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Abstract

In this paper, the Stabl]lt}’ ef blquadratlc-bllmear veleeity pressure ﬁmte
elements are discussed for the stationary Stokes problem. It is pmver.l that
there exist constants ¢,¢’ > 0 independent of h such that

¢dh> inf sup (div %, gi) Z}ch

W€ gV, Nanila |9k
¥ ¥, #4

» :
Hertce a question in [1] is answered.

§1. Introductlon

Let us consider the mlxed ﬁmte element metheds for the sta,tmna,ry Stnkes prob-
lem.]t is well known[1{2] that many usual finite elements do not satisfy the discrete
classical Babuska:Brezzi condition and there exist the checker-board modes. G.F.
Carey and R. Krishnan{!l proposed the analogy condition,i.e.,there exists B depen-
dent on h,such that - '

dl"f‘vh h |
— "”>ﬁuqhuh, Yan € Qn (1.1)
7ReV I hll

T, #0

where Vj € [H,;,(Q)]2 and Qx € LZ(Q) are twu finite element spaces, f n(Q) denotes
ihe usual Sobolev space wnh the semmcrm - i, ( ) denetes the inner product in

L2(Q), and

~ Mlagalla = Elﬁl}f Nlgn + thlo | (1.2)
KerBj ={qn € Qn : (gr,divt,) = 0,V¥, € Vp} (1.3)
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Obviously, it is important to estimate the order of G in condition (1.1). G. F.
Carey et all*! have got B, = O(h) and asked whether this estimate is optimal. In this
paper, we discuss the biquadratic-bilinear velocity-pressure (Qg/Ql) finite elements
and prove that the result; 3, = O(h) in (1.1) 15 optimal. In addition, it Is shown

that the result Gn = O(h:i} in [4] 15 not true.

82. Q2/@1 Finite Elements

Assume the bounded region {2 is just the unit square 0 <,y < 1. Let J, be a
<ubdivision of £, i.e., { is divided into subsquares of side h = ¥ (N >1 integer).
Denote subsquares -

Ky = [ih, (i + )R] % [k, (G + DA
for 1,7 = 0,.1,2 <« N — 1
Define the Q,/Q, finite element spaces:
’
Vi = {5 € (CO(0))% Bulk,, €1Q2(Ki) )0 (Ha ()P, (2.1)
Qh = {qh E LE(Q);thffi_j = Ql(‘ﬁ't})}ﬁ i:r#j.: 0, 1121' T 1N il (22)
where Qz(K') and Q,( /') denote the biquadratic polynomial space and bilinear poly-

nomial space on K and L3() = {q € Lg(ﬂ),] qdx = 0}.
| _ o

For two finite element spaces Vi, and Qp defined by (2.1) and (2.2) we shall show
the following result.

Theorem 1. There exisl constants ¢, ¢ > 0 independent of h such that

¢h> inf sup (div By, gn) > ch.

gh€Qn 7, €V |Tnl1llanlle —

The inequality on the right has been proved in [1]. Here we will deal with only the
inequality on the left. Let P, denote the standard biquadratic basis _{u_nctipn,équal
to 1 at A§; and zero at the other nodes,where Af (e = 1,2,-- ,9) denote the nodes
in K;; (see Fig.1)

9 G 3
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Fig.1
Let @}, = (2, wy, ),then we can write

N-1N-1 9 '

Zy = Z L LEA(A P53, | - (2.3)
1=0 7=0 e=1 ' -
N-1N-1 9 |

wp = Z L L’UJ};(A )ptj (2'4)
i=0 j=0 e=1

To complete the proof of the theorem we need to prove two lemmas. .
Lemma 1. If z; is as defined by (2.3), then
[zh(A}j) - th(Af_f)--l— Zh )]2 < 12//( )Qdmdy < 12!2:;1._|2 K;;

Ky,
forall:,7=1,2,---, N — 1.

Proof. By scaling argument and simple computing.
Lemma 2.01f
gn € Qh!qh(BtJ) = Qh(B ) =141 Qh(Blj) = Q'h(BJ) = —(t+1)

forallt,3 =0,1,---, N — 1 where B, denates the Gauss point af eiement Kij wtth
2 x 2 Gauss quadrature (see Fig.2) |

3
B;l*j B‘.i,,.

Fig.2
lthen

o . = 9 w
lgr||n = 12(1" 1)

.Prbﬂf. [l] showed that if q}: € aﬁ’erB;,then
qr( B}, )—Qh(B ) = a, %(B )_Bh(B )—b |

where a, b are constants Thus,

||4§MI|2 ="inf’ {E -—2[& +1-a) + (=i~ 1- 5)2]}

abe R 1-.?'0 - Sz
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N“ b= -NEL 1 we get

Taking a = 5

. h |
gallh = 2+ 5NN + 1)*—'—(N = A= -—'(N2 - 1)

The proof is completed.
Finally we return to the proof of Theor

defined as by Lemma 2,then

em 1. A calculation shows that, if g, is

N-1
(diV ﬁh,q'h) z h[—--wh(/-l )—i— wh(A )— -IH(A?J)]

i,1=0

{ Z 'wh(At_.,) - Qwh(A ) + wh( )]2}‘}; _

t,7=0

1

‘jl‘”hll o < '-|‘Uh|1 Q-

By Lemma 2 »

V12

o s B A - » .
- (div T, gr) < —lvhh,nllthlh\/Ni_ < ¢'hiwal1alidnlia

Hence the mequal;ty on the left of Theorem 1 holds.

Remark. By Theorem 1 we know that the estimate By = O(h) in (1 1) is not

improvable. Hence Bn = O(hz) in [4 ] is not true.
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