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BIVARIATE RATIONAL INTERPOLANTS WITHRECTANGLE-HOLE-STRUCTURE�1)Jie-qing Tan(Institute of Applied Mathematis, Hefei University of Tehnology, Hefei 230009, China)AbstratBivariate vetor valued rational interpolants are established by means of Thiele-type branhed ontinued frations and Samelson inverse over retangular grids withholes, haraterisation theorem with topologi struture is brought in light anduniqueness theorem in some sense is obtained.Key words: Branhed ontinued fration, Interpolation, Vetor-grid1. IntrodutionGiven a set of distint real points fxi, i = 0; 1; 2; � � �, n : xi 2 Rg and a set ofomplex vetor data f~v(i), i = 0; 1; 2; � � �, n : ~v(i) 2 Cdg, Graves-Morris showed[5℄ thatthe vetor valued Thiele type ontinued fration~S(x) = ~b(0) + x� x0~b(1) + x� x1~b(2) + � � �+ x� xn�1~b(n)an serve to interpolate the given vetors. The onstrution proess is losely ralatedto the adoption of the Samelson inverse for vetors~v�1 = ~v�j~vj2 ; (1.1)where ~v� denotes the omplex onjugate of vetor ~v. It was proved that ~S(x) is a vetorvalued rational funtion with numerator being a d-dimensional polynomial of degree nand denominator being a polynomial of degree 2[n=2℄, here and in the sequel of thispaper, [x℄ represents the integer funtion.Let points (xi; yj) 2 R2 (i = 0; 1; � � �, n; j = 0; 1; � � � ;m) be given and be arrangedin the following table (x0; y0) (x1; y0) � � � (xn; y0)(x0; y1) (x1; y1) � � � (xn; y1)... ... . . . ...(x0; ym) (x1; ym) � � � (xn; ym) (1.2)� Reeived February 12, 1996.1)The Projet was Supported by the National Natural Siene Foundation of China



2 J.Q. TANwhih we all retangular point-grid and denote by �n;m. Suppose d-dimensional vetor~vij is assoiated with the point (xi; yj) in �n;m and let these ~vij 's be arranged as follows~v00 ~v10 � � � ~vn0~v01 ~v11 � � � ~vn1... ... . . . ...~v0m ~v1m � � � ~vnm (1.3)whih is alled vetor-grid and is denoted by ~V n;m.De�nition 1.1. A d�dimensional vetor valued polynomial~N(x; y) = (N1(x; y); N2(x; y); � � � ; Nd(x; y))is said to be of degree n and denoted by � ~N = n if �Ni(x; y) � n for i = 1; 2; � � � ; d and�Nj(x; y) = n for some j(1 � j � d).De�nition 1.2. Denote by Hn the olletion of all bivariate polynomials with totaldegree not exeeding n and by ~Hn the olletion of d dimensional bivariate vetor valuedpolynomials of degree n, then~Hn;m = f ~N(x; y)=M(x; y)j ~N (x; y) 2 ~Hn;M(x; y) 2 Hmgis alled the olletion of bivariate vetor valued rational funtions of type (n=m).Making use of Samelson inverse and inverse di�erenes, Zhu et al onstruted thefollowing Thiele-type branhed ontinued fration[9℄~R(x; y) = ~s0(y) + x� x0~s1(y) + � � �+ x� xn�1~sn(y) ; (1.4)where~sl(y) = ~bl;0(x0; � � � ; xl; y0)+ y � y0~bl;1(x0; � � � ; xl; y0; y1) + � � �+ y � ym�1~bl;m(x0; � � � ; xl; y0; � � � ; ym) ;(1.5)and ~bi;j(x0; � � � ; xi; y0; � � � ; yj) are omputed through the following reursive proess~b0;0(xi; yj) =~vij ; i = 0; 1; � � � ; n; j = 0; 1; � � � ;m (1.6)~b0;j(x0; y0; � � � ; yj) = yj � yj�1~b0;j�1(x0; y0; � � � ; yj�2; yj)�~b0;j�1(x0; y0; � � � ; yj�2; yj�1) (1.7)~bi;0(x0; � � � ; xi; y0) = xi � xi�1~bi�1;0(x0; � � � ; xi�2; xi; y0)�~bi�1;0(x0; � � � ; xi�2; xi�1; y0) (1.8)~bi;j(x0; � � � ; xi; y0; � � � ; yj) =(yj � yj�1).[~bi;j�1(x0; � � � ; xi; y0; � � � ; yj�2; yj)�~bi;j�1(x0; � � � ; xi; y0; � � � ; yj�2; yj�1)℄ (1.9)It was shown in [9℄ that ~R(x; y) 2 ~Hnm+n+m;2[(nm+n+m)=2℄ and~R(xi; yj) = ~vij ; i = 0; 1; � � � ; n; j = 0; 1; � � � ;m:



Bivariate Rational Interpolants with Retangle-Hole-Struture 3whih surely extends the results obtained by Graves-Morris[5℄ in univariate vetor aseand by Siemaszko[6℄ in bivariate salar ase. But it does not inlude Cuyt and Verdonk'sresults[1;3℄, where a kind of symmetri branhed ontinued frations is onsidered.The motivation for us to study irregular strutures is based on suh a reognizationthat for some sattered data set of points (see Fig. 1.1), whatever a new numbering of(xi; yj) is made, the obtained piture of the points always looks irregular, and thereforethe method of general order multivariate rational Hermite interpolants annot be usedto deal with this situation sine the data set of points in this ase does not satisfythe inlusion property[2℄, a very important property dominating whether the rationalHermite interpolants exist or not. In this paper, we onsider the bivariate vetorvalued rational interpolants over retangular mesh with retangular holes (this longterminology is ited as BVRIHs in the sequel of the text). For salar ase we refer to[4℄. x0 x1 x2 x3 x4y0 ? ? ? ? ?y1 ? ? ?y2 ? ? ?y3 ? ? ?y4 ? ? ? ? ?Fig.1.12. Charaterisation of BVRIHsSuppose the set of points is � = �n;m ��1;2;r1;r2 , where �1;2;r1;r2 = fx1+1; � � �,x2�1g�fyr1+1; � � � ; yr2�1g, and the set of vetor data is ~V = f~vi;j 2 ~V n;mj(xi; yj) 2 �g.The struture of �, as shown in Fig.2.1, looks as if a subretangular blok had beenmoved outside of �n;m, and it may also be regarded as a left-over resulting from overing�n;m with a empty mesh of the same size as �1;2;r1;r2 . The latter desiption aboutthe struture of �, as is to be seen, provides us with better and more understandingfor the haraterisation of interpolant over �.x0 � � � x1 � � � x2 � � � xny0 � � � � � � � � � � � � �... ... . . . ... . . . ... . . . ...yr1 � � � � � � � � � � � � �... ... . . . ... B ... . . . ...yr2 � � � � � � � � � � � � �... ... . . . ... . . . ... . . . ...ym � � � � � � � � � � � � �Fig.2.1In Fig.2.1 B (for \blok") is a sub-retangle size of whih is (2�1�1)�(r2�r1�1)(here by size we mean the number of ontained points) and on whih no interpolation



4 J.Q. TANis taken into onsideration. Now we may onstrut a bivariate vetor valued rationalinterpolant on � by means of the following branhed ontinued fration~R(x; y) = ~s0(y) + x� x0~s1(y) + � � �+ x� xn�1~sn(y) ; (2.1)where for i = 0; 1; � � � ; 1; 2; 2 + 1; � � � ; n~si(y) = ~bi;0 + y � y0~bi;1 + � � �+ y � ym�1~bi;m (2.2)and for i = 1 + 1; � � � ; 2 � 1~si(y) = ~bi;0+y � y0~bi;1 + � � �+ y � yr1�1~bi;r1 + y � yr1~bi;r2 + y � yr2~bi;r2+1 + � � �+ y � ym�1~bi;m : (2:3)Let ~R1(x; y) = ~A1(x; y)B1(x; y) = ~s2(y) + x� x2~s2+1(y) + � � �+ x� xn�1~sn(y) ; (2.4)from the haraterisation theorem in [9℄ we know thatj ~A1(x; y)j2 = B1(x; y)D1(x; y)and � ~A1(x; y) =M � 1; �B1(x; y) = 2hM � 12 i; �D1(x; y) = 2hM2 i;where M = (m+ 1)(n+ 1� 2): (2.5)Let ~R2(x; y) = ~A2(x; y)B2(x; y) = ~s2�1(y) + x� x2�1R1(x; y)=~a2�1(y)b2�1(y) + (x� x2�1) ~A1(x; y)D1(x; y) ; (2.6)by Graves-Morris' haraterisation theorem we havej ~A2(x; y)j2 = B2(x; y)D2(x; y)and � ~A2(x; y) = ( M +N; M �N is evenM +N � 1; M �N is odd�B2(x; y) = 2[M=2℄ + 2[N=2℄�D2(x; y) = 8<: 2hM+12 i+ 2hN+12 i; M �N is even2hM+12 i+ 2hN+12 i� 2; M �N is odd



Bivariate Rational Interpolants with Retangle-Hole-Struture 5where N = m+ 1 + r1 � r2: (2.7)Let ~R3(x; y) = ~A3(x; y)B3(x; y) = ~s2�2(y) + x� x2�2~R2(x; y)=~a2�2(y)b2�2(y) + (x� x2�2) ~A2(x; y)D2(x; y) ; (2.8)then it follows j ~A3(x; y)j2 = B3(x; y)D3(x; y)and � ~A3(x; y) =( M + 2N + 1; M �N is evenM + 2N; M �N is odd�B3(x; y) =( 2[N=2℄ +M +N; M +N is even2[N=2℄ +M +N + 1; M +N is odd�D3(x; y) =( M + 2N + 2; M is evenM + 2N + 1; M is odd:Similarly if we let ~R4(x; y) = ~A4(x; y)B4(x; y) = ~s2�3(y) + x� x2�3~R3(x; y) (2.9)and ~R5(x; y) = ~A5(x; y)B5(x; y) = ~s2�4(y) + x� x2�4~R4(x; y) ; (2.10)then � ~A4(x; y) = ( M + 3N + 2; M �N is evenM + 3N + 1; M �N is odd�B4(x; y) = 2[M=2℄ + 2[3N=2℄ + 2� ~A5(x; y) = ( M + 4N + 3; M �N is evenM + 4N + 2; M �N is odd�B5(x; y) = ( 2[N=2℄ +M + 3N + 2; M +N is even2[N=2℄ +M + 3N + 3; M +N is odd:Let ~T0(x; y) = ~R2�1(x; y) = ~A2�1(x; y)B2�1(x; y) = ~s1+1(y) + x� x1+1~R2�1�1(x; y) (2.11)and M� =M + (2 � 1 � 1)(N + 1)� 1; (2.12)



6 J.Q. TANthen it an be shown by indution thatj ~A2�1(x; y)j2 = B2�1(x; y)D2�1(x; y)where � ~A2�1(x; y) = ( M�; M �N is evenM� � 1; M �N is odd�B2�1(x; y) = 2hM2 i+ 2h (2 � 1 � 1)N2 i+ 2 � 1 � 2if 2 � 1 is even,�B2�1(x; y) = ( 2[N=2℄ +M + (2 � 1 � 2)(N + 1)� 1; M +N is even2[N=2℄ +M + (2 � 1 � 2)(N + 1); M +N is oddif 2 � 1 is odd, and �D2�1(x; y) = 2�M� � hM�2 i�:For any interger k, de�ne mod2k = ( 0; if k = 2[k=2℄1; if k = 2[k=2℄ + 1: (2.13)Let �m = mod2m; �M� = mod2M�; �N = mod2N (2.14)and let ~T1(x; y) = ~U1(x; y)V1(x; y) = ~s1(y) + x� x1~T0(x; y) ; (2.15)then there exists a polynomial W1(x; y) suh thatj~U1(x; y)j2 = V1(x; y)W1(x; y)and � ~U1(x; y) = ( M� +m+ 1; if ( �m; �M�; �N ) 2 f(0; 0; 0); (�; 1; �)gM� +m; if ( �m; �M�; �N ) 2 f(0; 0; 1); (1; 0; �)g ;�~V1(x; y) = 8><>: M� +m+ 1; if ( �m; �M�; �N ) 2 f(0; 1; �)gM� +m; if ( �m; �M�; �N ) 2 f(0; 0; �); (1; 1; �)gM� +m� 1; if ( �m; �M�; �N ) 2 f(1; 0; �)g ;� ~W1(x; y) = 8><>: M� +m+ 2; if ( �m; �M�; �N ) 2 f(0; 0; 0); (1; 1; �)gM� +m+ 1; if ( �m; �M�; �N ) 2 f(0; 1; �); (1; 0; �)gM� +m; if ( �m; �M�; �N ) 2 f(0; 0; 1)g ;where \�" stands for 0 and 1, for example, (0; 1; �) means (0; 1; 0) and (0; 1; 1). Let~T2(x; y) = ~U2(x; y)V2(x; y) = ~s1�1(y) + x� x1�1~T1(x; y) ; (2.16)



Bivariate Rational Interpolants with Retangle-Hole-Struture 7then there exists a polynomial W2(x; y) suh thatj~U2(x; y)j2 = V2(x; y)W2(x; y)and � ~U2(x; y) = ( M� + 2m+ 2; if ( �m; �M�; �N) 2 f(0; 0; 0); (�; 1; �)gM� + 2m+ 1; if ( �m; �M�; �N) 2 f(0; 0; 1); (1; 0; �)g ;�~V2(x; y) = 8><>: M� + 2m+ 2; if ( �m; �M�; �N ) 2 f(0; 0; 0)gM� + 2m+ 1; if ( �m; �M�; �N ) 2 f(�; 1; �)gM� + 2m; if ( �m; �M�; �N ) 2 f(0; 0; 1); (1; 0; �)g ;� ~W2(x; y) = ( M� + 2m+ 3; if ( �m; �M�; �N ) 2 f(�; 1; �)gM� + 2m+ 2; if ( �m; �M�; �N ) 2 f(�; 0; �)g :Let ~T3(x; y) = ~U3(x; y)V3(x; y) = ~s1�2(y) + x� x1�2~T2(x; y) ; (2.17)and ~T4(x; y) = ~U4(x; y)V4(x; y) = ~s1�3(y) + x� x1�3~T3(x; y) ; (2.18)similarly one gets� ~U3(x; y) = ( M� + 3m+ 3; if ( �m; �M�; �N) 2 f(0; 0; 0); (�; 1; �)gM� + 3m+ 2; if ( �m; �M�; �N) 2 f(0; 0; 1); (1; 0; �)g ;�~V3(x; y) = 8><>: M� + 3m+ 3; if ( �m; �M�; �N ) 2 f(0; 1; �)gM� + 3m+ 2; if ( �m; �M�; �N ) 2 f(0; 0; �); (1; 1; �)gM� + 3m+ 1; if ( �m; �M�; �N ) 2 f(1; 0; �)g ;� ~U4(x; y) = ( M� + 4m+ 4; if ( �m; �M�; �N) 2 f(0; 0; 0); (�; 1; �)gM� + 4m+ 3; if ( �m; �M�; �N) 2 f(0; 0; 1); (1; 0; �)g ;�~V4(x; y) = 8><>: M� + 4m+ 4; if ( �m; �M�; �N ) 2 f(0; 0; 0)gM� + 4m+ 3; if ( �m; �M�; �N ) 2 f(�; 1; �)gM� + 4m+ 2; if ( �m; �M�; �N ) 2 f(0; 0; 1); (1; 0; �)g :One �nally sees ~R(x; y) = ~T1+1(x; y) = ~U1+1(x; y)V1+1(x; y) = ~s0(y) + x� x0~T1(x; y) (2.19)and derives by indution that� ~U1+1(x; y) = ( M� + (1 + 1)(m + 1); if ( �m; �M�; �N) 2 f(0; 0; 0); (�; 1; �)gM� + (1 + 1)(m + 1)� 1; if ( �m; �M�; �N) 2 f(0; 0; 1); (1; 0; �)g ;



8 J.Q. TAN�~V1+1(x; y) = 8><>: M� + (1 + 1)(m + 1); if ( �m; �M�; �N ) 2 f(0; 1; �)gM� + (1 + 1)(m + 1)� 1; if ( �m; �M�; �N ) 2 f(0; 0; �); (1; 1; �)gM� + (1 + 1)(m + 1)� 2; if ( �m; �M�; �N ) 2 f(1; 0; �)g ;if 1 is even, and�~V1+1(x; y) = 8><>: M� + (1 + 1)(m+ 1); if ( �m; �M�; �N) 2 f(0; 0; 0)gM� + (1 + 1)(m+ 1)� 1; if ( �m; �M�; �N) 2 f(�; 1; �)gM� + (1 + 1)(m+ 1)� 2; if( �m; �M�; �N ) 2 f(0; 0; 1); (1; 0; �)g :if 1 is odd. Let B =M� + (1 + 1)(m + 1): (2.20)Notiing thatM� =M + (2 � 1 � 1)(N + 1)� 1= (m+ 1)(n+ 1� 2) + (2 � 1 � 1)(m+ 2 + r1 � r2)� 1;we have B =(m+ 1)(n+ 2 + 1 � 2) + (2 � 1 � 1)(m+ 2 + r1 � r2)� 1=(m+ 1)(n+ 1) + (m+ 1)(1 + 1 � 2)� (1 + 1 � 2)(m+ 1)� (1 + 1 � 2)(1 + r1 � r2)� 1=(m+ 1)(n+ 1)� (2 � 1 � 1)(r2 � r1 � 1)� 1whih is only one less than the number of interpolation points ontained in �. Therefore~R(x; y) 2 8><>: ~HB;B ; if ( �m; �M�; �N) 2 f(0; 0; 0)g~HB;B�1; if ( �m; �M�; �N) 2 f(�; 1; �)g~HB�1;B�2; if ( �m; �M�; �N) 2 f(0; 0; 1); (1; 0; �)g : (2.21)if 1 is odd, and~R(x; y) 2 8>>>><>>>>: ~HB;B; if ( �m; �M�; �N ) 2 f(0; 1; �)g~HB;B�1; if ( �m; �M�; �N ) 2 f(1; 1; �); (0; 0; 0)g~HB�1;B�1; if ( �m; �M�; �N ) 2 f(0; 0; 1)g~HB�1;B�2; if ( �m; �M�; �N ) 2 f(1; 0; �)g (2.22)if 1 is even. In order to �nd out the diret relation between the haraterisation of~R(x; y) and the given size parameters m;n; 1; 2; r1; r2, we de�ne'1( �m; �n; �1; �2; r2 � r1) = �m;'2( �m; �n; �1; �2; r2 � r1) = ( �m+ 1)(�n+ 1� �2) + (�2 � �1 � 1)( �m+ 2� r2 � r1)� 1;'3( �m; �n; �1; �2; r2 � r1) = �m+ 1� r2 � r1; (2.23)where�m = mod2m; �n = mod2n; �1 = mod21; �2 = mod22; r2 � r1 = mod2(r2 � r1);



Bivariate Rational Interpolants with Retangle-Hole-Struture 9and we all ( �m; �n; �1; �2; r2 � r1) the parameter lass equivalent to the set f(m;n; 1; 2,r2 � r1)g. Let �'i = mod2'i; i = 1; 2; 3 (2.24)and establish the following mapping : ( �m; �n; �1; �2; r2 � r1) 7�! ( �'1; �'2; �'3): (2.25)As a matter of fat, the mapping  bridges between ( �m; �n; �1; �2; r2 � r1) and ( �m; �M�; �N),and the following tables an be obtained by areful omputation and lassi�ationTable 2.1 �1 = 0(1; 1; 0; 1; 1) 7�! (1; 1; 1) (1; 1; 0; 0; 0) 7�! (1; 0; 0)(1; 0; 0; 1; 1) 7�! (1; 1; 1) (1; 0; 0; 0; 0) 7�! (1; 0; 0)(1; 1; 0; 0; 1) 7�! (1; 1; 1) (0; 0; 0; 1; 1) 7�! (0; 1; 0)(1; 0; 0; 0; 1) 7�! (1; 1; 1) (0; 0; 0; 0; 1) 7�! (0; 1; 0)(1; 1; 0; 1; 0) 7�! (1; 1; 0) (0; 1; 0; 1; 0) 7�! (0; 0; 1)(1; 0; 0; 1; 0) 7�! (1; 1; 0) (0; 0; 0; 0; 0) 7�! (0; 0; 1)(0; 0; 0; 1; 0) 7�! (0; 1; 1) (0; 1; 0; 1; 1) 7�! (0; 0; 0)(0; 1; 0; 0; 0) 7�! (0; 1; 1) (0; 1; 0; 0; 1) 7�! (0; 0; 0)Table 2.2 �1 = 1(1; 1; 1; 1; 1) 7�! (1; 1; 1) (1; 1; 1; 1; 0) 7�! (1; 0; 0)(1; 1; 1; 0; 1) 7�! (1; 1; 1) (1; 0; 1; 1; 0) 7�! (1; 0; 0)(1; 0; 1; 1; 1) 7�! (1; 1; 1) (0; 1; 1; 1; 1) 7�! (0; 1; 0)(1; 0; 1; 0; 1) 7�! (1; 1; 1) (0; 1; 1; 0; 1) 7�! (0; 1; 0)(1; 1; 1; 0; 0) 7�! (1; 1; 0) (0; 1; 1; 1; 0) 7�! (0; 0; 1)(1; 0; 1; 0; 0) 7�! (1; 1; 0) (0; 0; 1; 0; 0) 7�! (0; 0; 1)(0; 1; 1; 0; 0) 7�! (0; 1; 1) (0; 0; 1; 1; 1) 7�! (0; 0; 0)(0; 0; 1; 1; 0) 7�! (0; 1; 1) (0; 0; 1; 0; 1) 7�! (0; 0; 0)Hene we haveTheorem 2.1 (Charaterisation Theorem.) Suppose ~R(x; y) is given by (2:1){(2:3),then
~R(x; y) 2

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
~HB;B ; for ( �m; �n; �1; �2; r2 � r1) 2 f(0; 0; �; �; 1);(0; 0; 0; 1; 0); (0; 1; 0; 0; 0)g~HB;B�1; for ( �m; �n; �1; �2; r2 � r1) 2( (0; 1; �; �; 1); (1; �; �; �; 1); (1; �; 1; 0; 0)(1; �; 0; 1; 0); (0; 1; 1; 0; 0); (0; 0; 1; 1; 0)~HB�1;B�1; for ( �m; �n; �1; �2; r2 � r1) 2 f(0; 1; 0; 1; 0); (0; 0; 0; 0; 0)g~HB�1;B�2; for ( �m; �n; �1; �2; r2 � r1) 2 ( (1; �; 1; 1; 0); (1; �; 0; 0; 0)(0; 1; 1; 1; 0); (0; 0; 1; 0; 0)) :From the theorem it an easily be seen that the haraterisation of ~R(x; y) is inde-pendent of r1 and r2 as long as r2�r1 is �xed, but it depends on the parameters 1 and



10 J.Q. TAN2 to a large extent even if 2 � 1 is �xed. In other words, if one keeps the geometrishape of the blok B unhanged by �xing r2 � r1 and 2 � 1, then Theorem 2.1 illus-trates that moving the blok B up or down within the range of �n;m does not a�etthe haraterisation of ~R(x; y), but a horizontal movement of the blok B may resultin a hange of the haraterisation of ~R(x; y). However if the movement is assumed tobe arried out one a row vertially or one a olumn horizontally, then a horizontalmovement by even times does not destroy the haraterization.Example 2.1. Let m = n = 10; 1 = 3; 2 = 7; r1 = 2; r2 = 8, then B = 105and ~R(x; y) 2 ~H105;104, but m = n = 10; 1 = 4; 2 = 8; r1 = 2; r2 = 8 results inB = 105 and ~R(x; y) 2 ~H104;104. However hoosing m = n = 10; 1 = 1; 2 = 5 (or1 = 5; 2 = 9); r1 = 2; r2 = 8 leads bak to B = 105 and ~R(x; y) 2 ~H105;104.Example 2.2. Let m = 8; n = 6; 1 = 2; 2 = 5; r1 = 1; r2 = 5, then B = 56 and~R(x; y) 2 ~H56;56, but m = 8; n = 6; 1 = 1; 2 = 4; r1 = 1; r2 = 5 results in B = 56 and~R(x; y) 2 ~H55;54.Furthermore from all 32 equivalent parameter lasses regarding ( �m; �n; �1; �2; r2 � r1)one may pik out those whih are prone to hanging the haraterisation of interpolant~R(x; y) one some ertain blok movement yields, they are(0; 0; 0; 1; 0); (0; 1; 0; 0; 0) for type (B=B)(0; 1; 1; 0; 0); (0; 0; 1; 1; 0) for type (B=B � 1)(0; 1; 0; 1; 0); (0; 0; 0; 0; 0) for type (B � 1=B � 1)(0; 1; 1; 1; 0); (0; 0; 1; 0; 0) for type (B � 1=B � 2): (2.26)It is not diÆult to observe that if the parameters of the interpolation set of points � isassoiated with one of the above lasses, then a horizontal movement of the blok by aolumn auses the exhanges of the haraterisation of ~R(x; y) between type (B=B�1)and type (B � 1=B � 1) (as illustrated by Example 2.1) or between type (B=B) andtype (B�1=B�2) (as illustrated by Example 2.2). A more areful observation revealsthat only the lasses with both �m = 0 and r2 � r1 = 0 appear in equation (2.26), whihimplies that the haraterisation of interpolant ~R(x; y) over � has some property oftopologial invariane, provided that at least one of the parameters m and r2 � r1 isodd. Based on this ground, eah of all other 24 equivalent paremeter lasses of the forms(1; �; �; �; �) and (0; �; �; �; 1) is said to be topologially invariable lass with respet toblok movements.We point out that the haraterisation theorem applies to the ase where interpo-lation is onsidered over retangular grids without blok. In fat, it may be regardedas the speial blok struture with 1 = n; 2 = n+1; and r2�r1 = 0. Then there existonly four possible equivalent lasses regarding the parameters m;n; 1; 2; r2 � r1, i.e.,(1; 0; 0; 1; 0); (0; 1; 1; 0; 0); (1; 1; 1; 0; 0); (0; 0; 0; 1; 0):We see ~R(x; y) 2 ~HB;B�1 for the �rst three lasses and ~R(x; y) 2 ~HB;B for the last lass,where B = (m+ 1)(n+ 1)� 1, therefore ~R(x; y) 2 ~H(m+1)(n+1)�1;2[((m+1)(n+1)�1)=2℄ , asasserted in [7℄ and [9℄.



Bivariate Rational Interpolants with Retangle-Hole-Struture 113. Uniqueness of BVRIHsFor the mesh shown in Fig.2.1, we an also onstrut another type of BVRIH~DR(x; y) = ~t0(x) + y � y0~t1(x) + � � �+ y � ym�1~tm(x) ; (3.1)where for i = 0; 1; � � � ; r1; r2; � � � ;m~ti(x) = ~di;0 + x� x0~di;1 + � � �+ x� xn�1~di;n (3.2)and for i = r1 + 1; � � � ; r2 � 1~ti(x) = ~di;0+x� x0~di;1 + � � �+ x� x1�1~di;1 + x� x1~di;2 + x� x2~di;2+1 + � � �+ x� xn�1~di;n : (3:3)As a diret onsequene of Theorem 2.1 we immediately haveTheorem 3.1. Suppose ~DR(x; y) is given by (3.1){(3.3), then
~DR(x; y) 2

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
~HB;B; for (�n; �m; �r1; �r2; 2 � 1) 2 f(0; 0; �; �; 1);(0; 0; 0; 1; 0); (0; 1; 0; 0; 0)g~HB;B�1; for (�n; �m; �r1; �r2; 2 � 1) 2( (0; 1; �; �; 1); (1; �; �; �; 1); (1; �; 1; 0; 0)(1; �; 0; 1; 0); (0; 1; 1; 0; 0); (0; 0; 1; 1; 0))~HB�1;B�1; for (�n; �m; �r1; �r2; 2 � 1) 2 f(0; 1; 0; 1; 0); (0; 0; 0; 0; 0)g~HB�1;B�2 for (�n; �m; �r1; �r2; 2 � 1) 2 ( (1; �; 1; 1; 0); (1; �; 0; 0; 0)(0; 1; 1; 1; 0); (0; 0; 1; 0; 0)) ;

where �r1 = mod2r1; �r2 = mod2r2 and 2 � 1 = mod2(2 � 1).Although both ~R(x; y) and ~DR(x; y) interpolate ~V over �, they may belong todi�erent rational types owing to the geometri struture of the blok. To �nd outthe ommon haraterisation of ~R(x; y) and ~DR(x; y) we extend the equivalent lasses( �m; �n; �1; �2; r2 � r1) to ( �m; �n; �1; �2; �r1; �r2). From Theorem 2.1 and Theorem 3.1 it isnot diÆult to proveTheorem 3.2. Suppose ~R(x; y) and ~DR(x; y) are given by (2.1){(2.3) and (3.1){(3.3) respetively and they interpolate ~V over �, then both ~R(x; y) and ~DR(x; y) arenormally of the same type (B=B) if( �m; �n; �1; �2; �r1; �r2) 2 � (0; 0; 0; 1; �; �); (0; 0; 1; 0; 0; 1); (0; 0; 1; 0; 1; 0)(0; 0; 0; 0; 0; 1); (0; 0; 1; 1; 0; 1) � ;~R(x; y) and ~DR(x; y) are normally of the same type (B=B � 1) if( �m; �n; �1; �2; �r1; �r2) 2



12 J.Q. TAN8>><>>: (1; 0; 0; 1; �; �); (1; 0; 1; 0; �; �); (�; 1; 1; 0; �; �); (�; 1; 0; 0; 1; 0)(�; 1; 1; 1; 1; 0); (�; 1; 0; 0; 0; 1); (�; 1; 1; 1; 0; 1); (1; 1; 0; 1; �; �)(1; 0; 0; 0; 1; 0); (1; 0; 1; 1; 1; 0); (0; 0; 1; 1; 1; 1); (0; 1; 0; 1; 0; 1)(0; 1; 0; 1; 1; 0) 9>>=>>; ;~R(x; y) and ~DR(x; y) are normally of the same type (B � 1=B � 1) if( �m; �n; �1; �2; �r1; �r2) 2 f(0; 0; 0; 0; 0; 0)gand ~R(x; y) and ~DR(x; y) are normally of the same type (B � 1=B � 2) if( �m; �n; �1; �2; �r1; �r2) 2 � (�; 1; 1; 1; 0; 0); (�; 1; 1; 1; 1; 1); (1; �; 0; 0; 1; 1)(1; 1; 0; 0; 0; 0); (1; 0; 1; 1; 1; 1) � ;where B = (m+ 1)(n+ 1)� (2 � 1 � 1)(r2 � r1 � 1)� 1.Theorem 3.3. Suppose ~R(x; y) and ~DR(x; y) are given by (2.1){(2.3) and (3.1){(3.3) respetively and they interpolate ~V over �, then ~R(x; y) 2 ~HB;B while ~DR(x; y) 2~HB�1;B�2 if( �m; �n; �1; �2; �r1; �r2) 2 f(0; 0; 0; 0; 1; 0); (0; 0; 1; 1; 1; 0); (0; 1; 0; 0; 0; 0); (0; 1; 0; 0; 1; 1)g;~R(x; y) 2 ~HB;B�1 while ~DR(x; y) 2 ~HB�1;B�1 if( �m; �n; �1; �2; �r1; �r2) 2 f(1; 0; 0; 0; 0; 1); (0; 0; 1; 1; 0; 0); (1; 0; 1; 1; 0; 1)g;~R(x; y) 2 ~HB�1;B�1 while ~DR(x; y) 2 ~HB;B�1 if( �m; �n; �1; �2; �r1; �r2) 2 f(0; 1; 0; 1; 0; 0); (0; 0; 0; 0; 1; 1); (0; 1; 0; 1; 1; 1)gand ~R(x; y) 2 ~HB�1;B�2 while ~DR(x; y) 2 ~HB;B if( �m; �n; �1; �2; �r1; �r2) 2 f(0; 0; 1; 0; 0; 0); (0; 0; 1; 0; 1; 1); (1; 0; 0; 0; 0; 0); (1; 0; 1; 1; 0; 0)g;where B = (m+ 1)(n+ 1)� (2 � 1 � 1)(r2 � r1 � 1)� 1.Theorem 3.2 and Theorem 3.3 show that among all 64 equivalent lasses with regardto ( �m; �n; �1; �2; �r1; �r2) there are 50 allowing ~R(x; y) and ~DR(x; y) to possess the samerational type (i.e., 8 lasses for (B=B) type, 33 lasses for (B=B � 1) type, one lassfor (B � 1=B � 1) type and 8 lasses for (B � 1=B � 2) type) and the left 14 lassesare divided into four groups swithing the haraterisation of ~R(x; y) and ~DR(x; y)either between (B=B) type and (B � 1=B � 2) type or between (B=B � 1) type and(B � 1=B � 1) type.Even if ~R(x; y) and ~DR(x; y) are of the same rational type, we an by no meansome to the onlusion ~R(x; y) � ~DR(x; y). However there holds the followingTheorem 3.4. suppose ~R(x; y) and ~DR(x; y) are de�ned in (2.1){(2.3) and (3.1){(3.3) respetively and they interpolate ~V over �. If the blok appears neither on the leftboundary nor on the upper boundary, then ~R(x; y) and ~DR(x; y) satisfy(a) ~R(x0; y) � ~DR(x0; y)(b) ~R(x; y0) � ~DR(x; y0).



Bivariate Rational Interpolants with Retangle-Hole-Struture 13Proof. From (2.1){(2.3) and (3.1){(3.3) we have~R(x0; y) � ~s0(y) = ~b0;0 + y � y0~b0;1 + � � �+ y � ym�1~b0;mand ~DR(x0; y) = ~t0(x0) + y � y0~t1(x0) + � � �+ y � ym�1~tm(x0) ;therefore from ~R(x0; yj) = ~DR(x0; yj), j = 0; 1; � � � ;m, it follows ~R(x0; y) � ~DR(x0; y).One an similarly prove (b).Theorem 3.5. Suppose ~R(x; y) and ~DR(x; y) are given by (2.1){(2.3) and (3.1){(3.3) respetively and they both interpolate ~V over the mesh �, then ~R(x; y) is uniquein the sense that it is independent of the ordering of the elements of every olumn in� while ~DR(x; y) is unique in the sense that it is independent of the ordering of theelements of every row in �.Proof. Denote by ~U(x; y) another BVRIH whih di�ers from ~R(x; y) only in branhes.We might as well suppose that the blok does not lie on any boundary and hene maywrite ~R(x; y) = ~s0(y) + x� x0~s1(y) + � � �+ x� xn�1~sn(y) ;~U(x; y) = ~v0(y) + x� x0~v1(y) + � � �+ x� xn�1~vn(y) ;where ~si(y) = ~bi;0 + y � y0~bi;1 + � � �+ y � ym�1~bi;m ;~vi(y) = ~ei;i0 + y � y0~ei;i1 + � � �+ y � ym�1~ei;imwith i0; i1; � � � ; im being a reordering of 0; 1; � � � ;m for i = 0; 1; � � � ; 1; 2; 2 + 1; � � � ; nand~si(y) = ~bi;0+ y � y0~bi;1 + � � �+ y � yr1�1~bi;r1 + y � yr1~bi;r2 + y � yr2~bi;r2+1 + � � �+ y � ym�1~bi;m ;~vi(y) = ~ei;i0+ y � y0~ei;i1 + � � �+ y � yr1�1~ei;ir1 + y � yr1~ei;ir2 + y � yr2~ei;ir2+1 + � � �+ y � ym�1~ei;imwith i0; i1; � � � ; ir1 ; ir2 ; � � � ; im being a reordering of 0; 1; � � �, r1; r2; � � � ;m for i = 1 +1; � � � ; 2 � 1. From ~R(x0; yj) = ~DR(x0; yj); j = 0; 1; � � � ;mit follows ~s0(y) � ~v0(y):Assume ~si(y) � ~vi(y); i = 0; 1; � � � ; k � 1 (k � n);
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