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THE DIMENSIONS OF SPLINE SPACES AND THEIR
SINGULARITY" .

Shi Xi-quan
(Jilin Untversaly, Changchun China)

Abstract

In this paper, the dimensions of spaces SL(An)(k 2 2"p + 1) are obtained,
where A, is a general simplicial partition of a bounded region with piecewise
linear boundary. It is also pointed that the singularity of spaces St(A,) can not

~ disappear when n > 3 no matter how large k is. At the same time, a necessary
and sufficient condition that Morgen and Scott’s structure 18 singular is obtained.

‘ §1. Dimension

Let D, € JR" be a bﬂpnded region with piecewise linear boundary, An 2 simplicial
partition of Dy, and S}‘)(i = 0,1,-.,n;] = 1,2,-+-,T;:) be all ;-simplices of Ax.
R(S®) = U{5™ € An : 5V C (")} is called an i-incident region of ),

Definition 1. Let (i) ¢ A, and Py be an tnner point of SG), Then

| T(5®) = M n R(SY)
is called a transversal surface of S0 where M ={P—Fo € IR : (P — Po,V — Po) =
0,VeSs ()3, | _ | |

Whenn=2a.ndkg4p+1,

dim SE(B) = 5(k — 31— 1)k — 3 — D)Ta + s+ D2k = T = 2T
| +% dim S5, (R(S;")), - ' (1)
(see [1] and [2]) and ot o oo il B B '
| dim S}(89) = (Chgpr - AC3YTs + S+ 1)((k =5 = 1)k — 4= 2) + 2u)T
+ %‘/: [(k = 6 — 1) dim S5,(T(S{)) zf dim S4(T(SM))]

i=1 3=0

= . |
a4 Y dmSLEREST), I

Sk =1

A ———————————— e 8 "
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(see [3]) where T(.S'EI)) is a transversal surface of S}n], and
t
{ . when m>n,
0,

Cr = ni(m — n)!

otherwise.

For a general case, we have
Theorem 1. When k > 2"u + 1,

. To -
dim §%(Aq) = Y dim 2.1.E_JLM(R(S‘”"))

=1
| 2" ~2u—1
+Z(k 3.2 % — 1)dim §%,_, (T(SM) - 3. dimSHT(SV))]
1=0
-3 T3 2n-—d-—1#_1
+EZ[M(2“"‘" lu,d)dlm P i (TS - 3 (M( +1,d)
| d=2 5=1 _ §=0

— M(j,d)) dim SET(S))] + M(0,n)T,,
where T(.S'Ed]) ts a transversal surface of .S' (d) and
M(d,i) = C%; gy — (d+1)N(0,d,4) — EC;L’:% (M(5,2" 7 g)N(5, 2,27 )

1=1
zn—d—

}: (M(::, on=i-ly — 14 1) = M(5,2% = 1)) - L(5,ds3, 1)),
A(iid) =k - (d * 1)2n_dﬂ +d; - 1, M(]‘!t) = Cllc-—2“,u~—l+i=

M(2,i) = C}_ggn-249i—1 — 3N(0,2,i), N(m.,d,i)= cg;;;;,m),

B(i,d,m) = 2"y — (d —m)p-2""* + (d - m — 1)i,

L(j,d,i,1) = ChGlaj)-1
To prove Theorem 1, we give the folowing interpolation conditions:
i) Let §© € A, {S{l), (1)} C A, be all 1-simplices with §©® as a common

end point, and 7; be the unit vector of §; (1) , if S(l), e (1) are the edges of a n-simplex
in A,, then the given conditions are

¢ 0™ am,. ' an—
o 7 f(SEE) ,:,,,)}1 0<my+---+mp <2" Ny,

andifW) = V[ (1) S.(,;), (1)] and V2 = V[S(l) S&i), < Sg,)_ have a common (r—1)-

simplex surfice, then
gm om: 0
a gl am'.! 31.;1:“ f( !Ez)ﬂz, n,.)

BB, 8 ym O™ I™ 45O
(et St o 5
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where 0 < my < 1,0 < "My —]~ cer 4+ m, < 277 14,di(1 < 1 £ n) are constants and
Th- 1 d1 " Thy + Zd{fﬂi.
t—=2 | |
ii) Let s ¢ &H,S?)(l <i<m)eE A, be all 2-simplices with §(1) as a common
edge, Pi(1<i<k-3- 2"=25 — 1) be different points in §) and T;HSP) and 7; 180,
If S&?)(l < i < n — 1) are surfaces of a n-simplex in Ay, then the conditions are

p@™m  gtesl
{31':;1 o afm-l f(s‘(ln)l "t yEn—1 )}"l

dn-1

max {0,/ +2"u+1-k} < Bi4 -+ hn1 £ =24,
and if two simplices V; = V[SE?’,S&?,---,S&EL] (¢ = 1,2) have a common (n — 1)

simplex surface, then |

om gm2 gl i
aTgT a3 "t oA f (Shbl.a: ._---,nn-l)

5 "log ymam  d™ o)
— d ks 13 : P

( ' O, ;'d' 31'.;.-) I Ora.sy f(Stps 02, an-1) |
where max{0,{ +2"p+1 -k} <my 4 ---May £ on—2y max{0,! +2"u+1—-k} <
hi+ -+ hpa1 < 2“'4;;, 0<m < u,1 <I<k-3. d(l<215n - 1) are constants

n—1 : : |
and np, = di7p, + Z dits;

1=2

iii) Let S@(2<d<n-1)€ ;ﬁ.ﬂ,Sgd“)(l < i< m)beall (d+ 1)-simplices with

6(d) a5 a common surface, P;(1 < j < M(i,d)) be suitable points in 5@, and T;||S§d+1}

and 7 18@. 1 S$*V(1 < i < n - d) are surface of a n-simple of belonging to Ay,
then the conditions are ' |

| 3’"1 amn—d
{37.;?;1 Tt 8 Ty f(PLﬂ:l r".ﬂn-d)} ’

Tﬂn—d

where miy + ma + -+ Mp_qg = 1,0 < § < 2“““1;:,1 <l < M(i,d), and if two n-
simplices V; = [Sﬁf’,sg‘;" .54 1(i = 1,2) have a common (n — 1)-simplex surface,

then -
i faml amf- ; amn_d (d)

G b B Sinenan-d)

3 - n—d 3 \ ] ami amn—d d
= (dl-__ + E dj —) 31.;:2 ot 3_'“;—.& f(Sl(,bl ,ng,u-,un_d)!

arbl 3=2 _a'T“.i Tapn—g
v I . S | n—d
where 0 < my < p,di(1 < i < n — d) are constants and n, = di7, + ) di,-
=2

“iv) Let S:(-nﬂ) € A,, then the number of M(n) interpolation conditions are given 111
the interior of S such that they and boundary conditions of § (") determine a unique:}
polynomial of degree k. | o e | E-
" It is not difficult to prove that the conditions i)-iv) determine a unique



The Dimensions of Spline Spaces and Their Singulanty - L | 227

function beloging to S5¢(Ay), and we can obtain Theorem 1 by cﬁmputing the number
of the independent interpolation conditions i)-iv) directly. ' '

§2. Singularity

It is well known that dimensions of spline spaces are closely related to the geometric
structure of A,. We introduce the following definition for distinguishing singularity.

Definition 2. The sigularity of spline space dimensions caused by the coplanarity
of (n — 1)-simplices in Ay 15 called 1-singularity. The other singularities are called
II-singularity. | | |

Obviously, dimS¥(A,) has no singularity when n = 1, and for n = 2, II-singularity
vanishes when k are sufficiently large. But this result is not true when n 2 3. For
example, assume n = 3, and let D and Az be shown in Fig.1, II;; be the plane
det_ermined b}' pGiIltS T,‘, TJ' and T{]l, H,"f, - ﬂ;,6H5.3 +_pi'6ﬂ4'5(£ = 1,2),“,',4 = ﬂ;'41-[415+
ﬁ,-,41'14,5(£ = 23 ) and Il; 5 = oy s1la s +'ﬂ;,5l'l5,ﬁ(t' — 3) We also suppose that any
two planes in them are not coplanar. Then by computing directly, we can obtain

M +1, when p24i34p1 5635016126 = 1,
where k > 2, i = @i ;[Bij, M = TC{_g+ 24C2_,+12C}_s+17C}_+6C; o+ 10C;_,.
This implies that the singularity of space S1(A3) cannot disappear no matter how large
the number k is. |

M, otherwise,

§3. Morgan and Scott’s Example

iei; A, be a triangulation shown in Fig.2. Morgan and Scott, Schumaker (cf.[4])
showed that, if the figure is symmetric, then
dim S3(A3z) = 7. (3)
Y.S. Chou, L.Y. Su and R.H. Wang (cf.[5]) have provéd that, if
(As — Ar)(As — As) (A4 = Az)(As— A1) |

. (As — Ag)(As — Ag) (As— As)(A4— As)
then equation (3) is also true, where A; is 2 slope of the corresponding line. Now we

will prove. i - 3 |
Theorem 2. Equation (3) holds if and only if the segments T1Ty, T35 and T3Tg
(or thetr pmlongatmn)are concurrent lines or more précisely, if and only if one of the
following cases occurs: I -
1) The common crossover pbint is on the edge of tﬁaﬁg&z 'T4T5T3_ (i.e. Az has a
singular point, cf. Fig.'3(a)); ' s 8 s BN T
2) The common crossover point ts at the inner of the triangle TsTsTo(cf. Fig. 3

(b))

= 0,
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3) The common crossover point is at the outside of tﬂﬂﬂ:gIB.T4T5Tﬁ (cf. Fig3 3(b))
To prove this theorem, obviously, we only-need to prove the second case. We take

the same symbols a8 in Fig. 1, and let Aj; be t.he smooth iactor on IL, Then we can
obtain | |

A46H25+A16H25+A26U§5+A56H25 ,6 =0,
AgsTig 5+A24H 4+A34H34—A46H‘24 5“0
A4'5H 5+A15“ 5+A35H35+A53H25 6 0

which are equal to the following equations:
Aol + Azg0ge+ Ase'——' 0, Ao, ﬁﬂ:t 6 + Az2,60, s026 =
A6+ Azefis + A =0, A1,50% 5 + A3 503 s + Ass =0,
A1 501,50 5 + Aa,sﬂs,sﬂa,s = 0, Aisfis+ A;s,_sﬁa,a + Ase =0,
Ag 405 4 + Az 403 — A4 =0, Az.a¢:,§ﬂ*z’,4 + Az 403434 =0,

AzaB54 + f3,4ﬂ3,4 + Ag5 =0,
denoted by *
AX =10,

where X = (A1, A1,6, As,6, A2 Az s, Asg, As, 4, Aas, Ags), and

0 B, 1 oy © € 0 0 0

0 a1 eB26 0 azebas 0 0 0 0 0

0 Bis 0 Bis 0 1 0 0 0

ol ¢ o 0 O o o o0 ods 1

ot wals 8§ % 8 0 0 0 oassPas O
15 0o 1  0 0 0 G Bis O

0 0 0 0 oi, -1 aj4 0 0

0 0 0. 0  az4P24 0 a3ubas v 0

0 o o O 1

Hence ~ .
 detA= (rxl,ﬁaz,eﬂz,ma,miﬁﬂﬁ"—' ﬁl,ﬁ'ﬁﬁ,ﬁﬁmﬁa.«lﬂl.553.5)(‘-'12.6ﬂ1,6 — o1 6626)
x(ag,4P3.4 — auﬁu)(“uﬂis - o1,503,5)- | o

1t is not difficult to show that any two segments in As are not ‘collinear in the sec;cing_iéf
case. Thus we have -

| a'.l,j ’7'£ 0, ﬁtq # 0. . o | ”}H
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Therefore,

det A = 0 <==> pa apt3.4)41 543541 6826 = 1,

where p;; = o ;/Bi ;.
Computing directly, we obtain
ok det (234 - Te, Th — 1) s e det (T} — T6,T5 — Te)
: det (T5 — To, T4 — 'Tﬁ) , ’ det (Ts — T, Ty — Tﬁ),

” det (_f_H s T5,T3 - T5) ﬁ i det (T.g Sl T5,T1 — T5)
L2 ™ det (T — 15,14 — T5)1 157 7 det (Tﬁ - T, T4 — T5)

Thus,
- det (T.l . Ts, Ty — Tﬁ)
HREI18 = det (T4 o Ts,Tl — T5)

Let A be the intersection point of two lmes T1T4 and TsTg, and A ~ T5 = a4(Tg — I5).
Then

1—ay
1,541,6 = ° —~5
His5p . Bn
. »
For the same reason,
l1—ap o 1 —ac
2,426 = y  H34H385 = :
, ap ac

Therefore, .
as)(1 —:{IB)(I — ag) 1
CXAQBOC '

detA:O{"'?(ln

~ According to Ceva’s theorem, the conclusions of Theorem 2 holds.

For example, the triangulation as in Fig. 3(b) is denoted by A. Let O be the
barycenter of triangle Ty T2T5, |OT;| = 41073} (0 < t: < 1,4 < ¢ < 6). We can
obtain that § € S9(A) belongs to spline space S3(A), where S is determmed by the
following conditions:

S((T +T;)/2)=0(t,5 = 1,2, 3),S(T)— (1 ~ )2 + ¢ )

and

S((T + Ti41)/2) = “(S(T)-l- Tl'l'l) +(2+ t:)(z + t=+1)),

where 4 < ¢ < 6 T-r = T4,aud
S((Ty + Ts)/ 2) § ((Tz + Te)ﬂ) = —S(Tﬁ)

- S((T2 + T4)f2) = 5((T3 +.T4)_/2) = -4-5(T4),

S((Ts + Ts)/2) = S((Ty + Ts)/2) = %3(13).
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