and ds = 1 if n is odd otherwise d3 # 1, T, is a certain vector.
Obviously, Ti(: = 0,n — 1) determined by (38)-(40) satisfy the conditions (23) and (25).
From (28) and (29} we have

2d3 cos{2x/n), | if n is even,

fi=p = { (41)

2d4 ! cos{2x/n), otherwise.
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If n 1s even, then we obtain V from (31); otherwige set Vi, = Ty + 7,,_; and notice that

nf2-1 nf2-1

Z Ty = Z Taj+1 = 0. (42)

From compatibility condition (32) (Fig.9) we reset

P=2 ) (&} - (Qz+TF) - (Qajs1 + 71‘2‘1'-"1)]5("*2 - 1) (43)

SR
Pt— 1 \ ﬂs =
Fig.8. The geometric description Fig.9. The geometric description
of the tangent and twist of the tangent and twist
vectors of Q; vectors of center P

§5. Implementation

The algorithm for this method has been embedded in our newly developed solid mod-
eling system MESSAGE which offers facilities of Euler operations, set operations and local
shape modification for modeling objects bounded by planar, quadric surfaces and sculptured
surfaces including bicubic rational B-spline surfaces and runs on Universe 68000. This new
algorithm adds vertex and edge smoothing operations to MESSAGE such that the full use
of these operations make this solid modeling system more user-friendly, easy to use for inter-
active design both in academic research and paractical use. The objects generated by using
our smoothing operations from polyhedra in MESSAGE are still efficient in MESSAGE.
Therefore, further operations such as set operations can be applied to the new objects. The
shape parameters (d1, d2, d3 and d4) of the smoothing operations provide the user with
more freedom and can be easily used to change the shape of the objects locally. The smooth-
ing patches are described in an exact analytic form such that the algorithm is well designed.



208 LIANG YOU.DONG, YE, XIU-ZI AND FANG XIAO-FEN

The implementation and performance of the algorithm for this new method show that 1t is
efficient, flexible and easy to manipulate.

Some examples of the results by using vertex smoothing operation to some solid objects
in MESSAGE, including a car body and a telephone base, are shown in Fig.10 — Fig.15.
The response time for generating them is quick and all within one minute. Thus, it can be
used for interactive design.

§6. Conclusions
#

In this paper, a new concept and definition of ¢ 1 smoothing surfaces used to smooth and
modify polyhedra locally are given. Based on the common solution to geometric continuity
of the first order, the necessary and sufficient conditions of & I continuity of an umbrella are
obtained as the foundation of the new method for generating G' smoothing surfaces which
are composed by planar and Bezier patches and expressed in explicit mathematical form
such that the G! smoothing operations can be incorporated into the solid modeling system
in common use. The algorithm is coded in C language and runs on Universe 68000. The
computation of the program is simple, straightforward and rehable.

...................
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Fig. 10. Shaded picture of smoothing Fig. 11. Line drawing of smoothing
pentagon topology hexagon topology

This algorithm can also be used as a powerful method represent a wide range of 3-
D objects obtained from polyhedra by using smoothing surfaces to modify and change the
shape. Adding these smoothing operations will expand the function of the existing modeling
systems greatly and meet most needs of the interactive design and applications at the least
cost.

The geometric continuity among the patches which form a closed surface is still a main
difficulty in generating more general objects. Further study of this problem and the method
to creat more general objects are still considerable problems in computer graphics and
CAD/CAM fields. We have solved these problems in a special but very useful case. Cur-
rently, we are investigating the possibility of extending the concept and method to smooth
and modify more general objects.

Acknowledgement. We are very grateful to Professor Peng Qing-sen, Mr. Gao Suming
and Xu Wei for their valuable discussion and kind help in research work.
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Fig. 12. Shaded picture of
smoothing hexagon topol-

Ogy

Fig. 13. Line drawing of a -
car body

Fig. 14. shaded picture of
a car body

Fig. 15, Shaded picture of
a telephon base
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