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Abstract
This paper is concerned with the numerical solution of delay differential equations(DDEs).
We focus on the error behaviour of Runge-Kutta methods for stiff DDEs. We investigate
D-convergence properties of algebraically stable Runge-Kutta methods with three kinds of
interpolation procedures.
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1. Introduction

When considering the applicability of numerical methods for the solution of the delay differ-
ential equation (DDE) y'(t) = f(¢,y(t),y(t — 7)), it is necessary to analyze the error behaviour
of the methods. In fact, many papers have investigated the local and global error behaviour of
DDE solvers (cf.[1,2,14]). These error analyses are based on the assumption that the function
f(t,y,z) satisfies Lipschitz conditions in both the last two variables. They are suitable for
nonstiff DDEs because the Lipschitz constants are moderate-sized. However, they can not be
applied to stiff DDEs. For example, consider Hutchinson’s equation (cf.[9])

Lu(z,t) = a83—22u(:c,t) +u(z,t)[1 —u(z,t —7)], t>0,z€(0,1),
ule,t) = o), te[-7,00z € (0,1), (11)
u(0,t) = u(l,t) =0,t > —,
where a > 0 is the diffusion coefficient, ¢(x,t) is continuous. We transform the partial DDE
(1.1) into a system of ordinary DDE by discretising the space variable x into (N 4 2) discrete
values (N > 0), with a constant stepsize in space, Az = 1/(N + 1), so that z; = jAz,j =
0,1,---,N + 1. Using the standard central difference operator to approximate the Laplacian
we obtain a system with

-2 1 y1(2) y1(t) (1 = y1(t — 7))
L g - ys (1) Yo (1)(L — s (t — 7))

Fty®),y(t-1) = 5 DR e E :
TN Lo ] Lav®a—ust—n)

(1.2)
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where y;(t) denotes the approximation to u(xj,t),j = 1,2,---, N. In this case, the Lipschitz
constant L of the function f(t,y,z) with respect to y will contain negative powers of the
meshwidth Az in space. As a consequence, L will be very large for fine space grids, and the
error estimates based on L are not realistic. On the other hand, the one-sided Lipschitz constant
« is only moderate. Hence estimates based on «a are often considerably more realistic than that
based on L. In fact, Frank et al. introduced the concept of B-convergence for Runge-Kutta
methods applied to stiff ODEs, and established the following basic criteria (cf.[6,7,8])

algebraic stability + diagonal stability + stage order p = B-convergence with order p.

Burrage and Hundsdorfer [4] further discussed the conditions which guarantee that a Runge-
Kutta method has order one higher than the stage order. Li [13] further extended these studies
to general linear methods and to initial value problems in Hilbert spaces and established a more
efficient theory. Recently, the concept of D-convergence [16] for DDEs, which is a generalization
of the concept of B-convergence, was introduced. Zhang and Zhou [16] discussed D-convergence
of a class of Runge-Kutta methods, and some first and second order D-convergent methods were
found. We proved in [10] that the order of D-convergence equals the consistent order in classical
sense for A-stable one-leg methods with linear interpolation. In this paper, we further discuss
D-convergence of algebraically stable Runge-Kutta methods. We will discuss D-convergence of
general linear methods in other paper.

2. Runge-Kutta Methods for DDEs

Let (-,-) be an inner product on C™ and ||-|| the corresponding norm. Consider the following
nonlinear equation
y'(t) = f(ty(t),y(t —7)), =0, (2.1)
y(t) = ¢1(t)7 t <0, '

where 7 is a positive delay term , ¢; is a continuous function, and f : [0, +00) x CN xCN — C¥,
is a given mapping which satisfies the following conditions:

Re(u; — ua, f(t,u1,v) — f(t,uz,v)) < allug —usl|?, > 0,up,us,v € CV, (2.2)
||f(t,u,'l)1) - f(t,U,Uz)“ S /6““1 - ’1)2“, t Z 07”7“17’”2 € CN7 (23)

where a and 3 are real constants. In order to make the error analysis feasible, we always assume
that the problem (2.1) has a unique solution y(¢) which is sufficiently differentiable and satisfies
3
1299 < o,
Remark 2.1. When g = 0, the above problem class has been used widely in stiff ODEs
field (cf.[5,12]).
Now we consider the adaptation of Runge-Kutta methods to (2.1). Let (A,b,¢) denote
a given Runge-Kutta method with s x s matrix A = (a;;) and vectors b = (by,---,bs)T,c =
(e1,+-+,cs)T. In this paper we always assume that 0 < ¢; < 1(i = 1,---,s). Let h > 0 be a given
stepsize and yo = ¢1(0). Define gridpoints ¢,,(n = 0,1,2,---) by ¢, = nh. Then approximation
Ynt1 t0 Y(tny1)(n =0,1,2,---) are defined by

=1
j=1

The argument )7j(n) is defined by Yj(n) = ¢1(tn + cjh — 7) (whenever t,, + cjh — 7 < 0), and
denotes an approximation to y(t, + c¢;h — 1) (whenever ¢, + ¢;h — 7 > 0) which is obtained by



D-Convergence of Runge-Kutta Methods for Stiff Delay Differential Equations 261

) and Y with

a specific interpolation procedure at the point ¢ = ¢,, + cjh — 7 using values Yi(k
k <n.

Process (2.4) is defined completely by the Runge-Kutta method (A, b, ¢) and the interpola-
tion procedure for Yj(").

Definition 2.2. (¢f.[10,16]) A method (A,b,c) with an interpolation procedure is said to be

D-convergent of order p if the global error satisfies a bound

lly(tn) — yull < o(tn)h?, n>1,h € (O,ho], (2.5)
where the function o(t) and the mazimum stepsize ho depend only on the method, some of the
bounds M;, the parameters a, 3 and T.

In addition to general D-convergence results, we are also interested in the error behaviour

of numerical methods with constrained mesh that the stepsize h satisfies

hm =T, (2.6)
where m is a positive integer, because the results in this special case are also useful for practical
applications.

Proposition 2.3. D-convergence implies B-convergence.

Remark 2.4. When 3 is moderate, the error estimate based on D-convergence is signif-
icant to practical applications. When (3 is very large, the error estimate is worthy of further
investigation.

It is well known that there exist three kinds of interpolation procedures for )7]-(”). Let
7 = (m — 6)h with integer m and § € [0,1), ¢; +§ = l; + x; with integer [; and z; € [0,1) for
1<j<s,then 0<{; <1. Let v,u > 0 be integers.

(i) Interpolation by using yi. Let yr = ¢1(tx) for £ < 0. Define(cf.[11])

Yj(n) _ Z Li(zj)yn-m+tj+i» tn+ch—7>0,v+1<m, (2.7)
i=—p
where
z Tz —k
Li(z) = H (i—k)7 z €[0,1), (2.8)
k=—p

and we assume m > v + 1 so as to guarantee that, in the interpolation procedure for )?(n), no
unknown values y; with k& > n are used.

(ii) Interpolation by using Yj(k). Let Yj(k) = ¢1(tp+cjh) for k < 0,1 < j <s. Define(cf.[11])

7= N L@y, ", tytcih—7m >0, +1<m. (2.9)
i=—p
where we assume m > v + 1 so as to guarantee that, in the interpolation procedure for )?(n),

no unknown values Yj(k) with k& > n are used.
(iii) Interpolation by using continuous extensions of Runge-Kutta methods. Define(cf.[14,15])

S
—_ 1 — — 1
}/;(n) = Yn—m+l; +h Z bi(mj)f(tn7m+lj +Cih7 Y;(n m J)7 Y;(n " ]))7 tn-l-th—T > 07 m 2 2.
i=1

(2.10)
where we assume m > 2 so as to guarantee n > n —m+1;, and functions b;(z) satisfy b;(0) =0
and b;(1) = b; so as to assure the continuity of the interpolation.
Now we introduce some notations. For any given k x [ real matrix G = [g;;] we define the

corresponding linear operator G : C'N — CkN,
T ,T T\T kN T T T\T IN N
GU =V =(v],v3, -,v;) € C"V U = (uy,uy, -,u; ) €C ue€C,
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with

l
Vi :Zg,-juj,i: 1,2,---,](7.
j=1

The inner product and norm on C*V are defined by

. . 1/2
0.1 =t = (L)
i=1 i=1
where U = (uf,ul,- - ul)T € CKN V = (vl |0, o) € C*N Jus v, € ONi=1,2,-- k.

And the norm ||G|| of the linear operator G is defined by the spectral norm of the matrix G. It
is easily seen that [|GU|| < ||G]] - ||U]|-
Thus, the process (2.4) can be written in the more compact form
Y™ = ey, + hAF (t,, Y™, ¥ (), (2.11a)
Yni1 = Yn + BT F(t,, v ¥ () (2.11b)
with the following notational conventions:
Yl(n) )71(”) Ftn +crh, Y1(n): )71(”))

v 7 Ft + eoh. Y 7
2 2 2 2

Yy — vo = | 2| e, vy =

) )

v v Flt +esh, Y™ ¥
and e =[1,1,---,1]T € R®.
It is well known that a method (A, b, ¢) is said to be algebraically stable if B = diag(by, bo,
--+, bg) > 0 and the matrix
BA+ ATB - b

is nonnegative definite(cf.[3]). A method is said to be diagonally stable if there exists an s x s
diagonal matrix @) > 0 such that the matrix QA+ ATQ is positive definite. A method is said to
have stage order p if p is the largest integer such that the following simplifying conditions(cf.[5])
hold,

B(p) bTCj_lZ]—/j? j:1727"'7p7

C(p) : ch_l = CJ/.]: .]: 1727"'7p7

with ¢/ = (¢],c),---,¢)T. For the definitions of BS-stability and BSI-stability we refer to
8,13).

3. Main Results and Their Proofs

In this section, we focus on the D-convergence analysis of Runge-Kutta methods. For the
sake of simplicity, we always assume that all constants h;,y; and d; used later are dependent
only on the method, some of the bounds M;, the parameters «, 8 and 7.

Let p be the stage order of the method (4,b,¢). Let 0 = (01,02, --,05)1 € R* and 09 € R
be defined by

o=E) (p+ 1) —A), g =)+ -bTe). (3.1)
For any n > 0, R("™ = (Rgn)T,Rgn)T, e ,Rﬁ”)T)T and R(()n) are defined by
Y (ty) = ez(ty) + hAF (t,,Y (tn), Y (tn — 7)) + R™, (3.2q)
2(tng1) = 2(tn) + BT F(tn, Y (t), Y (tn — 7)) + R, (3.2b)
where the functions Y (¢) and z(t) are defined by
Y(t) = (y(t +crh)T,yt+ceah)”, -yt + esh))T, (3.3)

2(t) = y(t) + o  hPTy P (1), (3.4)
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Using Taylor expansion and the conditions B(p) and C(p), we can easily obtain the following
results.
Theorem 3.1. Suppose the method (A,b,c) has stage order p. Then

hPt2 ) id ]
||R§n) — (05 — o )RP Ty (1)) < MMPHU@V’“ +(p+2) Z |aijc§,’+1|),z =1,2,---,s,
! =
(3.5)
hPt2 s
||R[()n) — ooh? Tyt (1) < T My2(1+|o1|(p+2)!+ (p+2) Z |bjc§’“|), (3.6)

j=1

Lemma 3.2. (cf. [8,158]) The method is BS-stable and BSI-stable if it is diagonally stable.
Now for any n > 0 we define Y (") and §,,1 by

V™ = ez(ty) + hAF (tn, Y ™, Y (t, — 7)), (3.7a)
Gng1 = 2(tn) + W7 F(t,, Y™ Y (t, — 7)). (3.7b)

It follows from (3.2) and (3.7) that
Y(ty) =Y = hA[F(tn,Y (tn),Y (tn — 7)) — F(tn, Y, Y (t, — 7))] + R™, (3.8a)

Z(tns1) — Gngr = BV [F(tn, Y (t), Y (tn — 7)) — F(tn, Y™, Y (t,, — 7))] + R(()n). (3.8b)

From the definition of BS-stability, we have
Lemma 3.3. Suppose the method (A,b,c) is BS-stable, then there exist positive constants
hi and d; such that

Iz (tn+1) = Gnsall < (RN + RSV, b€ (0,h],n=0,1,2,---. (3.9)
From the definition of BSI-stability, we have
Lemma 3.4. Suppose the method (A, b, c) is BSI-stable, then there ezist positive constants

ha and dy such that for any Z(") = (Zl(”)T7 Zén)T7 o Zgn)T)T € C*N, we have
Y™ — 2|12 < do|| A2, k€ (0,ha],n =0,1,2, -, (3.10)
where - B
A =y _ 700 _pA[F(t,, Y™ YY) - F(t,, 2™ 7™)). (3.11)

Now we give some estimates for the interpolation procedures.
Theorem 3.5. For the interpolation procedure (2.7), we have

SWE =¥ty =P <ds Y Ml — 2(te)|* + 3 (n+ D(R7FFD 4 p20tD) - (3.12)
k=0 k=0
where I \Li(o)|
= max sup i(x)],
° —kSISV pef0,1)

ds =2s(p+v+2)(p+v+1)L3,
m =s(p+v+2)max(2(p + v + 1) LgoT My, M7, 41).

Proof. Tt follows from (2.7) that

199 = y(te + esh = D) <1 D2 Lilw) Wty -mvi — Y(trst, msd))]
i=—p

D Li@)y (bt —m+i) = Y(trgt;—m + zB)]|- (3.13)
i=—p

From the remainder estimate of Lagrange’s interpolation formula, we have

v v

Mysyir .

I E Li()y(trtt;—m+i) = Y(Erti;—m + zh)|| < mhuwﬂ H |z — i
i=—p i=—p

< My RPFVFL (3.14)
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Therefore, from Cauchy inequality we further obtain

IV —y(tr 4 eh=7)I2 < (v +2)[LE S gkrt; —mri— Yty )P+ M2y B2V

i=—p
(3.15)
which gives
ZIIY““ y(te +cih =P < (u+v+2)[(p+v+1) LOZnyk— y(te)|?
k=0
Hn+1)M2, W Aptr)), (3.16)

where we have used yr = y(tx) for £ < 0. From (3.4), it is easily seen that

Z IV = y(tn +esh = DI < (0t v+ 220+ v + DI Y (llye — =(0)]?
k=0
o My PPHY) 4+ (n+ 1) M7, hP D),

Then (3.12) holds, which completes the proof of Theorem 3.5.
Theorem 3.6. Suppose the method (A,b,c¢) is BSI-stable. Then for the interpolation pro-

cedure (2.9), there exists positive constant hs such that
n

SIVE Y (e —7)* < 6dads > _[sllyr—z(t) [P+ RD|*]+271 (n+ 1R o€ (0, hs].

k=0
(3.17)
Proof. Tt follows from (2.9) that
17 = y(ts + c;h = )| < | Z YE Dyt + b))
i=—p
+l Z Li(0)y(tk—m+i + ¢jh) = y(tr—m + c;h + Sh)]|. (3.18)
i=—p

From the remainder estimate of Lagrange’s interpolation formula, we have

I Z Li(0)y(tk—m+i + ¢jh) — y(t—m + cjh + 6h)|| < Mypy BT
i=—p
Then, from Cauchy inequality we further obtain
1P ¥ (b = 1) < st v+ 2)[E3 S0 IVETD =Y (I + M2 g R0 )

i=—pu
which gives

DVE -yt =P <dsg D IIVE =Y (@)IP + 7 (n+ )M, BT (3.19)
- k=0
where we have used Y ¥} =Y (t;,) for k < 0.
On the other hand, a combination of (2.11a) and (3.2a) leads to
Y — Y (1) = BA[F (5, Y8, ¥0) = Pty Y (1), V)]
+RA[F (t, Y (), Y¥) = Fty, Y (t), Y (b — 7))] + e(ye — 2(t)) — RW.
It follows from Lemma 3.4, the condition (2.3) and Cauchy inequality that
YY) =Y (t)[|* < do|| BAIF (1, Y (1), V) = F(t, Y (t), Y (tr — 7))] + e(ye — =(t)) — R®||?
<3y [P AIPA YY) =Y (1, = 1)IIP + sllye — 2(t0)|I° + [|IRP]1°], b € (0, ha). (3.20)
Substituting (3.20) into (3.19), we obtain

n

DIYE =yt — 1) < 3dads Y [P AIPBIYE Y (1 — 1)

k=0
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+sllye — 2 ()1 + IRPP] + ya(n + 1)M7,  B2#FD b€ (0, by
Let

min(hy, (6dyds|| Al|>5%)~1/2), /3#0

then (3.17) holds, which completes the proof of Theorem 3.6.
Theorem 3.7. Suppose the method (A, b, c) is algebraically stable, BSI-stable and BS-stable.
Then there exist nonnegative constants y2,vs and 4 such that

n
Y1 = 2(Ens)II” < llyo = 2(0) |1 + Y [rahllys — 2(8) 1> + RV =Y (1, — )|
k=0

+h (| R® | + IR )2, € (0, o), (3.22)

h3:{ iz, 5 2\ _1/" =0, (3.21)

where hg = min(hy, ha,1).
Proof. It follows from (2.11) and (3.7) that
Yy = ey, — 2(t,)) + hRAQ™, (3.23a)
Yni1 = Gnr1 = Yn — 2(tn) + WDTQ, (3.23b)
where
Q™ = F(t,,Y™ Y™y — F(t,, Y™ Y (t, —7)).
In view of algebraic stability of the method, we have(cf.[3])
[Ynt+1 = G ll* = llyn — 2(ta)|I” — 2hRe(Y(”) - BQ(n)>
=—(Q™, (BA+ ATB — bbT)Q(”)> <O0. (3.24)
On the other hand, (3.23a)can be written in the form
Y — Y = RA[F(t,, Y™, V(M) — F(t,, V™ V()]
FhA[F (t,, YD, Y M) — F(t,, Y)Y (tn, — 7))] + e(yn — 2(tn)).-
It follows from Lemma 3.4, the condition (2.3) and Cauchy inequality that
Y00 = Y2 < dy||RAF (8, Y™, V) = F (b0, VY, Y (80 = 7))] + ey — 2(82)1”
S 2dz[h*[| Al|? 52IIY — Y (tn — 7)II* + sllyn — 2(ta) 1], b € (0, ha]. (3.25)
Let ap = max(0, a).Using the conditions (2.2) and (2.3), we further obtain
2Re(Y™ — Y™ BIF(t,, Y™, Y™) - F(t,, Y, Y (t, — 7))])
=2Re(Y"™ — Y B[F(t,, Y™, YW) — F(t,, V™ ¥
+2Re(Y (™) — ?W B[F(t v y) - F(t y ) Y(t —)))

< 20| BV = V2 + 28] B[y = Y - )Y — Y (8, - 7))
< (200 + B)IBIIY™ = Y|P+ BBV = V(2 — )|
< sllyn — 27 + 6V =Y (0 =D, B € (0,h], (3.26)
where
¥5 = 2sd2 (200 + B)|| B, Yo = (1+ 2213 ]| All*B(2a0 + )81 B

Substituting (3.26) into (3.24), we get
lyn1 = Gurall* < (L4350 llyn = 2(E) 1P + RV =Y (8 = T)IP b€ (0,ha). (3:27)
On the other hand,
lyn+r1 = 2(Ene )l S NYns1 = Gnsall + 1Gngr — 2(Enga) -
Hence
1901 = 2(Enr)I” < L+ W) lynsr = Gna |l + (L + BT Gnrr — 2(tnrn) 1. (3.28)
A combination of (3.28),(3.27) and (3.9) leads to

[yn1 = 2(tar )P < (L4720 lyn — 2(E)[1* + 1RV =Y (8, — )|
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+yh L (IR + IRSVID?, b€ (0, hol, (3.29)

where
V2 :2/75-'-17 73:2/767 /74:2d%

By induction we can easily obtain that (3.22) holds. The proof is completed.

In the following, in order to avoid the complexity of expression, we use notation O(hP) to
designate that there exists a constant C such that O(hP) < ChP.

For the process (2.4) with interpolation procedure (2.7), we have the following results.

Theorem 3.8. Suppose the method (A,b,c) is algebraically stable and diagonally stable,
and it has stage order p. Then

(i) the process (2.4)-(2.7) is D-convergent of order at least min(p, u + v + 1), and the global
error satisfies (3.32);

(ii) if oo = 0 and there exists a real number X such that o = e, then the process (2.4)-(2.7)
is D-convergent of order at least min(p + 1, u + v + 1) and the global error satisfies (3.34).

Proof. A combination of Theorem 3.7 and Theorem 3.5 leads to

[Yn41=2(tas )N < lyo—2(t0) I+ (va+73d3)h Y llyn—2(t) 1> +7175tn g1 (B2PTD 4 p20F D)
k=0

+atnsrh™ max (|R9 ) + |[257]1), b € (0, hol.

s
Using discrete Bellman inequality, we have
lyni1 = 2(tas)II” < [llyo — 2(t0)[|* + 11ystnpr (RPEHY 4 p21Hv L)y
+atnh™ max (IR®] + [R5 )’lexpl(r2 +3ds)tns1], b € (0, ho (3.30)

In view of (3.4) and Theorem 3.1, we have
ly; = y@)Il = lly; — 2t + OB, j=0,1,...,n+1,

(3.31)
IBS ) = O(h+h), i=0,1,...,5,h € (0,ho].
Therefore,
1
gt =y (s )l < [lyo—y (o)l + (14 tns2) O + R T H)expl5 (12 +93ds ) tnsa], b € (0, hol.
(3.32)

This shows that the method is D-convergent of order at least min(p, u + v + 1).
If 09 = 0 and there exists a real number A such that o = Ae, then it follows from Theorem
3.1 that
IR™ || = O(h?+?),i =0,1,...,s,h € (0, ho). (3.33)

In this case, we can further obtain

lynt1=y ()|l < [llyo—y(to)||+(1+tn+1)0(h”+1+h“+"+1)]exp[%(72+73d3)tn+1], h € (0, hol.
(3.34)

This shows the method is D-convergent of order at least min(p + 1, u + v + 1). The proof of
Theorem 3.8 is completed.

For the process (2.4) with interpolation procedure (2.9), we have the following results.

Theorem 3.9. Suppose the method (A,b,c) is algebraically stable and diagonally stable,
and it has stage order p. Then

(i) the process (2.4)-(2.9) is D-convergent of order at least min(p, u+ v + 1), and the global
error satisfies (3.36);

(ii) if oo = 0 and there exists a real number X such that o = Xe, then the process (2.4)-(2.9)
is D-convergent of order at least min(p + 1, u + v + 1) and the global error satisfies (3.37).



D-Convergence of Runge-Kutta Methods for Stiff Delay Differential Equations 267
Proof. A combination of Theorem 3.7 and Theorem 3.6 leads to
n
[Yni1 = 2(tng)[I” < llyo — (o)1 + (2 + 6s73dads)h > [lyk — 2(te)I* + 2y175tn g R2HFHY

k=0
+u+6rdads i)t b max (IRVI+HIRGVI® b € (0, hal,

where hy = min(hg, h3). Using discrete Bellman inequality, we have
Ynt1 — 2(tns)]I* < {llgo — 2(t0)II” + 27175t 1 BTV HY + (74 + 673dad3h® )t ™2

x max (|RM[| + [RSV1)* expl(r2 + 657adads)tnral,  h € (0, hal. (3.35)

In view of (3.4) and (3.31), we have
1yn+1 =yt < llyo — y(to)ll + (1 + togr)O(R? + RITHH)]

1
exp[§(72 + 68’73d2d3)tn+1], h S (0, ho]

This shows that the method is D-convergent of order at least min(p, u + v + 1).
If oo = 0 and there exists a real number A such that o = Ae, then by (3.33) we can further
obtain

(3.36)

1yn+1 = y(tar)ll < lllyo = y(to)ll + (L + tngr) O(RPHH + A H)]

1 (3.37)
exp[§ (’)/2 + 68’)/3d2d3)tn+1], h € (0, hg]

This shows the method is D-convergent of order at least min(p + 1,4 + v + 1). The proof of
Theorem 3.9 is completed.

Finally, for interpolation procedure (2.10) we note that a method is said to be natural if
bj(ci) = ai;(1 <4,j < s)(cf.[14,15]). In this case, it is easily seen that Yj(n) = Yj(n_m) if stepsize
h satisfies the constraint (2.6). Application of Theorem 3.9 leads to the following results.

Theorem 3.10. Suppose the method (A,b,c) is algebraically stable and diagonally stable,
and it has stage order p. Then

(i) the natural Runge-Kutta method (2.4)-(2.10) with the constrained mesh (2.6) is D-
convergent of order at least p;

(ii) if oo = 0 and there ezists a real number A such that o = Ae, then the natural Runge-
Kutta method (2.4)-(2.10) with the constrained mesh (2.6) is D-convergent of order at least
p+1.

Remark 3.11. Specializing the above three theorems to the case of 5 = 0, we obtain
immediately the well known related B-convergence results presented by Frank et al. [7,8] and
Burrage and Hundsdorfer [4].

Remark 3.12. It is well known that, under some slight assumptions, the algebraic condi-
tions of the above three theorems are necessary to B-convergence. In view of Proposition 2.3,
they are also neccesary to D-convergence under the same assumptions.

4. Equations with Several Delays

Consider the following equation with several delays

y’(t) :f(tay(t)7y(t_Tl)ay(t_72)7"'7y(t_7r))7 t>0, (4 1)
y(t) = o1(t), t<0. )
Because 71,79, - -, 7 are positive constants, there are no additional difficulties with respect to

(4.1). We can similarly define the concepts of convergence in this case. All results given in this
paper can be modified easily to this more general situation. But we do not list them here for
the sake of brevity.
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