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ON CONVERGENCE OF NOUREIN ITERATIONS FOR
SIMULTANEOUS FINDING ALL ZEROS OF A POLYNOMIAL*"

Shi-ming Zheng Zheng-da Huang
(Department of Mathematics, Xizi Campus, Zhejiang University, Hangzhou 310028, China)

Abstract

In this paper, we give the first estimation conditions for Nourein iterations for
simultaneous finding all zeros of a polynomial under which the iteration processes
are guaranteed to converge.
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tion, Convergence.

1. Introduction

Suppose that

n

n
f&)=>at" " =J[(t-&), a =1 (1)
i=0 j=1

is a monic polynomial of degree n with complex coefficients. Some authors have studied
the parallel iterations without derivatives for simultaneous finding all zeros &1,&s,- -+, &,
of f(t) (see [1]-[10],[13], [14], [16]). The famous one is Durand-Kerner iteration with
the form

xf“zxf—uf i=12,---,n, k=0,1,---, (2)

where z¥ is the k-th approximation of &;(1 < i < n) and

which does not require any information about the derivatives (see[3], [4], [6], [10],
[14]). However, formula (2) appeared for the first time in Weierstrass’ work [13],p.258]
connected with a constructive proof of the fundamental theorem of algebra. The con-
vergence of (2) is quadratic if §; # &; for ¢ # j, which was first proved by K. Dochev
[3] and later by other authors.

* Received July 2, 1996.
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The other two iterations without derivatives are of the form

uk
oyt =af - - i=1,2,n, k=01, (4)
u.
J
L+ 5
j# Ly = Xy
and
uk
ah Tl = gk — — i=1,2---,n, k=01, (5)
I+ ——
fZioE ot

The iteration formula (4) was derived by Borsch-Supan [1], and later by Nourein [7],
and (5) by Nourein [8]. As in Carstensen & Petkovic [2], (4) and (5) are both called
Nourein iterations, and the order of convergence of them is three and four, respectively,
iffi 755] for 4 75]

The concept of “point estimation”, which gives the convergence criteria for iterations
from data at initial points, was first proposed by S. Smale[11], and has attracted many
authors (see, for example, [10], [12], [15] and references therein). In [16], the first author
of this paper gave the conditions of the initials for the Durand-Kerner iteration under
which the iteration (2) is guaranteed to converge to the zeros of f(¢), which is actually
a point estimation convergence criterion.

In this paper we consider the point estimation for Nourein iterations (4) and (5).
Our Theorems are different from that in [2], where a local convergence theorem is given,
in which the conditions of convergence are concerning with the zeros of the polynomial.
However, the zeros are unknown in advance. Therefore, the conditions are unable to
verify. But all conditions in the following theorems depend only on the initials and can
be verified.

2. Main Results and A Numerical Example

For purposes of brevity, all formulas, sums and products (such as in (2), (3), (4)
and (5) above) involving indices 4,j and v will assume the range 1,2,---,n and the
iterative index k = 0,1, - - -, unless explicitly stated otherwise. Throughout this paper
we will assume that n > 3.

Let
e = g e, B = bt — b7 = B = gy
h) = o )= s
918 =3 En(;i)isp e
(n —1)%s3 1+ s(1— ) 2,

g2(s) = i

1 —(n+2)s + 2s%)?

1 —(n+2)s+2s?
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ha(s) = (1 = 2s¢x(s))ga(s) (A=1,2).
Our main results are contained in the following tow theorems.

(0)

[

Theorem 1. Suppose that the initials x
iteration (4) is well defined,

st =1,---,n, satisfy so < €, then the

. k _
w7 =

and b1(51)
ko P1SK)
|€Z $Z 1 _ hl(sk)ék
$1(s0g1(s0) 7 )L — 2501 (s0)Fg1(s0) T *
1 —[1 — 2sp¢1(s0)]g1(s0)3"

(0)

[

IN

IN

5o.

Theorem 2. Suppose that the initials x
iteration (5) is well defined,

st =1,---,n, satisfy sp < €, then the
lim ¥ = ¢
k—o0

and

P2(sk)
1 — hg(sk)

k
_ #a(s092(50) 7)1 = 250¢2(s0) ga(s0) T
B 1 — [1 = 2s0¢2(s0)]g2(s0) "~

Remark 1. The bounds in Theorems 1 and 2, which depend on the initial data,
behave as g1 (s0)%" and g2(s0)*", that is |&i—ak| ~ g1(s0)®" for (4) and |&i—ak| ~ g2(s0)%"
for (5). These facts indicate that the order of convergence of the iteration methods (4)
and (5) is three and four, respectively.

Example. Take z\” = 2.035 + 0.03i, z{”) = 1.035 + 0.03i, 2\ = —0.975 —
0.03i, ¥ = 0.03 + 1.035i, 3" = —0.03 — 0.975i, 2 = —1.035 + 2.035i, 2\¥ =
—1.035 — 1.975¢ as initial approximations to the zeros of polynomial f(z) = 7 + 25 —
10z* — 23 — 2 + 10. We obtain By = 1,6y = 0.04944,s9 = 0.04944,¢, = 0.0625.
Therefore, according to Theorems 1 and 2, both the iteration processes (4) and (5) are

convergent starting from xl(o) (1<i<T).

& — ¥

IN

Ok

607

3. Some Lemmas

To prove Theorems 1 and 2 we first give some Lemmas.

Lemma 1. The functions gx(t), ¢a(t), hr(t), defined in the previous section, are
increasing continuous functions on interval [0, €y,).

Lemma 2. Let ¢ — w(zx) be a real monotonically increasing functions on the
interval [0, a] with some a > 0, and let z(z) = z"w(x)(r =1,2,---). Then

z(cx) < "z(x) VYee|0,1], z€]0,al] (6)

The proofs of Lemmas 1 and 2 are elementary and, for this reason, they are omitted.
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Lemma 3. If s € [0,¢,), then g\(s) < 1(A=1,2).
Proof. Since the functions g, (s) and g2(s) are monotonically on the interval [0, €, ) (see

Lemma 1), we have

gr(s) < max gx(s) < gx(en).

s€[0,en)
For ¢, (s) we find
n—1 1
— 1 n—2
alen) = Gt o7
Since
n—1 < 1
(n+1)2 = 8
and ) )
1 n—2 1 n+1
(+n+1) <(+n+1) <e

we obtain g(s) < g ~0.34 < L.
Considering g2(s) we write ga2(€en) = a(n)b(n), where

(n—1)%(n +1) 2n +1 2

o) = Sezynrnz = o 1o

The sequence{b(n)} is monotonically increasing so that b(n) < lim,_,. b(n) = e. Since

we estimate a(n) < Z so that ga(s) < 2 ~ 0.418 < 1.
Lemma 4. Let the sequence of approximation {xf}zozo be defined by an iteration
formula of the form

k
]

"ogi(al)

~—

where q;(z) is a real or complex function which does not vanish for any :ch If klim xf =
— 00

z;(i=1,---,n), then z} are the zeros of the polynomial f(t).

Proof. Letting k — oo in the above iteration formula for ¢ € {1,---,n}, we obtain
e _ o f(@))
xi = .'I),L' — )
qi(z})

wherefrom f(z]) = 0. Therefore, z} is a zero of the polynomial f.
Remark 2. In particular, if

!

gi(z) = (H(m — xf)) . that is, q(z¥) = 1_[(.%5C — xf),
j=1

r=azk J#i

2
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then we get the Durand-Kerner method (2) with u¥ = f(2¥)/q;(x¥). Formulae (4) and
(5) have also the form of the iteration formula given in Lemma 4. Let us note that
lim ¥ = 2} in (2), (4) and (5) implies lim &}, = 0.
k—o00 k—o00

Lemma 5. Let {zF}3° be the sequence of approzimations generated by (4) or (5).
If s €[0,€p), then

| — 2k < o (sk)0k, (A =1,2) (7)
and
gt — wf + uf| < P(sk) O, (8)

-1
where P(s) = (?7)8
—ns
Proof. Let us prove first the inequality (7) for the method (4) (A = 1). From (4)
we obtain

T N S S | S | ST
' e uk | T 1= (n=1)0B,  1—(n—1)sy '
1+Zxk_x/?
P R

In the case of the improved Nourein’s method (5) we arrange (5) in the form

k

k+1 k Uy
€T = Tr, —
N 77 o)
=
rh _ gk
i J
and estimate
k
u" O 1— sy
|$?+1_$§| < kl k k < (n—1)s —1_ Ok = $2(5k) -
Ly u; (xi—xj 1_ k nsy,
il =l (f —af) L= s

which is the inequality (7) for A = 2.

To prove (8) we first arrange the expression for xf“ —2F + b,

up/(zf — o)
k Zi 1 —ul/(zh — k)
u
P ok k= L _mlmuwlene)
L+ — u;C Pl Y — S
j# T — U — T iZil—ul/(zk —x;“)
Hence
(n —1)sy
l—Sk (n_l)

k+1 k k
i T Fui| < 1_(n—l)s/c k 1 —nsg
1-— Sk

This completes the proof of (8).
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Lemma 6. Let y* = z¥ in the case of the method (4) and y¥ = z¥ — u¥ for the
method (5). Then

— J ] J
u' f— x J— x, A J— x + S . 9

Proof. Using the introduced quantity y¥, both methods (4) and (5) can be repre-
sented by unique formula,

k
k 1 k U
+ =azf — [}
1+ = s
izi Vi
Hence
—— +1 Y g+ 1=0. (10)
€Z; i VE= Yy —
The polynomial f(¢) is identical to its Lagrangean interpolation polynomial for the
points z¥, ..., zF  that is
n n n
k k
:Zuth—x)—l—Ht—x :[Zt +1] [T¢-=h. ()
J=1 v#j Jj= Jj=1 Jj=1
Combining (10) and (11) we obtain for ¢ = ¥
k41 k+1 _ _k uj uy k+1 _ _k
f(xz ):(xz _xz)Z[ k+1 L k—xk] ( i xj)
e T T Y T G
y (12)
= (@ - - )Y [L(h+ o)
l i (& =)y - ) G
Dividing both sides of (12) by [T (z¥*! — xf"'l) and taking into account that
J#i
k+1 k k+1 k
k+1 _  k+1 — L+ k+1 _ _k+1 (J #19),
i Ty i Ly

we obtain (9).
Lemma 7. If the sequence of approximations {xf}zozo is generated by (4) or (5)
and if sp < €, then
sk < €n, (13)

and
Okt1 < ha(sk)0k,  sk41 < gal(sk)sk (A =1,2) (14)

hold for all k =0,1,---.
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Proof. We will prove this lemma only for the method (5) since the proof for (4) is
similar and goes in a similar way. We will use the complete induction. Let us assume
that (13) holds for £ = m, we obtain the estimates

a7t = ) < Ga(sm)0m, |27 = +u| < P(sm)0m,

1 1
- |$;n+1 - $T| > B ¢2(3WL)5m = B—(l - 3m¢2(3m))7

1
o —ui — o 2 |2 — 27| = 'l 2 = (= sm),

2 — ) > [l — o

1
o = 2 > 2 — 2 = 2 = | = [ = ] 2 o (1 - 2smba(sm)-

! B,

In view of those bounds, from (9) for k£ = m we find

" < o — 2 e — uf - 2t
|u]'] 't — 7|
; m+1—$9n||$z~ uzm,_xgn ]1_[#7/( |x?'l+1_x;7l+l|)
< ¢2(5m)¢(3m)53n(n - 1)5m (1 + 5m¢2(5m) )
(1 - 3m¢2(5m))(1 - Sm) i 1- 23m¢2(3m)

¢2(5m)¢(3m)5%1(n - 1)5m Smgbg(sm) n—1
= (1 - 3m¢2(5m))(1 - Sm) (1 * 1- 25m¢2(3m))

_ _9s s ¢2(3m)¢(3m)312n(n - 1)6m 3m¢2(3m) n—2

= (1= Zomaom) (15, P ) O F T o))

= (n—1)%s;, sm(l — sm) n—2

= (U= 2smbaom) T e 4 22 (1+ T r— 2S%L) O
= (1 = 28m¢2(s5m))g2(8m)0m = h2(sm)dm,

(1+

which gives
6m+1 S hg(Sm)5m. (15)

Under the above assumption s, < €, and by Lemma 3, we get g2(s,,) < 1. Fur-
thermore, it is easy to prove the inequality 2s,,¢2(s,,) < 1, which implies ho(s,,) =
(1 = 28md2(sm))g2(sm) < 1.

Having in mind the inequality (7) for &k = m, we find

e i e L e e R e
1 (1 — 262(5m)0mBum) = 1 (1 —28mp2(8m))
— (1 = 208 =5 U= 218 ’
= " Bm B

so that

1 B
By+1 = max m

< .
i | — 2T T 1 = 282 (sm)

(16)
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According to (15), (16), the inequality g2(s,,) < 1 and the assumption s, < €,, we
finally get

hQ(Sm)Bmém
=B ST o i)
Sm+1 mOmt1 < 1 — 28 p2(8m)

Obviously, the above consideration can be performed for £ = 0 in the quite same way

= g2(Sm)S$m < Sm < €n.

so that the inequality (13) of Lemma 7 follows by induction. Besides, since s, 11 < €,
and g2(Sm+1) < g2(sm) < 1, we derive by the same procedure the inequality $,,19 <
92(Sm+1)Sm+1 < Sm < €y, which proves (14).

4. Proofs of Theorems

The proofs of Theorems 1 and 2 are similar and they are based on the previous
lemmas given for both methods (4) and (5). We will only prove Theorem 2 because
the proof of Theorem 1 is similar and uses the same procedure.

Proof of Theorem 2. The functions hy(s) and go(s) satisfy the conditions of
Lemma 2 (with r = 3), so that we have by (6)

92(0) = 0,h3(0) = 0, ga(cs) < Aga(s), halcs) < Ahy(s), Vee[0,1] s €0,e,). (17)

Since g2(s) and hg(s) are increasing functions on [0,e,) (Lemma 1) and the sequence
{sk} is monotonically decreasing and bounded by ¢, (Lemma 7), for all k = 0,1, -- we

have the following inequalities
92(sk+1) < g2(sk) <1, ha(sky1) < ha(sk) <1 (1)
Skr1 < g2(sk)sk < Sk, Okg1 < ha(sk)dr < -

The last inequality follows according to the proof of Lemma, 7 and the inequality s, < €,
forall k =0,1,---.
Let us note that if sp < €, then the equality

1 B
Bypy1 = max =

< 7
JFi |x;~“+1 - x;n| T 1= 25,02(5m)

derived in the proof of Lemma, 7, is valid for all £ = 0,1, - - -, which yields that xf“ are
well defined for 1 <i<nand k=0,1---.
Define hy = ha(sk), gr = g2(sk), then the inequalities

b1 < gihi, grr1 < gh

follow from (17) and (18), which yields

4P 1 4P —1
4P 1 4p —3 P —3
Piip < hkgy 5 Gkip < Gk > Oktp < Okhhge ® s Skap < SkY, ° (19)

for p = 0,1,...,00 by induction method. By using (19) it is easy to verify that
{0k}, {sk}, {hx}, {gr} are all nonincreasing sequences with g < 1 and hy < 1. In
addition, Af < 1 and lim hf =0, so that for every k,m > 0 we have

p—00
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k+m

25 _Zap+k<5kzhk_1_hk.

o0
Therefore Z 0 converges and
k=0

o
li = < 2
Jmde=0 2 Sy (20)

Then, taking into account that ¢3(s) is monotonically increasing on [0,€,) (Lemma 1),
it follows

m—1 [e%e)
2t — k) = | 3 @ =) <Y ba(sk1) 0k
p=0 p=0
21
> $2(sk)0k (21)
< Ga(sk) Y Okap < s
= 1— hy

which shows that {z¥}%° is a Cauchy sequence by means of (20) and the definition of
¢2(s). Furthermore, taking & = 0 in (21) we obtain |z — 29| < ¢2(s0)d0/(1 — hg) which
means that all z/"(m = 0, 1,---), produced by (5), lie in the disk D; = {z : |z — 2?] <
$2(s0)do/(1 — ho)}. Since the metric subspace D; is complete (as a closed set in C),
the Cauchy sequence {zF}2° ; converges to a unique limit z}. According to Lemma 4
this limit is a zero of the polynomial f(t), that is

lim xk &.
k—o00
Letting m — oo in (21), we obtain the first formula in Theorem 2. Exchanging the
position of k£ and p in (19) and letting p = 0, we obtain the second formula in Theorem

h
2 because of — =1 — 250¢2(s0), which completes the proof of Theorem 2.
90
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