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Abstrm:t

wie Mg o : :
A humntupy a.lgunthm for snlvmg the inverse a1genmlue problem for complex
symmetric matrices issuggested. Some numerical examples are presented.

81. Introduction

In this paper we shall cnns:der the following inverse eigenvalue pmblem

Problem SCG. Given n + 1 camplex. n X n symmetric matrices Ag, Ay, -, An,
and n complex numhers A1,***y An, find n complex numbers ¢;,:--,¢,, such that the
matrix A(¢) = Ao + 3 of; cxAr has eigenvalues A;,---, ;.

Replamng “complex” by “real” in Problem SCG, we obtain the inverse e:genvalue
problem for real symmetnc matrices, which is called Problem SRG for short.

There is a la.rge literature on numerical methods for solving Problem SRG. But, all
those methods require choosing an initial value which is sufficiently close to the solution
of Problem SRG so as to guarantee the iterative convergence (see (4] and its references
for details). In many cases, it often leads to the failure of the algorithms since it is hard
to select a valid initial vahie. Therefore, how to select a valid-initial value becomes 3.
very important problem. However, so far as we know, there is no literature on this
problem. In this paper, we propose a hﬂmﬂ'tbpy algorithm for solving Problem SCG.
Theoretically, this method is independent of the selection of an mttlal value. Numencal

expenments also show its handiness in selecting a valid initial value. e

" The paper is organized as follows. In §2 we construct a homotopy for snlvmg Prob-
lem S5CG and prove the existence of homotopy paths by using some results in d.lﬂ'erentlal_
topology and topulnglcdl*ilegree theory. 'In §3 we devise a humntnpy a.lgnnthmibr solv-
ing Problem SCG by fo]fdmng the homotopy paths . In §4 we gwe %ﬁiné ﬁﬁmanca.l |
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column vectors and C! = C. R™ is the set of all m-dimensional real column vectors
and R! = R. SC™*"is the set of all n X n complex symimetric matrices. The norm || ||
stands for both arbitrary vector norm and compatible matrix norm. The superscript
T is for transpose. [ is the n X n ldentlty matrn e; is the :th column of I. Sﬂ denotes
the set of all permutations of {1,---,n}.

 For arbitrary z = (21,---,2n)" G C™, we use D(z) to denote the diagonal matrix
diag (21, -+ ,2n), i.e., D(2) = diag (z1,-+*,2,). For arbitrary ¢ = (¢1,--+,¢,)F € C"
and A € SC™™*", k=0,1,.--,n, we define

Alc) = Ao + i CpAg.

k=1

§2 The Cnnstructmn of Homotopy and Its Pmpertles

LetA““’ A“ES’C“and.k_(Ah XD eC"mthA,-,éA i # j. Define
f_cnxnxcn_}cn+nby

| fl (Xr C) | (A(c) = A,-I)z,:
L fX9=1 | with fi(X,e)=|
- fn(X o) ' (22 - 1)
and g : C“"" X O™ x O" x C" —s OV 0
91(-X-, C, diw) | : (DC = M{I)ﬂ:‘i
9 X e, d,w) = : - with g;(X,¢,d,w) = '
_ o gn(X,c,d,w) 3=z - 1)

Where X = (21, ) Cﬂxn: x € Cﬂ: t=1,--.,n,c= (ci)ld = (di)rw e (wt') €

€™, and D = D(d) o = D(c)
.+ A classical result on diagonalizable complex syn:lmetnc matrices states that if B €
- SC™*"_ then B is diagonalizable if and only if there exists a Q € C™*" such that

B= QAQT and QTQ I

where A isann xn d1agm1a1 matnx[ﬂ |
So, from the definition of f , it follows that
- (1) ¢* is a solution of Problem SCG if and only if there exists an X * € C™*" such
: tha.t (X% ) = 0. : L L
. On the other hand from the deﬁmtmn of g, we hmw tha.t
(2)fo::anydwEC"W1thd,;E0:-*l ,n,:fwgdeﬁne
~ To(d, w) {(X c) E C"x“ xc" Ig(X ¢, d, w) = o}

RN T % oo ;ﬁ:*m.ziiﬁ § o
then

fiia . e SRR - B e : .' : .
. o 1 ] -_ oy . sadige o - S R Eo : 1.- -"-1.- s
L a-d"ﬁ.ﬁ.-wu e : 2 : Patavas i
]

' rﬂ(d w)_.{(PE ox )| € Sn, E —-dii'g(aa) L |
s gt rep e i< n} (2.1)
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where Pye; = ey(i),cx = (€] ) € 0"l = df() bty am
| Now, we define a homotopy k : C™*" x C™ x |0, 1] x C" X C™ —s C“=+“ by

hi(X,¢,t,d,w)
h(X,c,t,d,w) = o
| | h“(f,c,_t,d,w) |
with o . . |
B h(X, et dw) =th(X,0) + (1- Dg(X,edw).  (22)

Before recounting the main theorem nf tlus sectlon , we recall the definition of

Ieg'ular value [6] __ v 0B R B

Let-F : U —» R? be a smooth map ‘whiere U is an open sibset of R™. Then any
y € R? is called a regular value pmv:ded that

Ra.nge(DF(:c)) = R” for a.ll T E F-l(!f)

‘where DF(:) denates the J acobl matxu af F a.t z. | L
Let z = (21, | ,zm)T € C™. Then z may be rega.rded as one pﬂmt (z1, ¥1, -,
Zom,Um )Y in R¥P, where z; = 24 + tyi. In this sense we may regard C™ as R*™. And
for any map Py
o C"‘- — C'P
we may regard F as one map ﬁ'nm Rz"‘ to Rzljr and tlus is fully illustrated by the case
ofm=p=11f

F:C—C, F(z+1y)=u(z +iy)+ iv(z + 1y).
Then, we regard F as one map from R? to R? as follows:
F(z,) = (u(z,y), v(z,v))"

where u(z,y) = u(z + iy), v(z,y)= v(z + iy).

Therefore, here and here later, we, regard a complex space as a real space of two real
dimensions and a complex analytlc map in m complex dimensions as a real analytic
map in 2m real dimensions as stated above when needed.

The following theorem is the main result of this sectmn

Theorem 2. 1. For almast uny (3 cf)) = C“ xC“ (m the sense of Lebesgue measure),
 the zero set " - -

,....:TT I s

T, w) (X, c,t) eb’“‘ﬁ % " X0, 1)|h(X ctd w) 0}

. mm Of 2" n! dtﬂmﬂtiﬂﬂﬂ{yﬂqaamahct(t) i=1,- *“,2“111 ema‘hatm‘g Sram: thie 2",-;!
points of To(d,w), and can bqu r%gzed by ¢ in the mterval [o 1). And, for each
m,1 < m < 2°n, either - R e

(1) limes 10 ICm(®)l = 00, or
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(2) limy1-0Cm(t) = (X (9), () 1) where (x© cw]) is an wolated zero of f.
Mamaver, If 0 is a regular value af f, then hny zero af f can be obtained in this
manner. o ik ' ; _

The remainder of tlus section cnnstltutes the proof of Theorem 2.1. In fact, we cmly
have to prove that for almost any (d,w) €:C" x C" ,the zero set I'(d, w) is bounded and
0 is the regular value of h(X, ¢, t,d ,w).on C“"“ x C™ x [0,1) x C™. This is because if this
has been done, then Theorem 2.1 will follow. by a standard argument!©l. Therefore,
we shall only prove the boundedness of I‘@ﬁﬂ and the regula.nty of h(X,e,t,d,w) (see
Lemma 2.2 and Lemma 2.5 for details} in the’ r‘ehmnder of this section , and the details
of the proof of Theorem 2.1 will be omijtte ﬂhe&? ig e

First, we cite a theorem which can be found in- [3]
Theorem 2.2 (‘I‘ransversa.hty Thepwgi&&g M and .V C R" be open sets

L R _-ﬂ ...,.'i--:...
und

EIPL 3 S
R

[ A S

gL Lﬁ ....-ﬂh!”f'j‘!‘“ ﬁfi"iﬂa

F: UxV-——rﬁi'

: T S A AT, R

be c¥ smooth, whm r :>- max{[i m — p} Sup;::s; for}s;me set $ C U that y € RP 1s
a regular value af F on S X V Then for a!m’ast ’eﬁiﬁﬂﬂé"é“ V y isa regular value of
F(.,e)on 8. ® il et T 2 |

Then, we prnve several lel;lilmaﬂ Hhe S M F S B e BRE

Lemma 2.1. Let B be an n x n diagonalizable complez symmetric matriz, A a
simple eigenvalue of B, end z the corresponding eigenvector mt:sfymg sz = 1. Then
T — AL SV a0 &
G = ( - ﬁ)

is nonsingular. o e T T B

Proof. Since B is dlagﬂnahzable, there exists a matr_l; Q. € C""" such that
QTAQ _é QTQ I g
where A = dial (A, Az, An) and Q = (=, Q1)

Let B TR
& | AL
- ey e v bas e
S = (Q : r)‘,,J, ap wolupman g Lo o
hen S'i d ok aBRARE T e TV SRR R S iiﬂmﬁ‘f T

S 8 nonsmgula.r i . i i o, ;3 IR & i%‘i;;*#ﬁ# *.t.

s7as - (Q?lt,An g 9?3’) (4% s

T 2TQae T O

Since A is a s1mple mgenvalue of B A gé A,_: = 2,0
and sois G© SRR v

{remma 2:2. For almost any,tb e G?}D israry

i L] RN LR L
* CRPRLT. Tl A R L P L PR
7 . ) F __-.-:-\. T
3 . 3 ..}: - - e -
! Ll o .I-_"__.--.::r\. - .
et o .'._.".,_- e ; ;
-, F ! ! : ; TR, Tk L i
,-._Li"-q 1_"; o E’ f e Yo - W j ‘:";Jr- ’ﬂ H : et B 7o ;
a > = I"l' b R ' i = r [ . o gt K e o - .
l - )
i .-_.1 T T
I L at = PR h* aa f !
| ; «t ;-z At - oS T
: 1 T

on C**® x C™ x {0,1) X G'“. -

y—
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Proof. Let

ﬂ {w = (W1, wn) e C", |Wio ‘..';.an‘ '“. 1 = (A o Jn)

fursnme 1<tn<30<ﬂ, and U"‘:ta{l}
and for given ,5,t, 1 <i< j<nand 0 <t <1, let .
06,3,8) = {w = (@1, 0m) € C° o= 5 = 75 (X - 'A.-,-)}A
Then (3, j,t) is a closed subspace of 0“ and lts mmplex dimension is n — 1.
Now, let

-ﬂ(i,J‘)-‘ U a6 3t}
Mt{l‘i ‘.f.**--: o T adE He g

Then, Q(¢,j) has rea.l dimension 2n — 1, and hen%ge is a zero measure subset of C". By
K.rﬂ E R Agt t - :

U 06:5)

R i 1{1{:{“ &F ,_r 'li, R W ByoesEnEle MW SEOME M
we conclude that Q is a zero measure clased subﬁet Gf C“

. Since e ow e ow M % Bﬁ
| . oh _ _ 3.". L
.  AX.9) 3’:;" o o ahn :
where .

Oh _ [Ohs | O] Oh
B.X __ 321 ’32!1-; sz

(1~ DC — ] + {A(e) - )

=0, ik

Bk _ o [ . ah,]
aZi | BT e § ; ¢? . awl ,awﬂ
ah ..-__ Bh‘ (1 - t),,‘) - r*.— -‘
- Ouwy 0, * # k' Ow; ( | 0 . ‘_ 1*21 ) ,.n, | L
there exists an (n 4 1)n X (n _-I_~~_1.)p pmtatmn;gatn; P such tha:t£ .
oh -
a(x w)P d:ag(Sl, .5' )
where ; 35’” 3}1 Skl 0
Sk = L k] I < k < n.
32# 8&’,{‘1 - LRV SO G st Moo

For any (X c,t d w) e h‘l(ﬂ) mth w¢ N, &om'Lemma 2 1 1t fo]léws that
ST ras z)[nca..@.rf‘wrmc}wm A\
| ]

.. _.' " ;'-I-.:_ *“ - .'“'H rT E'\l-_:?-h'; :. ﬁ r._\_} | l !h i s i
o e L s i B = . i H ) - 4 : ek
" i i i J FI_ i i t L :'g . -:..ﬁ-:-"’ : %‘ ikl E‘ ; " ’ t U i o .
e I < S i "
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is nunsmgula.r and so 1s 5; for any t € [0,1), and hence rank - (B(ffh )) = n{n + 1).

Thus, 0 is a regular value of h on C™*®* x C" x [0,1) x C* x (C"\ Q). It follows
immediately from Theorem 2.2 that for almost any w € C",01s a regula.r value of h.
on C™*™ x C™ x [0,1) x C™. |
Lemma 2.3. There erists an open dense subset U of C" such that for b = (b1,
b,)T € U and s € R, the matriz

C 48> bk
k=1 '

has at least one nonzero eigenvalue besides ¢ = (1, ¢n)T = 0, where C = D(c).
 Proof. We can easily prove that the. matrix

- &
R e
1 .'1T_r o

C '+"s Z bkckAk
k-_l -

has no nonzerd eigenvalue if and cmly if

N I

L S | oy EE ; T e
-'}A"ﬁ}m_"':":'_. ' - . SR s _t-!'r

Ek( +32bkckAk)_'u t=1,2,---,n | (23)
k=1 3 . 5

where E(B) denotes the sums of the k x k pr:inci_p1§ qﬁnurs of an n X n matrix B.

Now we consider the system

s
ACEDY bkcmk) alh, e L (24)
- . |
Similarly to the proof of Theorem 3.3 in [T}, we can pmve that there exists a proper
algebraic subset T of C™ such that for any b= (b, :+,bn)€C” \ T the system (2.4)
has no snlutmn except c=(¢c1,-*,¢n}) = 0.

Let U = = 0™\ RT, where RT = {rblb € T, r € R}. Since BT is closed and its real
dimension is 2n—1, U is an open dense subset of C™. Mnrenver, for b = (bl, bn) €U,
and s € R, the system (2.3) has no solutmn besides ¢ = (::1, -~y cn) = 0 since sb ¢ T.
Thus, we have pmven the lemma.

Lemma 2.4. There exists an open dense subsat Vv of C“ such that far =
(dy,--+,d.)T €V and 1 #t € R, the matriz

- -

.5 *!" L3
"oy JEFER Y

<. -

(1—t)DC+.~th;,,A,c i
s - k=1-

; _hus at Ieast one nonzero ezgenmlue bemdeh'é’ = [cl, ,cn)T = 0, where D = D( d) C
=:D{c)..: e iy, o apeEsd WG £ e P g7 T 7:.1- b kst

Proof. Let U hfe the set afLemma 2:3,.and let 3 = 1Y

Vo= { —g(d,)ecﬂld.#n 1<i<n, and (;1: -:“‘—1-)60'}.
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Then, we can easily prove that V is an open dense subset of cn. Mnreaver, by Lemmaf-r:_*'_ |

2.3,if d=(d;) €V and 1 # t € R, the matrix
C+—-t--— IckA;,

1 =g o= di

has at least one nonzero eigenvalue besides ¢ = (c1,- i) = 0. Hence the matrix
1-¢t)| D —dpc A
( )( ¢ + Z rn Kk k)

has at least one nonzero eigenvalue bésldes (cldl, X 1,cﬂ.dn)T =0, ;".é., beside‘s“(tl, e
¢n)? = 0. The proof of the lemma is completed.

Lemma 2.5.. There ezists an open dense subset U of C" such that ford = () e U
and w = = (wy) € C“ ﬁnth (1 — & Jw; +tA, #. (1— thw; +tAj, 1 # i, t € [0, 1] _t_he set

{(X,c,) € C™ ™ x C* x [0,t]  |h(X,e,t,d,w) =0}

is bounded for any tg-€ [0, 1) ; T

Proof. Let U be the open dense subset which is selected in Lemma. 2 4 . Given
de U and w = (w;) € C™ with (lﬁt)w,-l-tl £ (1—t)w,+tl,, i£j, te[o,1), we
consider the following map:

™ H(X,c,t)=h(x,c,t,d,w).
If there exists some to such that the set
= {(X,e,t,) € C™" x C* x [0,t0] |H(X,c,t) =0}
is not bounded, then there exists a sequence {X (’“),c("“),tm} cr such that -
lim (J|X™+ [|"™)) = | (2.5)

‘Now suppose lim,,  [[¢{™)[| = co. Without loss of generality, we may assume that

¥ri— OO

lim =¢=(&)eC™ and lim &, =T € [0,1p).

Then, [|§]] = 1. .
Since H(X ™, ™), t,,) = 0, the matrix

(1—tm)DC™ 4+ 1 mA(c™)

has the elgenva.lues (1 — tm)w1 + tmAr,sc (1 — tm)wn + th,, whe:re C("‘) - (c["‘})
)= D(d) Hence, the matnx 5 .

‘F..Fi'FrM' -; . .. :'..:-."’F"

. 2

1- ” DC‘"‘) + th c(m) BB L% e
”c(m}" [( ‘) ( )] ek BT  dlen aa =

i'1

}_ _g ﬂ-' :J-k_ii‘.&['-. : 5

has elg’envalues - { [(1 tm Jwy —I—tm}q] [(1 tm)wn-i-tm.\"] Let m L 0.
PR=TTRTIEN [ Jll 5 o1 IIc(m)II T adien 4
_me the contmmtg ﬂf elgenvalues, it foﬂqws t__h_at the matm: .

f..’-.: g Ii, > ;'*1&." S e , papey Dc A R L S :C-. - =
- el (1 — T] -l- T ﬂk k- '
L L Browe e g 3 2 A AN e > p 41 .

F o } -' e i e o 5 B S L e YLnEY Alpflusoge  rLer]
SNl AT w D BRST e T - U ezl i

e R
S W
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has no nonzero eigenvalue. Notmmg that d € U and U is the open set in Lemma 2.4,
we obtain & = 0, i = 1,2,---,n. This cnntradlcts ||c|| = 1. Therefore, fmm (2.5), we

must have

IIX("')H"W " , '(2*6)

m—lﬂﬂ

In this case, we may.-assuj:né that

lim [l =¢=(z)€C" and - lim tm =T € [0,20].

W — 00 : : m-—'b o0

me a sumlar a.rgument 1t follows that the matnx L
i | i oaabimaa  STOTHS

(1 - ‘I")DG + rA(c)

has elgenvalues (1 r)w1 +“'r}q, o {1= *r)wﬂ +flﬁffwhé’f*e“0 D(c) Since (1 —T)wi +
A # (F=Twj + TA;, 1 75 j thére exist a ne:ghbm'hmd B(E, -r) ‘of (&,7) and complex
analytic functions Ay (c,t),"++, An{c,2) € € and zi(e, t), -+ ,a:,,(c,j) € C™ such that

((1 - t)DC‘ - tA(c))r.,(c, t) ,\.(c,t)x (c t) =0,
(z (c t)) z,[c t) = 1 (c t) € B(c -r), g

M(E,T) = (1 - T')Ui +PTA1'1-. t = 1:21“'171

» - . % 4
Hence, when m is sufficiently large, we have

™ o t2,(c™ ), i=1,2,-00,m,

where z( ) = X('“)e, Ny

Thus, for sufficiently la.rge m, .we ubtam
X ("‘)Il <X (c,‘r)ll 1

where X(¢,7) = [21(E,7)," s za(E, 7)) This contradicts (2 t’i) a.nd thus the lemma is
proven.

.y
T -~ &

5 y -r k. . 1!— 4 Akl 2 s
3 ¥ 4 :. T i ':‘ '1? RE: -r p el P ratar]
L t: _I' 4. : - - .\.Il A I." :

§3. Homotop:.'r% M“éﬁrithmli- fot

In this section we are going to descnbe a hcmntopy algonthm by following the
homotopy pa.ths with ‘Algorithnr L and Algorithm N vilaed -

From Theorem 2.1, it follows that if 0 is a regular va.lu #bf‘f, then for almost all
parameters (d,w) € C™ x C7, all the solutm P{ f(X q) 0 are obtaired by following

-~ wﬂ-—u—-ﬂt

2"n! paths. And we also kn&w that for every x € g.., t er& _{ﬁe é“ paths emanating from
the 2" points (PeE, cx); . E fhag (6,,)15. =1, ;Ef iy ; i, ,n (see (2.1)), and if

€ Gf hese paths temuna.tes

flﬁ!&lﬁ‘l 3 cgc))r t = 1521—"" 2%,

snme one of these pa.ths termnates a’t one azem of f,every one

e =

Then we can easﬂy prove that cg’l = _p,f ,ﬂ ?5 | 31 o Therefore, we only have to
fin 3 t e sulutlon of Problem SCG.
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- Now assume 0is a regular va.lue of f. Firstly, we randnuﬂy chuc:se a pa.rameter :

(d,w) € C™* x C™ with d; # 0 and (1 — ) w; — w;)+, (A — Aj) #0 i,j=1,2,-
Secondly, we choose n! representatives from Pg(d w) as follows:

(Pr: Cr): T € S‘I‘_’I

where P, and = are defined by (2.1). Then, we numerically follow the n! paths
with a starting point (Px,cx) by a predictor-corrector method. Here we use a locally
linearly convergent algorithm, i.e., Algonthm L, for a “predictor step” and a locally
quadratically mnvergent algonthm ie., Algnnthm N for a “corrector step”. Now we
describe the homotopy algarlthm for solvmg Problem SCG as follows: |
Algorithm H. (1) Gwen g E 8,,, let c(ﬂ) = Cr X = p,. Choose step size h
(gemesally, b 2.0.01).  op fawhiasts Shoeagensoea -
- (2) Caml:ute tm+1 tm + {1 (to = D) a;l,d fprm m.a,trlces Ao{th) = tm+1Ag,
Ak(tm.;.l) = t,,-,+1Ak -l- (1 — t..,:+;)d;,ekek o k =:1,2, "3y and vector }‘(t_tm +1) = W+
m+l({\ 5") . taewgsvis 8 cdaado v | S 3 ~
(3). Cumpute g(’““) and X ("“"'1} by usmg Algonf.hm L tn 1terate once for matnces
Ak(tm+1), k=0,1,2,--<,n, and vector A(tm.,.l) mth the startmg point (clmh X ("‘))
(4) Compute c(’““) and X{™*1) by using A.lgnnthm N to iterate for matrices
Ai(tms1), k= 0,1,2,: -, n, and vector A(tm41) with the starting point (&(m+1), X(m+1)).
(5) Stop if tp41 = 1.

TR T S
r ' Lo PR et

i '_.:§'4=;7 'Nﬁmerical Examples

We have tested A_lgnnthm H descr:bed in this paper on IBM 4341. Single precision
arithmetic was used thmughout Htre, we give two numerical examples

In the examples we use & to denote the computmg solutmn of Problem 5CG and
A1,y Ay the correspondmg elgenvalues of A(c). .
Example 4.1. Here n= 3 .

0

i § PR

b oa 1*“ 14 0 ’
3 2 1 0

AR 1 = 1 i#u ' % 3‘1& B i |
=18 15;5 ﬂwﬂgaiiaégmgﬁm . 7 el B

L EY 1 7 |
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where
.D. - _-
1 0
-1 1 0
1 -1 1 0
(b:5) -1, 1 -1 1 O

We have calculated t]:us example wﬂ:h Algm::thm L, Algﬂrlthm N and ‘Algorithm
H. We choose ¢ = 1079 as the terinination scala.r and the starting point (¢, X))
with ¢© = (1,4.5,9.5,16.5,19, 25 31, 36)T afid X0 3 matrix of eigenvectors of A(c(?).
With Algorithm L, after 33 1terat10ns we obtain a convergent solution. With Algorithm
N, a.fter four iterations we also obtaiti hicon‘?ergent solutmn The numencal results are

shown in Table 1 a.nd Table 2 respectwely

‘E.F"i""!"ﬂ

3

Tablé*l p =N & ~ Table 2

i & { X=X ; B | NN

1| 1.050880 | 0.022952 1 | 0.990784 | 0.000079

2 | 4.055760 | 0.006259.. .= . .2 | 4.597589 | -0.000084
3 | 9.958759 | —0.029887 3 | 10.594908 { —0.000084
4 | 15.518641 0003754*-* 4 | 15.555343 | —0.000137
5 | 19.330276 | —0.001343 5 | 19.023209 | -0.000076
o | 25667154 | -0.002836 " 6 | 25.136169 | —0.000290
7 | 30.131516 | —0.000153 7 | 30.111267 | —0.000366
8 ‘ 34.986633 | 0.000031 8 | 34.990723 ~0.000229

However, if we thDOSE the starting point (c(?, X(?) with 9 = (-5, 4.5, 8, 16.5,
19, 25,32,45)7 and X9 ; a matrix of eigenvectors of A(c¢(®), both a.lgonthms are not yet
convergent after 55 1teratmns But, with Algonthm H, we choose the same termination

- gcalar and . ._ i | % ookl

d= (11111111) - (545316519253245)T

- 1. 2 3 4 5 627+8
'(123456@5‘%&)"02

a.nd ubtmn a cnnvergent &alutmn ﬁhmm m. Table 3. ﬂ‘he number of 1teratmns in each



.__..-I.‘., et i el - LS LT

corrector step is at most 5.

"

= l-'rrl 2 : !
Sy .1_..-4:._ i Pr P ik ' 3
i PR - : "-.- e . .4

1| 0.990762
2 | 4.597559
3 1 10:594975
4 | 15.555345
5 19.023178,
6
7
8

30.111282
34 990707

| 29. 136154

Example 4.2. Here n _i4,,*

e 0002 0 .
17~ 10.001 0.002 O ;
0 0.001 0.002 1/

solutions.

T -
LT S
L
£ -
Ll

A= (=30,

'0.000155 -
-0.000083
~0.000079

-0.000153

-0 000107 -

0. 000275

-0.000336
~0.000275

= .‘;_lr-:' '..I
-I..i ..?-.-

0

0001 0

~ 0.001* 70061 0

0
.0.002

0

0.002 0002 1

'\'0.002 0.002 0.002 O

We choose € = 10" as the termnatmn scaflar a.nd
AR Py ¢ 1 I P 1) ¢ w _—( —30, +-10, 10, 30)T

%8 ade (1 g 4) r (1 Yy TR 4)
Mi\1 248 ¢ 4321

We obtam the ‘niimerical fesults as fc:r]lows
Ta.ble 4

=
-

: - or s .
- PR S i o |
] - a
"_. . . [ ]
a B e
PR DR BT v .
I'l-_:::| h_'!__ g o t .r
TR
) AR
"
'_I.I
a
a

-1+ =29. 585205-| 0. 000061

3| 10100522 |20.000123 - ©

. . "' - k__'_ .
: ll_':.": = I.: .: :__ " ; ‘- 3 ‘.E-I" o ol F T -:-. = r
| 4’| 729 347290 |—00 0061
; F - - - &
.'-...:. - . S SNp -_:.J i R L o -
: . PEL R . x ] C -|.r_ ) . . o .‘. ..L_r;;‘ i 'F f --Fl' ; . = ,

4G 3

e 1 3 N P .

TR} *.r -' ;
2 | -9.862612° |‘1i0’0009n1€ 5

~10,10,30)7 .

= 0.2,

4 ‘-—29 491989

0 {19005%;

09 J;‘]u.oonozf '

17

We have calculated this example With Algonthm H and obtained its two mmputmg
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Appendix

In this appendix we shall state only two iterative methods, which are used in Algo-
rithm H, for solving the problem 5CG; ti:ne details will be omitted. . +.

Given A; = (a(i.?))_ e C™" k= 0,1, -,-n,'and A= (A, ,An) € C" with A %
Aj,t # j, assume that the corresponding Problem SCG has a solution c = (cf,---, c;)T.

Algorithm L. Choose a starting value 9. Form A(¢®) and find its eigenvectors
q§“’,---,q$f’). Compute D T

_ i 5 .
3 :

ﬁ@] « (qsﬂ])fqgnli b "_= 1,---,n.

£y

=

Form=0,1,2,---,
(1) Compute

+
o

;T = S : .

u 1, w 5 r
: --;#_ﬂ.. i !El*, T o
. [ ogh™ s = = -

A = u s ol e = g o

)

BRI BT TR <7 T S o L
! RAL 00 L A T ‘
1 = (3 Aq(@™) /80 — oD, oA /BT — ) ig o™
=1 | L .. g

(2) Compute elm+1) by solving ._ B
| ﬁcim+1) j= b(m)

’
where the matrix M = (m;;) is defined by |
- | | - 7"'1.1 = “E): i!JF 13' LTI
(3) Form A(c(""*'”)l. Solve the n linear systems

(™)~ Ny = g™, i=1,-m
and compute \ .

& = gl

and

¥ T it R -
ﬂgm+1) — (qt{ +1]) Q{(+l),iﬂ{t — 1,_‘_"1' -

Algurithm L is a generalization of Algorithm A for solving the additive inverse
eigenvalue problem in {8]. In some ca;lditioﬁs we, can prove that this algorithm 1s
locally linearly convergent. A '_;{ AL,

Algorithm N. Choose a starting

Form=0,1,-+-, "

(1) Compute 2™, a

ue (20, --,20), where ¢, 2" € C".

"y
B

I s

Jrown

i i
e




A Homotopy Algorithm for Solving the Inverse Eigénvﬂﬁe,Pfubiem fotiae. =i &0 sl |

(2) Form -
8 = (o)l ) )

B aF Az("') R T
Jim) _ . ; |
( )TA1 (m) . (""]TAﬂz("‘)

(3) Compute c(™+1) by solving B 5
J("‘)(c(""l'l) ~ ¢y = p(m),

The basic idea of this algonthm is applymg Newton’s method to the eqmva.lent

non]mear system |
- P f(X c) 0 =

where f is de.ﬁned in §2 By a sta.ndard a.rgument (see [4]), it fﬂllows that the lterates
- {c("‘)} generated by Algorithm N converge qua.d.ra.tica.]l}' to ¢* when (c(9), z{ 9% . B }) |
is sufficiently close to the solution (¢*,z%,---,2%}), ‘ifhere z? is the mgenvalue of A(c*)
associated with ;. s

Acknﬂwledgments The author wishes to thank Professor Sun Ji- guang for his
supervision and gmda.nce and the referee for l:us helpful suggestlons -

l_'l'

References
[1] E. L. Allgower and K. Georg, Simplicial and continuation methods for approximat-
~ ing fixed points and solutions to systems of equations, SIAM Review, 22( 1930),
[2] F. W Blegler-Kamg, A Newton 1teratmn process fnr inverse elgenva.lue pmblem,
Numer. Math., 37(1981), 349-354. . = S
[3] S. N.. Chow,.J. Mallet and J. A. Yurke, A homntopy methad fcr lucatmg all~zems
. _of a system of polynomials, Lect. Notes in Math., 730 {(1979). R
[4] S. Friedland, J. Nocedal and M. L. Overton, The fﬂrmulatmn and a.na.ljrslg of nu-
... merical methnds for inverse eigenvalue problems, SIAM.J. Numer.. Anql.., 24(.1987) |

634-667. oot opm £ % s v sl Bow o9y ﬁ;g

5] R. A. Horn and C. R. Jahnson, Matrix Analjrsm Cambndge Umv Press, 1935

6] 'Wang Ze-ke, The geometric theory of hcmﬁow method, Numer Math J a_f
Chmese Umverstt:es, 10(1988), 202—210 PO ST S

S iFbity BRI 40,5 i ) i £ .50

1% igsséﬂﬂa;w selvap;hy of algeh
[8] Ye Qlang,ﬁ Aciclass | Ao 8
.. Math. NJQ’% Smtca, 9(1987), 144—-153




	File0001.jpg
	File0002.jpg
	File0003.jpg
	File0004.jpg
	File0005.jpg
	File0006.jpg
	File0007.jpg
	File0008.jpg
	File0009.jpg
	File0010.jpg
	File0011.jpg
	File0012.jpg
	File0013.jpg

