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Abstract

In this paper, the phenomena of spirals are numerically presented by MmB
scheme [1] for initial value problems of 2-D gas dynamics (y = 1.4), which include 2-
D Riemann problems and continuous initial value problems. The numerical results
are well coincide with on the exact solution in [2] and the conjectures on solution
structure in [3] for 2-D isentropic and adiabatic flows. In isentropic flow, for high
speed rotation (vg/co > V/2), there is a region of vacuum at the origin and for
low speed rotation (vg/co < v/2), there is no vacuum, and for adiabatic flow, the
structure of spirals is also discussed.
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1. Preliminaries

(I) Models
Consider the two models: isentropic and adiabatic flows,

(a) 2-D isentropic flow
pr+ (pu)z + (pv)y =0
(pu)i + (pu® + p)a + (puv)y =0 (1.1)
(pv)t + (puv)s + (pv* 4+ p)y =0

(b) 2-D adiabatic flow

pr+ (pu)z + (pv)y =0

(pu)i + (pu® + p)a + (puv)y =0

(pv)t + (puv)s + (pv* 4+ p)y =0

(ple + L5)); + (pulh + )0 + (po(h + ), =0

(1.2)
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p p
€= —, h=e+ -
(y=1p p
where p, (u,v) and p is density, velocity and presure, respectively.

and with the 2-D Riemann data

(pauav)|t:0 - (piauiuvi)u (Z) - 1727374 (13)

or
(papuuuv)|t:0 - (piupiauiulvi)u (Z) = 1727374 (14)

where (i)-states are described to

(2) (1)

(3) (4)

Problem (1.1)(1.3) and (1.2) (1.4) have theoretically studied by characteristic meth-
ods [2], and a set of conjectures on the solution structure were presented for the 2-D
Riemann problem under the assumption,

Assumption: Each jump in initial data outside the origin projectes exactly one shock
wave, rarefaction wave, and slip planes.

The most most interesting conjecture is that there is a spiral in the solution for
some Riemann data.

The exact solutions were obtained in the case v = 2 for isentropic flow by Zhang
and Zheng in [2], the initial data were taken to

(’LL, v, p) ‘t:[] = (UU Sinea —Ug COS 91 PU)

and they got the conclusion that for high speed rotation 2c3 < v2 (cy = \/p,), the
solution has region of vacuum at the center; for low speed rotation 2c¢f > v3, the
solution has no vacuum.

(IT) Characteristics and choices of initial data
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The system (1.1) and (1.2), for smooth solutions, can be written to,

p u P p v 0 p P
u | +| p/lp w u + 0 o 0 u =0 (1.5)
v/, 0 0 u v ) p'/p 0 v v/,
and
P u p 0 0 p v 0 p 0 P
0 0 1 0 0 0
R N ! “ =0 (1)
v 0 0 w O v 00 v 1/p v
P/, O vw 0 wu p/, 00 yw w p/,

then the characteristic roots are
A=u Im=uzxc

where ¢ is sound speed ¢ = /p/ for isentropic flow and ¢ = /yp/p for adiabatic
flow. From [2], we list the following conditions to choose initial data that satisfy the
assumption in the above section.

(i) conditions for rarefaction waves.

"

1

V1 = w9, Uy =uj* / dp, for isentropic flow
Jp

or
P2
vl = V9, Uy =ui Tt / Ed,o, d(pp~ ") =0, for adiabatic flow
Jpr P

F
where =+ is relate to forward rarefaction wave (ﬁ) or backward rarefaction wave ( R).
(ii) conditions for shock waves.

vy =v1, ug =uy £ &p’u — \/&p’ﬂ), p2 > p1 or py < pp, for isentropic flow
P1 P2

or
P2, pr, -y P2 _ [yt Dp— (v - Dp;
U2 = Uy, UQ:U1Z|Z( 4 _\/_p )7 — = )
pr 2 NV pr o (v D+ (- Do
p2 > p1or po < pp, for adiabatic flow
- —~
where ply = ph; = ;Z; — ;Z} , £ is forward shock wave (?) or backward shock wave ( S).

(iii) conditions for contact discontinuities.

ug = u1, py = p1, for isentropic flow

or

ug = uy, p2 =p1, for adiabatic flow
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then the direction of a contact discontinuity was defined as
JE = Curl(u,v) = v, —u, = +o0

There are two kinds of distributions for velocity (u,v) according to the signals of J’s.
If the four Js have same signals, the distribution of velocity is in a counter clockwise

direction; if not same, the distribution of velocity is in a clockwise direction. See Figure
1.1.

A b
& (2) (2) 3)

(4) (1) (1) 4)

Figure 1.1: a. counter clockwise, b. clockwise

For the different distribution of the velocity, there are two kinds of great different
solutions. For the same signal of Js, there is spiral in the solution [3]; otherwise there
are shock waves or more singular waves in the solutions (see [4]).

(III) Numerical method

The numerical solutions are presented by using MmB (locally Maximum-minimum
Bounds preserving) schemes, which have high resolution and nonoscillatory properties.
For 2-D scalar conservation law, the solution of the scheme (u?;"l (Lu'); ;) satisfys:

uf;'l is a convex combination of the point values at step n

The generalized of MmB scheme form is for the following 2-D hyperbolic systems
U+ FU), +GU), =0,

Ui =,
—A, AAu é’j—%AJ;A,, (@i%’jAZ’L%’j(I— +E’ Az)S” iy Zﬂ;le Uy )
~A- NA SALUT ]+§AIA,,$(T£;JA;F%J(I 1) j:NTjj;]A Ul )
7; MDY ) = %AyA,,y(TfH%AZ’]:%( Ay+ Ay)s@{;+_Tl@f]’;1_A Uls41)
=B, ;1 MAy U" i1t I A - ( l}j+2Ay7’+ (I+Ay’ Ay)sydfF Tf{;+2A U.”.+%)
+3 AN [A:“% 1 I(B;iéyji%Ain”i%, 7%)+Bi7%77%Ay(A;:%,j AUy )]
1 - n - + n
_?)\ Ay[AT 1 I(B,Jr%’ﬁ_%Ainn%’H%)—l—Blz’ﬁ Ay(Ai;’%AiUln%ﬁ%)]
AN [A s BB AU )+ B A (AL AT )]
g AaAy A Pl I(B;%JJF_AyUZrlJ%)+B;r%’]+%Ay(A;r%’H_AIUZZ%’H%)]
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where

q)lx](y) — Ta:(y)(q)d]lag @ (y),+ + (I)dzaq I(Zl)a*)Tz(y),fl

OF = A(U)oU 0G = B(U)oU

AU) =T*A*T* ', A = diag(uf, p5, ., )

B(U) = T°AYTY 1, N = diag(u¥, p3, ..., u?)
I z(y) = z(y)

= diag(P; (y),ul ’i, . @ij(y)’“" ! ’i)

I(y),i

a(y) x(y)+u At _
xr

diag,x(y), =
(I)”zaga:

+ 1
7i y 17 7i ) ’i >
Sza%,j = dzag(sz.féyj, ...,s;f% . 7)
y’ ’yyi n:y’i
S: i+l = = diag(s VAITEE si’j+%)

T *1 n N T -1 n
kot (T i1 A Ul 17]) e (T +3 (A, UH_ ])
1+35.7 ( l+ ]A Un 1’.7) 1+5.J ( 2 A UZ"Jr ])

(L Ao )k (T2 (AU )
byt _ - i3 hi—3 ky,— _ 45
ijts Ys n i+ Ty n
2 (T7]+2A U’]+ 1) > (T,]+2A U,]+ )
k=1,2, .., n

In this paper, we only consider the case that contact discontinuities have same
signal in initial data, that is, the velocity of initial data is in the counter clockwise
distribution. In section 2 and 3, spirals, which contain the two cases, low speed rotation
and high speed rotation, are numerical presented by MmB schemes for isentropic flow
and adiabatic flow, respectively.

2. Isentropic Flow

For the model of isentropic flow, the exact solution has been obtained by Zhang
and Zheng [3] for v = 2, then they studied the solution structure for the initial data,

(po, uo, o) = (vo sinb, vg cos 6, po) (2.1)
where 6 belongs to the polar coordinates (r, 6)
r=rcosf, y=rsinf

They defined:
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2p'(po) < i, high speed rotation
2p' (po) > i, low speed rotation

and got the conclusion: the solution of density has region of vacuum at the center
for high speed rotation and no vacuum for low speed rotation. Here we present the
numerical solutions for both continuous initial data (2.1) and 2-D Riemann problems
in the case (7 = 1.4). The distributions of velocity are described as,

It is counter clockwise related to four constants.
As defined in [3], here we divid initial data into two classes: low speed rotation and
high speed rotation.
(I) low speed rotation.
The continuous data are choosen to:

vo=1, po=20

See Figure 2.1,
a b

Figure 2.1: a. Density contour lines b. Velocity field
n=200 M-P=101 x 101 A = 0.08
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For Riemann data
U] =Ug = —Uz3 = —Uqg =1, w9 =—v1] =v3=—v4 =1,

p1 = p2 = p3=ps =20

See Figure 2.2
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Figure 2.2: a. Density Contour Lines b. Velocity Field
n=250 M-P=201 x 201, A =0.1

Here and in the following, n and M-P expresses time steps and mesh points, re-
spectively. From the velocity fields of Figures (2.1) and (2.2), we know that there is a
spiral in each case, and from labels for the density contour lines, there is no vacuum
in the low speed rotation, in the case v,/c, < V2, here choose v, = max \/u? + vz.? for
Riemann problem.
(IT) high speed rotation
For continuous data,

See Figure 2.3,
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Figure 2.3: a. Density contour lines b. Velocity field
n=200 M-P=101 x 101 A = 0.08
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for Riemann data
U] = Uy = —U3 = —Uq = 3, Vg = —V] = V3 = —U4 = 3,

pr=p2=p3=ps=1

See Figure 2.4

Figure 2.4: a. Density contour lines b. Velocity field
n=200 M-P=151 x 151, A =0.1

From the density contour lines in Figures 2.3 and 2.4, we can see that the density
is zero in the region of the center (0,0). In the region, the velocity is almost to zero,
and the region of vacuum is serround by a rotation. The results are well coincide with
the conclusion of paper [3].

3. Adiabatic Flow

For adiabatic flow, as we known, there is no exact solution even for special initial
value problem. In [3], the conjecture on the spiral was presented for only containing
four contact discontinuities on initial data. In this section, we present two classes
of numerical solutions for both continuous initial data and Riemann data to justify
solution structure and compare to the solution structure for isentropic flow.
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Here we list the numerical results by density, pressure and pseudo-Mach number

contour lines, and velocity fields in the figures, where pseudo-Mach number is written

to,
Vie, V= (u-—x/t,v—uy/t)

(i) the solutions no vacuum region.
For continuous initial data, we take:

Uy =sinf, v, = —cosb, py=0.5+]sinf|, p,=20.

See Figure 3.1,

Figure 3.1: a. Density contour lines b. Pressure contour lines

c. Velocity Field d. Pseudo-Mach contour lines
n=120 M-P=101 x 101, A = 0.08
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For 2-D Riemann data: (see Figure 3.2)

U] = Uy = —ug3 = —uq = 1.0, v = —v9=—v3=v4 =-1.0

p1r=p3 =15, pa=ps=0.5, p1=p2=p3=ps=20.
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Figure 3.2: a. Density contour lines b. Pressure contour lines
c. Velocity field d. Pseudo-Mach contour lines
n=200 M-P=201 x 201, A = 0.08

(i) the solutions containing vacuum region.

For continuous initial data: (see Figure 3.3)

Up =2s8in6, v, = —2cos, po=0.5+sinf|, p,=2.
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b. pressure contour lines

Figure 3.3: a. Density contour lines
c. Velocity field d. Pseudo-Mach contour lines

n=160 M-P=101 x 101, A =0.1

For 2-D Riemann data: (see Figure 3.4)

U] =ug = —ug3 = —ug = 2.0, v =—vy=—-v3=v4=-2.0

pr=p3 =15, pa=ps =05 pi=pr=p3=ps=2

In Figures 3.1 and 3.2, the density of the solutions has no vacuum region for the
low speed rotation, and Figures 3.3 and 3.4, there are vacuum regions in the solutions
of the density. However the initial data do not satisfy the condition given in [2] when

the solutions have vacuum states from Figures 3.3 and 3.4. By pseudo-Mach number
contour lines, we clearly see the subsonic, transonic and supersonic regions in pseudo-

stationary.
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Figure 3.4: a. Density contour lines b. Pressure contour lines

c. Velocity field d. Pseudo-Mach contour lines
n=200 M-P=151 x 151, A =0.1
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