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NONCONFORMING FINITE ELEMENT APPROXIMATIONS TOTHE UNILATERAL PROBLEM�1)Lie-heng Wang(State Key Laboratory of Sienti� and Engeneering Computing, ICMSEC,Chinese Aademy of Sienes, Beijing 100080, China)AbstratThe nononforming �nite element (two Crouzeix-Raviart linear elements andWilson element) approximations to the unilateral problem are onsidered. Theerror bounds for these elements are obtained in the appropriate assumptions ofregularity of solution of the problem.Key words: Unilateral problem, Nononforming �nite element1. IntrodutionThere have been numerous work in the analysis of �nite element methods for theunilateral problem (.f.[4℄ and the referenes therein). It should be mentioned that inF. Sarpini et. al.[6℄, I.Hlavaek et. al.[5℄ and F. Brezzi et. al.[1℄, the onforming linearelement approximation to the unilateral problem have been onsidered, and the variouserror bounds have been obtained in the di�erent assumption of regularity of solutionof the problem.In this paper, we onsider three nononforming �nite element (i.e. two Crouzrix-Raviart linear elements and Wilson element) approximations to the unilateral problem,and the error bounds for these elements are obtained in the appropriate assumptionsof regularity of solution of the problem.The unilateral problem is the following8><>: ��u = f in 
;u = 0 on �0;u � 0; �u=�� � 0; u�u=�� = 0; on �1; (1.1)where 
 is a onvex domain in R2 with pieewise smooth boundary �
, �
 = �0 [�1,�0 \�1 = ; and �u=�� is the outer normal derivative of u on �1. It is well known thatthe problem (1.1) is equivalent to the following variational inequality:( to �nd u 2 K; suh thata(u; v � u) � hf; v � ui 8v 2 K; (1.2)� Reeived February 14, 1996.1)The Projet was supported by National Natural Siene Fundation of China.



16 L.H. WANGwhere K = fv 2 H1(
)j v = 0 on �0; v � 0 on �1g; (1.3)a(u; v) = Z
ru � rvdx; hf; vi = Z
 f � vdx: (1.4)the solution of the problem (1.2) will be approximated by the �nite element methodwith a regular subdivision. For eah h > 0, let Th be a regular subdivision of 
. Forthe sake of simplisity, let 
 be a onvex polygon, then 
 = S�2Th � . Let Vh be a �niteelement spae of approximating the spae H1�0(
) = fv 2 H1(
)jv = 0 on �0g, withnorm k � k: kvkh = � X�2Th jvj21;��12 8 v 2 Vh; (1.5)and Kh be a onvex losed subset of Vh, as an approximation of K. Then the approxi-mate problem of the unilateral problem (1.2) is the following:( to �nd uh 2 Kh; suh thatah(uh; vh � uh) � hf; vh � uhi vh 2 Kh; (1.6)where ah(uh; vh) = X�2Th Z� ruhrvhdx: (1.7)We now show abstrat error estimateTheorem 1.1. Assume that u and uh are the solutions of the problems (1:2) and(1:6) respetively, thenku� uhk2h � C infvh2Khfku� vhk2h + ah(u; vh � uh)� hf; vh � uhig: (1.8)Proof. Using the triangle inequalityku� uhkh � ku� vhkh + kvh � uhkh; 8 vh 2 Kh:And noting that uh is the solution of the problem (1.6),kvh � uhk2h = ah(vh � uh; vh � uh)= ah(vh � u; vh � uh) + ah(u� uh; vh � uh)� kvh � ukh � kvh � uhkh + ah(u; vh � uh)� hf; vh � uhi:Summarizing the previous two inequalities, the theorem is proved.2. Crouzeix-Raviart Linear Element Approximation(I)For the Crouzeix-Raviart linear element approximation to the unilateral problem(1.2), the subdivision Th is a triangulation, � 2 Th triangle element,Vh =fvh 2 L2(
) : vhj� 2 P1(�); vh is ontinuous at the midpoints of edges of element



Nononforming Finite Element Approximations to the Unilateral Problem 17� 2 Th; vh(aij) = 0 8 midpoints aij of edges on �0g: (2.1)K1h =fvh 2 Vh : vh(a12) � jvh(a23)� vh(a13)j 8 edge a1a2 � �1;ai; i = 1; 2; 3; the verties of element �g (2.2)(.f.Fig.2.1)Then the following lemmas an be proved easily:Lemma 2.1. K1h is a onvex subset of Vh.Let �h : H2(
) ! Vh the interpolation operator de�ned as follows: for any givenv 2 H2(
); �hvj� =��v = v(a23)�1(x) + v(a13)�2(x) + v(a12)�3(x); (2.3)�1(x) =�2(x) + �3(x)� �1(x); �2(x) = �3(x) + �1(x)� �2(x);�3(x) = �1(x) + �2(x)� �3(x); (2.4)where �i(x); i = 1; 2; 3, are the baryentri oordinates. (.f.Fig.2.2)
Fig.2.1 Fig.2.2Lemma. 2.2. 8><>: ��v(a1) = �v(a23) + v(a13) + v(a12);��v(a2) = v(a23)� v(a13) + v(a12);��v(a3) = v(a23) + v(a13)� v(a12): (2.5)We now introdue another interpolation operator f�h : H2(
) ! Vh de�ned asfollows: letT 0h = f� : �� \ �1 = ;g; T 1h = f� : �� \ �1 6= ;g; Th = T 0h [ T 1h ; (2.6)then for any given v 2 H2(
);8>>>><>>>>: f��v = f�hvj� = ��v 8 � 2 T 0h ;f��v = f�hvj� = ��v for v(a12) � jv(a23)� v(a13)j; 8� 2 T 1h ;f��v = f�hvj� = v(a23)�1 + v(a13)�2 + jv(a23)� v(a13)j�3;for v(a12) � jv(a23)� v(a13)j; 8� 2 T 1h : (2.7)Lemma 2.3. 8v 2 K f�hv 2 K1h: (2.8)Lemma 2.4. 8vh 2 K1h; vhj�1 � 0: (2.9)



18 L.H. WANGThe proof of Lemma 2.4 an be ompleted by the Lemma 2.2 and the de�nition ofK1h (2.2).Lemma 2.5. (.f.[7℄)Z�� jwj2ds � Cfh�1kwk20;� + hjwj21;� g 8w 2 H1(�): (2.10)We now establish the error estimate of the Crouzeix-Raviart linear element approx-imation to the unilateral problem.Theorem 2.1. Assume that u and uh are the solutions of the problems (1:2) and(1:6) with K1h (2:2) respetively, and that u 2 H2(
) and u 2 W 1;1(
�1), where 
�1is any given neighbourhood of �1. Then the following error estimate holdsku� uhkh � C(hjuj2;
 + h 12 juj1;1;
�1 ): (2.11)Proof. (i) We �rst estimateEh(u; vh � uh) =ah(u; vh � uh)� hf; vh � uhi= X�2Th Z� ru � r(vh � uh)dx� Z
 f(vh � uh)dx= X�2Th Z�� �u�� (vh � uh)ds = X�2Th X���\�1 Z �u�� (vh � uh)ds+ X�2Th X2��; 6��1 Z �u�� (vh � uh)ds: (2.12)It is well known that (.f.[7℄, [3℄)X�2Th X2��; 6��1 Z �u�� (vh � uh)ds � Chjuj2;
kuh � vhkh: (2.13)Noting that �u�� �u = 0 on �1 and uh � 0 on �1 (Lemma 2.4), it an be seen that 8 � �1Z �u�� (vh � uh)ds = Z �u�� (vh � u)ds+ Z �u�� (u� uh)ds= Z �u�� (vh � u)ds� Z �u�� uhds � Z �u�� (vh � u)ds: (2.14)Summarizing (2.12){(2.14) and Theorem 1.1, we haveku� uhk2h � C1 infvh2Khfku� vhk2h + X�2Th X���\�1 Z �u�� (vh� u)dsg+C2h2juj22;
: (2.15)(ii) Let vh = f�hu in (2.15), we �rst estimateI2 = X�2Th X���\�1 Z �u�� (f�hu� u)ds: (2.16)



Nononforming Finite Element Approximations to the Unilateral Problem 19For u(a12) � ju(a23)�u(a13)j, e��u = ��u,  � �� , � 2 T 1h , by the lemma 2.5, we have��� Z �u�� (f�hu� u)ds��� � �u�� 0;k�hu� uk0;� C�u�� 0;fh�1k�hu� uk20;� + hj�hu� uj21;�g12� Ch32 �u�� 0; juj2;� : (2.17)For u(a12) < ju(a23)� u(a13)j, without lost of generality, assume that u(a23) > u(a13),then f�huj = [�hu+ (f�hu��hu)℄j = �huj + [(u(a23)� u(a13))� u(a12)℄�3j= �huj + (u(a23)� u(a13)� u(a12))(�1 + �2)j = �huj ���u(a1):So ��� Z �u�� (f�hu� u)ds��� � ��� Z �u�� (�hu� u)ds���+ ��� Z �u�� (f�hu��hu)ds���� Ch32 �u�� k0; juj2;� + h12 �u�� k0; j��u(a1)j: (2.18)Sine 0 < u(a12) < u(a23)� u(a13), by Lemma 2.2,��u(a1) = u(a12)� (u(a23)� u(a13)) < 0;��u(a2) = u(a12) + (u(a23)� u(a13)) > 0;then there exists a point a 2 a1a2 = , suh that��u(a) = 0:So thatj��u(a1)j = j��u(a1)���u(a)j � h���d��ujds ��� = Ch�����u(a1)���u(a2)ja1a2j ���= Ch���u(a23)� u(a13)ja13a23j ��� � Ch maxx2a13a23 jru(x)j: (2.19)From (2.18) and (2.19), we have, for u(a12) < ju(a23)� u(a13)j,��� Z �u�� (f�hu� u)ds��� � Ch32 �u�� 0;(juj2;� + maxa13a23 jruj)Therefore I2 � C1h32 �u�� 0;�1 juj2;
 + C2h�u�� 0;�1 max
�1 jruj: (2.20)(iii) Next we estimateI1 = ku� f�huk2h � 2(ku��huk2h + k�hu� f�huk2h): (2.21)



20 L.H. WANGIt is well known that (.f. [3℄) ku��huk2h � Ch2juj22;
: (2.22)For � 2 T 0h and � 2 T 1h with u(a12) � ju(a23)� u(a13)j,f�huj� = �huj� : (2.23)For � 2 T 1h with u(a12) < ju(a23)� u(a13)j (assume that u(a23) > u(a13)) :��u� e��u = (u(a12)� u(a23) + u(a13))�3;and j��u� e��uj21;� = ju(a12)� u(a23) + u(a13)j2 Z� jr�3j2dx� Cj��u(a1)j2 � Ch2 maxa13a23 jruj2; (2.24)sine (2.19). From (2.21){(2.24), we haveI1 � C1h2juj22;
 + X�2T 1h j��u� e��uj21;� � C1h2juj22;
 + C2h max
�1 jruj2: (2.25)Summarizing (i), (ii) and (iii), the proof is ompleted.3. Crouzeix-Raviart Linear Element Approximation (II)In the previous setion, the solution of the unilateral problem (1.2) has been approx-imated by the Crouzeix-Raviart linear element solution uh whih is restrited in theonvex set K1h and the element vh is nonnegative on �1 (Lemma 2.4). In this setion,we propose another Crouzeix-Raviart linear element solution of the unilateral problem(1.2), whih belongs to a onvex set K2h (see below) and the restrition vhj�1 � 0 isrelaxed. Let (.f.Fig.2.1)K2h = fvh 2 Vh : vh(a12) � 0 8 edge a1a2 � �1g; (3.1)then the approximation problem of the unilateral problem (1.2) is (1.6) with Kh = K2h:We have the following resultTheorem 3.1. Assume that u and uh are the solutions of the problems (1:2) and(1:6) with Kh = K2h (3:1) respetively, and that u 2 H2(
), f 2 L2(
). Then thefollowing error estimate holdsku� uhkh � Ch 12 (juj2;
 + kfk0;
): (3.2)Proof. (i) In the same way as the �rst paragraph in the Proof of the Theorem 2.1,exept that uh � 0 on �1, it an be seen thatku� uhk2h �C1 infvh2K2hfku� vhk2h + X��1 Z �u�� (vh � u)dsg



Nononforming Finite Element Approximations to the Unilateral Problem 21+ C2h2juj22;
 � X��1 Z �u�� uhds: (3.3)(ii) Let vh = �hu in (3.3), with the operator �h de�ned in (2.3), then from (2.22)and (2.18), we have ku��huk2h � Ch2juj22;
; (3.4)and��� X��1 Z �u�� (�hu� u)ds��� � Ch32 X���\�1 �u�� 0; juj2;� � Ch32 �u�� 0;�1 juj2;
: (3.5)(iii) We now estimate the last term on the right hand side of (3.3)I = � X��1 Z �u�� uhds: (3.6)Let P 0 be the L2�projetion operator L2() ! R as follows:P 0 (v) = 1jj Z vds; R0(v) = v � P 0 (v); jj = Z 1ds; (3.7)and P �0 be the L2�projetion operator L2(�) ! R as follows:P �0 (v) = 1j� j Z� vdx; R�0(v) = v � P �0 (v); j� j = Z� 1dx: (3.8)Taking into aount that �u�� � 0 on �1, it an be seen that� Z P 0 (�u�� )uhds = �P 0 (�u�� ) Z uhds = �P 0 (�u�� )jjuh(a12) � 0from whih we have� Z �u�� uhds = � Z R0��u�� �uhds� Z P 0 ��u�� �uhds� � Z R0��u�� �uhds = � Z R0��u�� �R0(uh)ds� Z R0��u�� �P 0 (uh)ds= � Z R0��u�� �R0(uh)ds � nZ R0��u�� �2dso12nZ R0(uh)2dso12 : (3.9)We now estimate, with use of the projetive property and Lemma 2.5,Z R0��u�� �2ds � Z R0��u�x�2ds+ Z R0��u�y�2ds� Z R�0��u�x�2ds+ Z R�0��u�y �2ds � Chjuj22;� : (3.10)



22 L.H. WANGAs for estimating the seond fator on the right hand side of (3.9), we haveZ R0(uh)2ds � Z R�0(uh)2ds � Chjuhj21;� : (3.11)We now take vh = 0 in the disrete problem (1.6) with Kh = K2h, thenjuhj21;h = ah(uh; uh) � hf; uhi � kfk0;
kuhk0;
; (3.12)from whih it an be seen that juhj1;h � Ckfk0;
; (3.13)sine a Poinare inequality in nononforming �nite element spaes[8;9℄:kvhk0;
 � Cjvhj1;h 8 vh 2 Vh: (3.14)Combining (3.9){(3.11) and (3.13), we haveI � Ch X�2Th juj2;� juhj1;� � Chjuj2;
kfk0;
 (3.15)Summarizing (i){(iii), the theorem is proved.4. Wilson Element ApproximationFor the Wilson element approximation, let 
 be a retangle, Th be a retangularsubdivision, � 2 Th retangular element, and �1 � �
 be parallel to x1-axis,Vh = fvh 2 L2(
) : vhj� 2 P2(�); vh is ontinuous at the verties of element � 8� 2 Th;and vh(a) = 0 8 verties a 2 �0g; (4.1)Kh = fvh 2 Vh : vh(a) � 0 8 verties a 2 �1g: (4.2)Let the interpolation operator �h : H2(
)! Vh be de�ned as follows (.f.Fig.4.1): forany given v 2 H2(
),�hvj� = ��v = 4Xi=1 v(ai)pi(x) + 2Xj=1�j(v)qj(x) 8 � 2 Th (4.3)where 8>><>>: p1(x) = 14�1 + x1�1h1 ��1 + x2�2h2 );� � � � � �p4(x) = 14�1 + x1�1h1 ��1� x2�2h2 �; (4.4)8<: qj(x) = 18h�xj�jhj �2 � 1i;�j(v) = h2jh1h2 R� �jjvdx; j = 1; 2; (4.5)



Nononforming Finite Element Approximations to the Unilateral Problem 23 = 14 4Xi=1 ai: (4.6)Then it an be seen easily that �hv 2 Kh 8v 2 K:

Fig.4.1We have the following error estimateTheorem 4.1. Assume that u and uh are the solutions of the problem (1:2) and theproblem (1:6) with Kh (4:2) respetively, and that u 2 H2(
), uj�1 2 H2��(�1), where0 < � � 12 , uj�1 means a funtion on �1. Then the following error estimate holdsku� uhkh � Ch1� �2 (juj2;
 + juj1;�1 + juj�1 j2��;�1): (4.7)Proof. (i) Let Q1 be the peiewise bilinear operator on Vh, and R1(wh) = wh �Q1(wh) 8wh 2 Vh, thenEh(u; vh � uh) = ah(u; vh � uh)� hf; vh � uhi = X�2Th Z�� �u�� (vh � uh)ds= X�2Th Z�� �u��Q1(vh � uh)ds+ X�2Th Z�� �u��R1(vh � uh)ds: (4.8)By the standard error estimate of Wilson element[7℄,��� X�2Th Z�� �u��R1(vh � uh)ds��� � Chjuj2;
kvh � uhkh: (4.9)Sine vh; uh 2 Vh; then Q1(vh � uh) 2 C0(
) and Q1(vh � uh)j�0 = 0, thusX�2Th Z�� �u��Q1(vh � uh)ds = X��1 Z �u��Q1(vh � uh)ds= X��1 Z �u�� (Q1(vh)� u)ds� X��1 Z �u��Q1(uh)ds � X��1 Z �u�� (Q1(vh)� u)ds;(4.10)



24 L.H. WANGhere we have used the following relations: u � �u�� = 0; �u�� � 0 and Q1(uh) � 0 on �1.Summing (4.8){(4.10), and by Theorem 1.1, we haveku� uhk2h � C1 infvh2Kh nku� vhk2h + X��1 Z �u�� (Q1(vh)� u)dso+C2h2juj22;
 (4.11)(ii) Let vh = �hu in (4.11), then, with use of the interpolation error estimate[2℄,ku��huk2h � Ch2juj22;
; (4.12)and Q1(�hu) = Q1(u): (4.13)The estimate of the seond term on the right hand side of (4.11) is as follows: 8 � �1;Z �u�� (Q1(�hu)� u)ds = Z �u�� (Q1(u)� u)ds��u�� 0;kQ1(u)� uk0; � Ch2���u�� 0; juj j2��; ;(4.14)here we have used the bilinear interpolation error estimate[2℄. Thus��� X��1 Z �u�� (Q1(�hu)� u)ds��� � Ch2��k�u�� k0; juj�1 j2��;�1 : (4.15)From (4.11), (4.12) and (4.15), the proof is ompleted.Remark. Theorem 4.1 means that the error bound of Wilson element, as the sameas the onforming bilinear element, approximation to the unilateral problem. And it iswell known that the error bounds are the same for Wilson element and the onformingbilinear element approximations to the seond order ellipti problem.Referenes[1℄ F. Brezzi, W.W. Hager, P-A. Raviart, Error estimates for the �nite element solution ofvariational inequalities, Part 1: Primal theory, Numer. Math., 28 (1997), 431{443.[2℄ P.G. Ciarlet, The Finite Element Method for Ellipti Problems, North-Holland, Amsterdam,1978.[3℄ M. Crouzeix, P-A. Raviart, Conforming and nononforming �nite element methods forsolving the stationary Stokes equations I, RAIRO Anal. Numer., R-3 (1973), 33{76.[4℄ R. Glowinski, J.-L. Lions, R. Tremolieres, Numerial Analysis of Variational Inequalities,North-Holland, Amsterdam,1981.[5℄ I. Hlavaek, J. Haslinger, J. Neas, J. Lovisek, Solution of Variational Inequalities in Me-hanis, Springer-Verlag, New York, Berlin, 1988.[6℄ F. Sarpini, M.A. Vivaldi, Error estimate for the approximation of some unilateral problems,RAIRO, Anal. Numer., 11 (1977), 197{208.[7℄ F. Stummel, The generalized path test, SIAM J. Numer. Anal., 16 (1979), 449{471.[8℄ F. Stummel, Basi ompatness properties of nononforming and hybrid �nite elementspaes, RAIRO, Ana. Numer., 4 (1980), 81{115.[9℄ Feng Kang, Poinare and Friedrihs inequalities in nononforming �nite element spaes,Colleted Worke of Feng Kang, 339-352, 1994.


