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Abstract

This paper proves that a simplified Armijo-type line search can ensure the global con-
vergences of the Fletcher-Reeves method and the Polak-Ribiére-Polyak method for un-
constrained optimization. Although it seems not possible to verify that the PRP method
using the generalized Armijo line search converges globally for generally problems, it can
be shown that in this case the PRP method always solves uniformly convex problems.
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1. Introduction

Consider the unconstrained optimization problem,

min f(z), (1.1)

where f is smooth and its gradient g is available. Conjugate gradient methods are highly useful
for solving (1.1) especially if n is large. They are iterative methods of the form

Tp+r1 = @k + agdy, (1.2)
_ — 9k, for k = ]_,
e = { —gk + Brdr—1,  for k>2. (1.3)

Here qy, is a stepsize obtained by a 1-dimensional line search and [ is a scalar. The choice
of B is such that (1.2)—(1.3) reduces to the linear conjugate gradient method in the case
when f is a strictly convex quadratic and ¢y, is the exact 1-dimensional minimizer. The first
nonlinear conjugate gradient method is presented by Fletcher and Reeves [11] in 1964, and has
the following formula for (3y:

= lgell?/Nlge—1 1%, (1.4)
where and below we use || - || for the two norm. Another well-known formula for g is
L = g (gk — gr—1)/Nlgk—1 117, (1.5)

which is proposed by Polak and Ribiére [22] and Polyak [23] in 1969 independently. For sim-
plicity, we call the methods (1.2)—(1.3) where 3, are given by (1.4) and (1.5) as the FR method
and the PRP method respectively. See [6, 9, 10, 15, 18] for some other choices for 3. Nice
reviews of the nonlinear conjugate gradient method can be seen in [20] and [21]. In this paper,
our attention will be paid to the FR method and the PRP method only.
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The FR method has been studied in many references, including [1, 5, 7, 8, 12, 19, 24, 27, 28,
30]. It is generally believed that the FR method has nice global convergence properties though
it performs often much slower than the PRP method. Recent results in [8] and [28] show that,
if the objective function satisfies Assumption 2.1 and has bounded level sets, and if each search
direction is a descent direction, then the FR method using the standard Wolfe line search or
the standard Armijo line search converges in the sense that

liminf ||gx|| = 0. (1.6)
k—o00

(see [29] and [2] for the two line searches.) As compared with the FR method, despite its good
numerical performances, the PRP method needs not converge to any stationary point even if
the line search is exact (see [24]). In [12], Gilbert and Nocedal considered a suggestion in [25]
of setting

Br = {ﬂllc;)Rpa 0}7 (L.7)

and proved that such a modification results in (1.6). However, since as pointed out in [12],
the value of BFRF can be negative even in the case of strongly convex functions and exact
line searches, Grippo and Lucidi [14] designed an Armijo-type line search for the PRP method,
and showed that under some mild assumptions on f, the PRP method using the line search
converges in the sense that

lim ||gx|| = 0. (1.8)
k—o0

The line search of Grippo and Lucidi is somewhat restrictive and complicated (see Algorithm
1 in [14]). Starting with an initial stepsize in the interval [p; Ay, p2Ag], where 0 < p; < p2 and
Ay, = |gf'dr|/||dk]|?, their line search multiplies the old trial stepsize by a constant in (0,1) until

the vectors zy41 = z + agdy and dy11 = — g1 + B d), satisfy the following two condtions:
frr < fr —yaglldel? (1.9)

and
—02llgk+1l1* < gir1dirr < —0ullgrall®, (1.10)

where v > 0, 0 < §; < 1 and d2 > 1. Condition (1.9) is the basis of the line search techniques
proposed in [17] and [13], in connection with no-derivative methods for unconstrainded opti-
mization. Since one would usually be satisfied with any stationary point in real computations,
in which case (1.6) and (1.8) can be regarded as the same, we wonder whether the line search
of Grippo and Lucidi could be relaxed or not while only preserving (1.6) for the PRP method.
Another motivation of this paper is that, since the FR method is generally believed to have bet-
ter global convergence properties than the PRP method, we doubt if the FR method converges
globally in the same case.

For the above reasons, we will study the FR method and the PRP method under a simplified
Armijo-type line search. For the purpose of theoretical analyses, the generalized line search
technique in [4] will be used in this paper to deal with the case when a descent search direction
is not produced (see Section 2). From Theorems 3.3 and 3.4, one can see that the convergence
properties of the FR method and the PRP method under the simplified Armijo-type line search
are very satisfactory. Although it seems not possible to prove the convergence of the PRP
method using the generalized Armijo line search for generally problems, we are able to show
that in this case the PRP method converges to the unique minimizer if the objective function
is uniformly convex. Some discussion is made in the last section.

2. Preliminaries

Assume that the objective function satisfies the following assumption.
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Assumption 2.1. (i) f is bounded below in the level set L = {x € R™ : f(z) < f(x1)}; (i)
In some neighborhood N of L, f is differentiable and its gradient g is Lipschitz continuous in
N, namely, there exists a constant L > 0 such that

llg(z) — g(z)]| < L||lz — ||, for any z, & € N. (2.1)

Supposing that dj, is the k-th direction produced by any method in the form (1.2)—(1.3), we
consider a generalized line search, as described as follows.
Line Search (A). Given A € (0,1) and § > 0. Determine the smallest integer m > 0 such
that, if one defines
oy, = sign (—glFdp) \™, (2.2)

then
flan + ondy) — fr < —dagl|di . (2.3)

If gl'd; < 0, the above line search is one of the line search proposed in [17] and [13]. If
grdr > 0, line search (A) takes a negative stepsize along dj,. The third case is that dj is
orthogonal to g, in which aj = 0 is accepted and as a result, the next direction dj; produced
by any method in the form (1.2)-(1.3) is a descent direction. Under Assumption 2.1 on f, we
have the following lemma for line search (A).

Lemma 2.2. Suppose that x1 is a starting point for which Assumption 2.1 holds. Consider
any method in the form (1.2), where dy. is an arbitrary direction and «y, is obtained by line
search (A). Then if denoting sy = xp+1 — Tk, there exists some constant M > 0 such that

D llswll® < M. (2.4)

E>1

Further, if denoting N1 (k) and Na(k) as the sets of all integers i from 1 to k for which |a;| =1
and |a;| € [0,1) respectively, we have that

Jim 0 [l < oo (2:5)
iEN1(I€)
and ( 7, 2
. 9y Gk
1 . 2.
Jm D) AR (26)
Na(k)

Proof. Summing (2.3) for all &k, we get that

52 Iskl1> < f1 = fuin, (2.7)
k>1
where
fmin = rwneuﬁl fx). (2.8)

Thus (2.4) holds with M = (f1 — fmin)/d. For every k, if |ay| € (0,1), the line search implies
that
f(iL“k + Oékdk) - fk S —6ai||dk||z (29)

and
f(iL“k + Ailakdk) — fr > —5)\72ai||dk||2. (210)



542 Y.H. DAI
It follows from (2.10) that
f(iL“k + Gakdk) - flc = —602ai||dk||2 (2].].)

for some @ € [1, \"!]. Define f € (0, A\"!] is the lease 6 satisfying (2.11). We have by the mean
value theorem and (2.1) that

1
f(xk + eakdk) —fr = / g(xk + teakdk)T(lgakdk)dt
0

1
Gakg,{dk + Oy, / [g(ﬂ?k + t0akdk) — gk]Tdkdt
0
- 1.~ . .
< foggldy + §L92ai||dk||2. (2.12)

Since agg] dr, < 0 and < A7, we can get from (2.11) and (2.12) that

g4 di|
lldel?’

o] > ¢ (2.13)

where ¢ = 2A/(L + 2J). (2.13) also holds if @y = 0. Thus by (2.4) and the definitions of
N;(k):i=1,2,(2.5) and (2.6) hold. This completes our proof.
In this paper, we also concern ourselves with the generalized Armijo line search.
Line Search (B). Given A € (0,1) and 6 € (0,1). Determine the smallest integer m > 0
such that, if one defines
ay, = sign (—gldp) N7, (2.14)

then
f(:ck + akdk) — i < 5akg,?dk. (2.15)

Similarly to [3], we have the following lemma for the generalized Armijo line search.
Lemma 2.3. Suppose that x1 is a starting point for which Assumption 2.1 holds. Consider

any method in the form (1.2), where dy, is an arbitrary direction and «y, is obtained by line
search (A). Then for every k, we have that either

ferr — fr < —mlgi d (2.16)
or - )
d
Jr+1 — fr < —n2%, (2.17)

where 1, and 12 are some positive constants.
Proof. For every k, if |ay| € (0,1), we have that
fl@r + andy) = fir < dongy di (2.18)

and
f(:l?k + A_lakdk) — flc > 5A_1akggdk. (219)

In this case, similarly to the proof of (2.13) in Lemma 2.2, we can use (2.19), (2.1) and the
mean value theorem to prove that
|alc| ¢ |g]?dk|
~ el

(2.20)
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where ¢ = A(1—0)/L. Therefore we have either (2.16) holds with n; = d or (2.17) with s = dc.

3. Main Results

Suppose that g # 0 for all k for otherwise a stationary point has been found. Also suppose
that dj, # 0 for all k because it follows from dj, = 0 and (1.3) that dg4+1 = —gr+1. Then the
method either takes infinite steepest descent steps and hence gives (1.6) or can be regarded to
start at xz,,, where k is the largest k such that dj, = 0.

Lemma 3.1. For the FR method (1.2), (1.8) and (1.4), if denoting

\|d|? —gi di
= and = > (3.1)
llgell* llgxIl?
we have for all k > 1,
k 2
th< Y i (3:2)
2 Tgil
and . i
2
r; 1 1
> - (3.3)
20 212 Tl
Proof. At first, we prove that
k k
1 27"i
ty = — + (3.4)
2 gt 2 TP
for all k > 1. Since d; = —¢i, (3.2) holds for k = 1. For ¢ > 2, it follows from (1.3) that
di + gi = Bid;i—1. (3.5)
Squaring both sides of the above equation, we get that
il = —llgill* — 29 di + 67 l|di—1 | (3.6)
Dividing (3.6) by ||gx||* and using (1.4) and (3.1),
1 27“,'
ti=tic1 — —— + ——. 3.7
ST el 0

Summing this for ¢ = 2,...,k and noting t; = 1/||g1||* and 71 = 1, we see that (3.4) holds for
k > 2. Thus (3.4) holds for all & > 1.

Since (1 —r;)? > 0 and hence r? > 2r; — 1, (3.2) follows from (3.4). Noting that t; > 0,
(3.4) also implies that

u 1 oo
5 <2) ——. (3.8)
; llgill? ; llgill*

Since (1 — 2r;)? > 0 and hence 4r? > 4r; — 1, it follows that

o2 B Eoog Eoog
L (3

L 2 LT T LT 2 = Tl 39

i—1 19 o1 19 i—1 19 i=1

llg:ll>

Therefore (3.3) holds, which concludes the proof.
The following lemma is derived from [26].
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Lemma 3.2. Suppose that {a;} and {b;} are positive number sequences. Then if

Zak = 00 (3.10)
E>1
and for all k> 1,
k
br < c1 +022ai, (3].].)
i=1

where ¢1 and co are positive constants, we have that

> ap /b = . (3.12)

k>1

Proof. (3.10) implies that for any fixed k,

k+1
li ; = 00. .
Jim ’Z a; = 00 (3.13)
i=k+1
It follows from (3.11) that
k+1 k+l k+l
Do oai/bi> > aif(a+e ) a). (3.14)
i=k+1 i=k+1 j=1

Letting | — oo in (3.14) and noticing (3.13), we have that

K+l
li i/ bi . .
Jim > aifbi>1/c (3.15)
i=k+1
Since k in (3.15) is arbitrary, (3.12) holds.
Now we are able to prove the convergence of the FR method using line search (A) under
Assumption 2.1 on the objective function.

Theorem 3.3. Suppose that x1 is a starting point for which Assumption 2.1 holds. Con-
sider the FR method (1.2), (1.3) and (1.4), where the stepsize ay, is obtained by line search
(A). Then we have that

liminf ||gx|| = 0. (3.16)
k—o00

Proof. Since Lemma 2.2 holds, we have by (2.4) and the Cauchy inequality that

k
D llsell <
i=1

The Lipschitz condition (2.1) and (1.2) give that

k
kY llsll> < VME. (3.17)
i=1

gkl < llgrll + Ll sl|- (3.18)

Combining (3.17) and (3.18), we have that

1
2 ol (3.19)
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which with (3.3) indicates that

Z = (3.20)
2
2 ||gk||
Suppose that (3.16) is not true. Then there exists a constant 7 > 0 such that
llgrl| > 7, forall k> 1. (3.21)
Then it follows from this and (3.2) that
L
= 3.22
AN &2
Besides it, we have by using |gf di| < ||g||||dk||, (2.5) and (3.21) that
r2
li 2
kg]go ) Z llgill* > (329
1EN1 (k)
which with (3.20) implies that
2
T
li — = .24
o 2l = (324
1EN2(k)
and for all large k,
Foog? r2
=<2 - 3.25
2Tl <2 2 Tl (3:29)
2(k)
Thus by (3.22),(3.24) and (3.25), we can apply Lemma 3.2 to get that
) r?
kl;rr;o Z 7 = (3.26)
. (2

The above relation contradicts (2.6). Therefore we have that liminf ||g|| = 0.
The convergence of the PRP method using line search (A) for generally problems can be
deduced as one corollary of Theorem 3.3 to some extent, as described as follows.

Theorem 3.4. Suppose that z1 is a starting point for which Assumption 2.1 holds. Con-
sider the PRP method (1.2), (1.3) and (1.5), where the stepsize oy, is obtained by line search
(A). Then we have that liminf ||gx|| = 0.

Proof. We proceed by contradiction and assume that (3.21) holds. (2.4) implies that

lim ||sg|| =0 (3.27)
k—o0

which with (2.1) and (3.21) shows that for all large &,

L 2
|ﬁkpRP| < ||gk+1|| 2||S]€|| < ||gk+1|2| kFR' (328)
k k

Since (3.2) and (3.3) still hold for any method (1.2)-(1.3) with G such that

1Bk < B (3.29)
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for all large k, we can prove (3.16) similarly to Theorem 3.3. (3.16) contradicts (3.21), which
indicates that liminf ||gx|| = 0.

Note that the family of the methods (1.2)-(1.3) with 8 satisfying (3.29) was first introduced
in [12]. See [16, 27, 28] for some other families of the methods related to the FR method.

As referred to in Section 1, the FR method using the standard Armijo line search converges
globally for generally problems if each search direction has the descent property. Since one can
show that (2.3) always holds in the n = 3, m = 6 example of Powell [24], it seems not possible
to establish a similar convergence result for the PRP method. Nevertheless, if the objective
function f is uniformly convex, it can be shown that in this case the PRP method converges to
the unique minimizer of f.

Theorem 3.5. Suppose that x1 is a starting point for which Assumption 2.1 holds. Con-
sider the PRP method (1.2), (1.3) and (1.5), where the stepsize ay, is obtained by line search
(B). Then if there exists a constant nn > 0 such that

l9(2) =g (x —y) > nlle —yl*, forallz,yeL, (3.30)
we have that lim ||gg|| = 0.

Proof. By (3.30) and the mean value theorem, we can prove similarly to (2.12) that

1 . .
(@ + ardy) — fr. > argl dy + iﬂainkHZ- (3.31)

This and (2.15) imply that
Iskll” < —cargy di, (3.32)

where ¢ = 2(1 — §)/n. Since the limit of f} exists, we have from (2.15) that
lim aggidy, = 0. (3.33)
k—o00

Thus (3.27) follows from (3.32) and (3.33). Therefore similarly to the proof of Theorem 3.4, we
can prove that lim ||gx|| = 0, which concludes the proof.

4. Discussion

We have shown that a simplified Armijo-type line search can ensure the global convergences
of the FR method and the PRP method for generally problems. To deal with the case when a
descent direction is not produced, the generalized line search technique is used in this paper.
One can prove that the next directions produced by both the FR method and the PRP method
have the descent property if the stepsize a;, is sufficient small. Similar convergence result can
be established all the same.

The convergence properties of the FR method and the PRP method under the simplified
Armijo-type line search are satisfactory. But it is not yet known if similar convergence results
can be established for other nonlinear conjugate gradient methods.
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