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Abstract

In this paper we consider domain decomposition methods with polynomial Lagrangian
multipliers to two-dimentional elliptic problems, and construct a kind of simple precondi-
tioners for the corresponding interface equation. It will be shown that condition number
of the resulting preconditioned interface matrix is almost optimal (namely, it has only
logarithmic growth with dimension of the local interface space).
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1. Introduction

In recent years the non-overlapping domain decomposition methods (DDMs) with non-
matching grids have attracted particular attention of computional experts and engineers (see
[1]-[9]). This kind of DDM allows non-coincidence of nodal points at common edges (or common
faces) of two neighbouring subdomains. Thus it can be applied to solving the problems of
changing meshes (for example, the multi-body contact problems in solid mechanics and the
relative motion problems in oil exploration), and can be applied to designing the optimal meshes,
namely, one can choose different mesh-sizes and different orders of approximate polynomials in
different subdomains according to different properties of solutions and different requirements
of practical problems.

There are three kinds of important algorithms to deal with the interface non-conformity gen-
erated by the non-matching grids, namely, the mortar element method (see [1]-[3], [8]-[10]), the
Lagrangian multipliers method (see [4], [5], [10]-[14]) and the augmented Lagrangian method
(see [9]). For the mortar element method, the interface variable is chosen as a proper approxima-
tion of the trace of numerical solution on the interface, thus it is a direct extention of the usual
non-overlapping DDM. For the Lagrangian multipliers method, the interface variable (namely,
the Lagrangian multiplier) is chosen as a proper approximation of the normal derivative on the
interface, which transforms the minimization problem with restriction (namely, weak continuity
of the trace on the interface) into the corresponding saddle-point problem without restriction,
thus it is the dual algorithm of the mortar element method. The augmented Lagrangian method
can be understood as a mixed algorithm generated by combining the mortar element method
with the Lagrangian multiplier method.

The DDM with Lagrangian multiplier (DDMLM) has obvious advantages over the mortar
element DDM: (a) the interface variable associated with DDMLM need not be continuous at
the cross-points (for the case of two-dimension) or on the cross-edges (for the case of three-
dimension), so the corresponding interface equation can be formed easily; (b) the construction
of the interface subspace associated with the DDMLM is flexible, thus the non-matching grids
do not bring about any difficulty; (¢) the DDMLM may reduce the size of the interface problem.
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In [5], we introduced and analysed a kind of DDMLM in which the space of the Lagrangian
multipliers consists of polynomials of the certain degree n (in [11] and [12], this method was
mentioned too). This method has advantages in comparison with another kind of DDMLM
in which special partitioning of the interface is introduced and the space of the Lagrangian
multiplier is chosen as the corresponding finite element space (refer to [1], [9], [10] and [12]-
[14]): (i) the numerical integrations defined on the interface can be calculated conveniently;
(ii) the size of the interface problem can be reduced greatly when the exact solution has good
smoothness on the interface. However, for this kind of DDMLM condition number of the
interface matrices is highly sensitive to the number n.

It is well known that, for non-overlapping DDMs, construction of interface preconditioners
is a core problem. From the advantage (a) mentioned above, we know that construction of
interface preconditioner associated with DDMLM is essentially different from the case of the
usual non-overlapping DD method (how to construct coarse subspace ?).

In this paper we advanced a new idea (refer to [19] and [20]) in which the coarse subspace
consists of piecewise contants. Based on this, we construct a kind of preconditioner for the
DDMLM to two-dimensional elliptic problems, and show that condition number of the corre-
spondding preconditioned interface matrix is almost optimal. The preconditioner proposed in
here has obvious advantages: (i) it is independent of the cross-points, thus the computational
procedure is easy to design (in comparison with the preconditioners constructed in [15] and
[16]); (ii) it is independent of the trace space, thus the problems of changing meshes do not
bring about any difficulty (note that all the preconditioners introduced in [4], [13] and [14]
depend on the usual Scur complement); (iii) the local solvers are defined on the common edges
of two neighbouring subdomains, thus it results in cheap calculation (in comparison with the
preconditioners discussed in [8], [13], [14], [17] and [18]);

The idea advanced in this paper is also fit for three-dimensional elliptic problems (see [19]).

2. The DDMLM

For ease of notation, we consider the following model problems:
{—Au-l—nu:f, in €, (2.1)
u =0, on 01, )

where Q C R? is a polygonal domain, and 7 is a positive number which is bounded above.

The domain {2 is decomposed into NV polygons €2;. We first make the following assumptions:
H,: all subdomain 2; are of size d in the sense that there exists constants ¢y and ¢; independent
of d such that each ; contains (resp.is contained in) a circle of radius cod (resp.c;d);
H, :For i # j, we require that if two (open) edges F' C 0€; and F"' C 0f; share a common
point, then ' = F = ;) = Fj;. Let F={J F}; denotes the entire interface;
Hj: each subdomain ; consists of quasi-uniform triangular or quadrilateral elements with
diamenter h;.

For a natural number n, and h = Hax hi, we assume that

Since IV is in general large, namely, d is small, thus we can assume that
H; nSCdiz
Now, we define the approximation spaces as follows:
Let Sp,(£2;) be the space of continuous piecewise m; degree polynomials defined on ;. Set
Sh() ={p: ¢ loa=0,¢ o, €Sp(2),i=1,---,N}
Sn(Fij) = {\ij : Aij is a polynomial of degree<n on Fj;}

Sn(aﬂz) = {/\z N\ |Fij GSn(Fij),Fij C 891}

Sn(F) = {)\ DA |Fij Gsn(Fm) fOT' all FZJ}
Shxn = Sn(Q) xSy (F)

Remark 1. The boundary nodes of the triangulation of €; and {1; need not coincide on
the common edges (namely, we have not imposed any matching conditions for the grids at
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subdomains interfaces, refer to [1]-[9]), thus S, (2) need not be in C'(£2).Besides, the functions
in S, (F) may be discontinuous on the cross-points.

Remark 2. The interface space S, (F') is independent of the nodes of the space Sp(2),
thus non-matching grids will not bring about any difficulty in numerical integrations (on the
interface).

Set a;(u,v) = (Vu, Vv)o, +n(u,v)q, and < -,» >g0,= >, <-,->p,; with <A\ pu>p,;=

F;; COQ;
fFi,- Auds. The discrete problem for (2.1) is: to find (up, \)EShxn, such that
N N
Z {ai(u/w ’U)— <A >39i} = Z (f; U)Qi? V’UESh(Q)a
i=1 i=1 (22)
N
> <up,p>o0,= 0, VUES,(F),

i=1
where 1 (or A) has opposite sign on the two sides of Fj;.
In the following discussion, C' denotes a positive constant which is independent of h, n, d, 7.

Set X = [[H'(Q;), M = H 2(F) and define the norms:
i

N N

: 1 ‘ 1

llollx = (3 IollF )%, llullve = Q11 4 50,)%,
i=1 =1

where

| < W,V >H0;

||’U||iQ,— = (VU,VU)Qi + (U7U)Qi7 :u‘|7%789i = sup

veH S (89;) 101l 00,
with X
2 —1)[, (|2 1
||U||§7am = (|U|%,39,. +d 7 [v]lg.00,)2
Here, LBB condition is satisfied under the assumption Hy (see Theorem 1 of [5]). The
assumption Hy means that the dimension of the local interface S, (Fj;) is much less than the
number of degrees of freedom on the boundary F;; from the approximation spaces S;(€2;) and
Sp(5). In [7], the case of n = 0 is not considered. In fact, the number n in the inverse
estimate given by Lemma 3 of [5] should be replaced by n + 1, thus this Theorem is true even
if n = 0). On the other hand, from the generalized Poincaré inequality (see [7]), we know that
the following ellipticity condition is fulfilled (even if n=0, refer to [1])

N
Za,‘(’l}h,’l}h)ZCHU}lH%(, V’l}hegh(ﬂ),

_ N
where Sp(2) = {v: vESKL(N), D < v, p>90,=0, YueSy(F)}.
i=1

1=

Therefore, by the general theory of mixed finite element, we obtain the following result (refer
to [5], from the proof given in [5] we can see that the smoothness assumptions of Theorem 2
given in [5] can be weaken, because A is defined only on the interface):

Theorem 1. Let m=minm;. Assume that u€H™+'(Q;) and u |po,\p0 €H**2(0Q;\00)
(i=1,---,N) for some k>2m. Then

611, N 1
llur, — ullx + [|A = a—nHMSChm Z(|U’|m+179i +d> |U|k+%,39,—\39)
i=1

Remark 3. The assumption H, implies that n='>(h/d)z (when h — 0), so, in order

to obtain this optimal error estimate, we must assume in this Theorem that ” wu |s0;\00

eH"2(00;\00) (i = 1,---,N) for some k>2m”, which means that the function u must
be smooth enough in the ”internal” subdomain 2;. This assumption can be satisfied in most
circumstance. When the nature number k is great, n can be chosen as a small nature number
(namely, the size of the interface problem can be reduced). This is just the merit of the well-
known p — verston method.Like the p — version method, this method is accurate and stable
provided that the exact solution u has ”"good” smoothness in the ”internal” subdomains, and
n is not large.
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Remark 4. Theorem 1 is also true for the case of n=0. Let {(b’} ", and {9} | denotes

respectively a set of basis functions on S;,(€;) and S, (F'), where wk has opposite 51gn on the
two sides of F;;. The coordinate vectors of uj |o, and A in these bases are denoted by U; and

X respectively. Set ) o
a;k :ai( ;,(ls;g),],k =1,---,N;

and .
=< ¢r, 1 >o0,r=1,---,N;;l=1,--+ M,

the forming matrices are denoted by A; and B; respectlvely set

_(fa(b) 27.7 ]- : NZJ
the forming vector is denoted by fz Then U and x can he computed by (refer to [5], [12])

(Z BI AT Bi)x = - Z BIATYf; (2.3)
i=1 =1
and
The following result can be proved as in [5].
_ N
Theorem 2. Let S = Y. BYA;'B; (which is a symmetric and positive definite matriz).
i=1
Then the condition number of S can be estimated by
cond(S)<C(n?d—2n~t) (n<Cd=?) (2.4)
_ Remark 5. The inequality (2.4) indicates that the condition number of the interface matrix
S may be great. Thus, it is important to construct an efficient preconditioner to S.

3. Main Result

Let {ur” }"%1 be a set of basis functions of S, ( wi) (i < ).Set
b()_<¢k i) >p,,r=1--n+Lk=1---N;

DI =< ¢yl Sp r=1,n41; k=1,---, N,

the forming matrices are denoted respectively by B;; and Bj;. Set
Sij = B, A7'Bij + Bj;A7' By,
Let the set of the edges {Fj; : FZ] C 8Q for some i satzsfymg 00Q; 00 = ¢} be written
as {FOT}T:D and Dy, : S, (Cor)— S, (F) denotes the ”zero extension” operator, namely,

, on Lo,
Dorp = g, on FOQFOT. peSn(Lor)

and

i’

Set ) ,
bg:‘l) =< ¢27D0’r‘1 >GQ“ k= 17"'7Ni;r: 17"'7N07

and let Bp; denotes the matrix whose elements are bfg,i).Set
N

30 - Z B(%;Az_lBOz
i=1 _ _

It can be verified directly that the matrices Sy and S;; are symmetric and positive definite
(vefer to [19], note that the assumption Hy). We define the preconditioner of the interface
matrix S by

= 1S, I +>_D;;5,, D
i<j

Here D;; denotes the 0,1 sign matrix associated with the "zero extension” operator D;; :
Sp(Fij)—Sy(F), and Iy denotes the 0,1 sign matrix defined b
(Do1l, -+, Dongl) = (1, -+ bar) Lo o
Remark 6. If there is no internal subdomain, then M = ) D;;S;; D;;. However, this
i<j
case is not of interest.
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Theorem 3. Under the assumptions given in Section 2, we have
cond(M S)<C(1 + log® n). B
Remark 7. Because Dy,1 is a “natural” basis function of S, (F'), the matrix Sy is a sub-
matrix of S (in fact, So is just the interface matrix S when n=0). Besides, S;; is just the
diagonal subblock of S. Moreover, Sy is a lower order and sparse matrix; the order of the ” 10—

cal” matrix S;;, which equals to n+1, is in general very low. Therefore, action of 53 and S

can be implemented easily. On the other hand, vertices do not play any role in the definition of
M. These mean that the preconditioners presented in this paper have obvious advantages over
the other preconditioners: they not only have simple structure but also have cheap computation.

4. Proof of Theorem 3

In order to prove Theorem 3, we have to consider the operator form of M.
Let R; : Sp(09;)—SK(2;) and Rij : Sp(Fij)—Sh(€;) denotes the operators defined respec-
tively by
ai(Ri)\i, ’U) =< A\, v >0Q; )\iESn(aﬂi), VUESh(Qi)

and
a,-(Rij)\,-j,v) =< )\,-j,v >F )\”65 ( ) V’UESh( )

The operators S; : S, (F)—=S,(F) and S;; : Sy, (Fj; F;;) are deﬁned respectively by
<Sidopt >0, = ai (RN, Ryjt), AeS v]u
and
< SijAijs ij > ;= ai(RijAig, Rijpig) + aj(Rjiij, Rjipig),

Aij €Sn(Fij), Viij €Sn(Fij),

N
Set S = > S;, then the operator form of the interface equation (2.3) can be written as

i=1
SA=yg, A geSy(F)
We define a coarse subspace of S, (F) by
Vo = span{D;;1: F;; C 0Q; for some i satisfying 0Q; N O = ¢}.
The coarse solver Sy : Vop—Vy and the projection operator Qo : S, (F)—Vy are defined
respectively by
< SoAo, o >=< SXho, o >, A€V, Yoy,
and
< QoA po >=< A, o >, \eSy(F), Vo€V,
where < -,->= 3 <-->p,.
i<j
It can be_veriﬁed directly that the operator forms (associated the given bases) of the pre-
conditioner M is
M = S(;lQo + ZDUS;lDZ;
i<j
where Dg; : Sp(F)—Sp(Fij) is the "natural” restriction operator (namely, the adjoint operator
of DZJ)
The following result can be proved in the usual way (refer to [23] and [24])

Lemma 1. If the following conditions are satisfied:
(1) for any AeS,(F), there exists a decomposition A\ = Ao+ > D;jAij with Ag€Vy and \i;€

i<j
Sn(Fij), such that
< SoAo, N > + Z < Sij)\ij;)\ij >Fij§ a; < SA A >; (4.1)
i<j
(2) for any \i; €S, (F;j),we have
< S DijAij), Z DijAij >< a2 35 < SijAij, Aij > (4.2)

i<j i<j
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then
a;t <A SA ><< MSA, S >< ay <\, SA >, YV AES,(F), (4.3)
namely,
cond(MS) < ayae (4.4)

Lemma 2. Assume that UEH%(Fij). Then
o = vE; (W3 7y SO0l Ry (4.5)
where vr,; (v) is the integration average of v on Fyj.
Proof. Without loss of generality, we assume Fj; = {(z,0) : 0<x<d}. Set Q= [0,d]?, and
let € H 2 (82) be the function defined by

v(z,0), if 0<z<d and y =0,
Bz, y) = v(d —x,0), if 0<z<d andy =d,
W= uly,0),  if 0<y<d and z =0,

v(d —y,0), if 0<y<d and z =d,
namely, the space curve z = o(z,y) ((z,y) € Q) is symmetric with respect to the planes x=y
and x+y=d. It can be verified directly by the definition of v that
ol s5<Chly e, (4.6)

Let v€ H*(2) denotes the harmonic extension of v. Thus
191, 5<CIvly 5
Hence, by the trace Theorem and the Friedrichs’ inequality

47215 — 1, ()12 5 <l 5,

(Here, the factor ”d=2” guarantee that the constant ”C” is independent of d)
we have

[0 =75 W35, < ClP = 7e5 O 55
O =71y @F 5+ A1 = 7, W2 )
O, <O, o

INIA

. ~ 2 = ~2
(since |'U — VFy; (v) Lo |v|175)

By (4.6),this leads to (4.5).

Set F' = {T' € {F};} : there is a 0%); satisfying 0Q; (0 = ¢, such that T' C 0€;}. For
FieF' set V5 = span{1}CS,(Fj;) (It is obvious that dim V=1). Let P} : S,(Fi;)—=VJ be
the orthogonal projection with respect to the inner product < Sj;-,- >F,;.For A\j; €S, (Fj;), set
A = PiXigs Aij = (I = PNy = Aij — Ay

Set || 11, = (a(-,))2.

Lemma 3. Assume that \;j €Sy (F;j). Then

< Sijxij,xij > Fij SC|)‘ij|27%7Fij’ Zf Fi]’EF’7 (47)
< Sijijs Nij >Fy §C|Aij|i%7Fij, if Fij¢F’ (4.8)

Proof. We consider only (4.7) ((4.8) can be proved by analogy). From the definition of

Aij,we have
< Sijxijv)‘?j >r;=0,

thus - -
< Siigy Aij >Fy =< Sijhij, Nij >Fy
= ai(RijAij, RijAij) + aj(Rjidij, Rjiij) (4.9)
=< Aij, Rijhij >F,; + < Aij, Rjikij >y '
< Xijlo 1 my - IR Aig + Rjidsll 3 r

and

VE,; (RijAij + Rjihij) = |Fij|™' < 1, RijAij ‘tRjiXij >F, _
= |Fyl  ai(RizL, Rijhij) + aj(Rjil, Rjidij)) (4.10)
|Fij|71 < Sij)\ij, 1 >F;= 0.
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Using (4.5), together with (4.10) and the trace Theorem, we obtain
| RijAij + Rﬂ/\w”l i S C|RijNij + Rﬂ)‘l]|1 Fij
C(IRijAijly o, + |R]l Aijl1 00,)
(|Rw>‘w|1 o + R l]|1 )
CUIRAG L0, + IRiiNis I 0,)
C < Sijhij, Nij >2,
which combining with (4.10) gives the desired result.
Lemma 4. Let A€S,,(09;). Then
Mo,o0: <Cnd ™2 |A|_4 oq
Lemma 5. Assume that A\eS,,(F). Then
Al 00, <C < Sid, A >, (n<Cd=2) (4.12)
Proof. For veHz(0%;), let @, H(Q;) and w,eH () denote, respectively, the weak
solution of problems:—Ag, + d=2¢, = 0 (in Q;), ¢y |sa,= v and —Aw, + nw, = 0 (in
2;),wy |og;= v. It can be verified directly that

wyl|f . = inf T a
luwclio = ot ol

INININ A

(n>1) (4.11)

i

thus
lwollf 0, < llewllt 0. <C0ul7 0, +d_2||90v||g7§2,-)%SC”UH%ﬁQi: (since n<Cd™?).
Hence,from the definitions of | - |_ 100, We have
A 0 <Cllusll g, = (< A >00,)}, (f n<Cd~?)
where u) is the solution of problem:—Auy + nuy =0 (in ;) and %Ln* log, = A
Let upr€Sh,(Q;) denotes the usual L? projection of uy.Furthermore, using Hy and (4.13),
we can deduce (refer to [5])
lunllt o, - IN -1 00, <C < unx, A >o0,, (1<Cd™?)

This leads to (4.12).
Lemma 6. Let \;€5,(0%;) and \;;

|Aijl-1 p,; <C(1 +logn)|)\ |—— o0, (n>1) (4.13)

ij —

Proof. Let 8Q; be divided into quasi-uniform units with diameter & = dn~2, such that the
vertices are in the knots. Let S;-(09;) and S;-(Fi;) denotes respectively the space Wthh consists
of continuous and piecewise linear polynomials defined on 9Q; and on Fj;.For veH? 3 (Fjj), let
v, €S7(F;;) be the L? projection of v. Then

llvr = vlfo, F”SCh vl £
by (4.11) this leads to
| < )\ij;'U = Uh >Fy; | < ||Ai];||07Fij : ||U - UhHOyFij
< CR*|lly, g, - [1Nillo,o0; (4.14)
Cllolly 1, - 1AL 3 00,
Let s, and s4 be the two end-points of Fj;, and s, and s3 denotes respectively the interior
nodes nearby s; and s4. Set e = [s1, s2] U [s3, s4].
We define vy, €S7-(Fi;) and vop €55(952;) by
'Uh( ) lf8—8107°8=84, _ y
Uip = {linearfunction, ifsee, JU2p = {Sh Ulh’onogﬂf‘@rj,”
0, if s € [s2,ss] ’ B
Since (refer to [24] and its references)

[0n]lo,50,53, <C(1 + log (d/R)) lvnlly .,

IN

from (4.13), we have
| < )‘ij;'Ulh >Fij | ||)‘ij||0,Fij : ||U1h||07Fij
[Aillo, o0 Nlownlloe
Ond 3Xi|_y oo, - B* lonllo.o, 1 (4.15)

o +10g2 n)

IN AN INIA

-1.00; " th”%,Fl]
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It can be verified directly that (refer to [15] and [24])
l[02nll3,60, <C(1 +log(d/h))[lvlly, ;-
Thus

> |>‘i|—%,89i ) ||U2h||%,89i
< O +logn)|dil 1 sq; - lvnlls gy

v (4.16)
On the other hand, we have
lonlly g, <Clioly 1,

Hence, from (4.14), (4.15) and (4.16), we obtain
| < z]7U>FiJ‘|S |</\ij;’Uh >F,-j|+|<)\ij;11—'1)h >Fij|
< | <A >F | ] < A v >oq;
+
<

Cllvlly,r; 1Nl - 1 o0,
C( +logn)Ail 1,00, - I]l1,r;
which leads to (4.13).

Proof of Theorem 3. Set A;j = {(r,k) : Frpy C 0Q;|JOQy,r < k} For any \;;€S,,(F;j), we

have
< S DijAij), Z DijAij >= >_ < SDij\ij), Z DijAij >
i<j 1<j (4 17)
= Z Z SDszzj:DrkArk > :
1<j (r,k)EA;;
Since

< SDijNij, Drpder, >= < SiDijAij, Dep Aok >o00; + < SjDijAij, DegArk >00;

< (< 8iDijAij, Dijhij >o0, + < SjDijAij, DijAij >BQ]-)% )
© (< SiDrgArk, rk>\r1k >o0; + < SiDre Ak, 1rk>\rk >00;)2

S (< Slj>\lj7>\lj >F ) (< SrkArk:)\rk >F k)

S %(< Sz])\zja)\z] >FJ + < Srk/\rka)‘rk >FT;€)

by (4.17), we obtain
< S(X Didig), X Dighis > <C 5 < S, iy > (4.15)
i<j i<j 1<j
For any A€S,,(F),set Aij = A |r,;. Let Ao = Y Dy P, Xij = Pig-))\,-j,and set
i<j

A = {Xz’ja if FijeF,
Aij if Fj; ¢r'.
It is clear that A = Ao + >_ Di;Aj; with Ao€Vp and Aj;€S,(Fy;). From (4.7), (4.8) and (4.13),

1<j
we have ) ‘
< SZ]AZ.]?A:(] >Fij SC(]- + IOg n)(|)‘|2_%7391 + |/\|2_%7891) (419)
Since n<Cd~2, thus (4.12) and (4.19) infer that
> < SiA A >y <C(1+1log”n) < SA A > (4.20)

i<j
Furthermore (note (4.18))
< SoAo, Ao >= <S()\ ZD” ) A — ZD”

< C(<S/\A>+<S(ZDZJ )ZDZJ >)
(4.21)

< OS>+ Y <SZ])\ )5 AL >F”)
i<j
< C(l+1log”n) < SA\ A >, (n<Cd2).

Using Lemma 1, together with (4.18), (4.20) and (4 21),we deduce to Theorem 3.

5. The Case of n=0

In this section,we consider Poisson equations:

—Au=f, inQ,
{ u=0, on 09, (5.1)
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For these equations the interface equation can not be built directly like (3), because the
corresponding local stiffness matrix A; is only semi-positive definite. Now, we introduce a
” approximation-extrapolation” framework (this idea can also be found in [21]). This algorithm
can preserve the merits of the preconditioner introduced in Section 3. Moreover, it increases
slightly cost of calculation only from parallel point of view.

For a given natural number r, and a ”small” positive number n,let (upj, Anj)€Shxn be the

solutions of the following “approximated” problems (j = 0,---,r —1):
N N
le{alj (upj, V)= < Anj,v >o0,} = 21:1 (f,v)e;, YWESK(Q), (5.2)
1=
Y < Upj, p >o0,=0, VpeSy(F), (53)

i=1

Whebfe aij(unj,v) = (Vunj, V0)o; + (1/27)(unj, v)q, (0<j<r —1).
et
UEL,]) = uhj7>\(0j) = An]:] = 07"'7T - ]-7

1, (1-1) (1-1) 1y (1—1) (l 1)
o _ 2w g g 2N -
Unj = 2l 1 >y T ol _1 ’

j=0,--;r=1=01l=1,---,r =1(f r>2)

Theorem 4. Under the assumptions of Theorem 1, we have

iy = wllx + X = Gl 5
5.4
Sc(ﬂ + h'"™) 2(|“|m+1,9i + [[ullo,@; + d%|u|k+%,69i\89)7
=
where u is the exact solution of (5.1).
Proof. Let (ﬂh,X)Ethn be the solution of problem
SV, To)a— < v >om} = 3 (oo, WESHO), (5.5)
N
Z < T, b >p0,= 0, VueS, (F). (5.6)
Since (see Remark 3)
_ — Ou m Al 1
[an = ullx + 1A = 5~ lIm<Ch > (ulmiro + d?[uliy s sa000),
i=1
therefore it suffices to prove ' B
s = @nllx + 1A~ Nim
(5.7)

<Cn" Z(|U|m+1 o, + [[ulloo, + d* |ulrr i 00:\00)
Subtracting (5.5) from (5.2) Wlth] 0 and j=1 leads respectively to (set v =y, in (5.2) and

(5.5))

M=

2 {(V(uro —@n), Van)a; + n(uno, Th)a, } =0 (5.8)
and =
Z{( (uny =), Van)a; + (1/2)(uny, U)o} = 0 (5.9)
Subtracting (5 8) from 2 x (5.9), we obtain
g{(vaum — uno = Un), Vin)o; + 1(un1 — uno, )} =0 (5.10)

Repeating the above process,we have (set v = 2up; — upp in (5.2) and (5.5))
N

Z{(V(Qum — upo — Up), V(2up1 — upo))q; + n(up1 — upo, 2up1 — upo)a; } =0,
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which subtracting (5.10) yields that

N
Z{|u§zlo) — Tnl10; + 0(unt — uno, uhy — W)} =0,
=1

namely,
N N
Z aio(ugllo) — Up, ugllo) —Up) =1 Z(uhl — Up, uﬁfo) —n)q;-
i=1 i=1
Thus, by the generalized Poincare’ inequality (see [7]) and the Cauchy-Schwarz inequality,we
obtain )
lupe = Unllx <Cnlluny —uallx (5.11)
Similarly,we have
N
_ _ L
lluny = Tnllx <Cn(>_ @]l 0,)
i=1

which,together with (5.11), yields that
N
1) : 1
||U§Lo) — Tp||x <Cn® ;(|U|m+179i + lleflo,0; + d2 |ulkr 1 00:\00)- (5.12)

1=
On the other hand, from the LBB condition (see Thereom 1 in [5]), we know that there is a
function v, €S, (2) such that

N
IAS) = Nlina - ol lx <C > < AL =X, o >a0,,
i=1
by (5.2), (5.5), (5.12) and the Cauchy-Schwarz inequality, this leads to
N

1 — . 1
IASS = XM <Cn® 3 (Julmsr0: + lullo.g: + d¥ luliy s p0,00)-

i=1
The rest may be deduced by analogy.
Remark 8. The solutions (upj, Anj) (j =0,---,r —1) can be obtained in the same way as

(un, A) (note that the local stiffness matrix A;; associated with the local bilinear form a;;(-, -)
has the same size as A;), which may be computed parallelly for different j. Moreover, the
corresponding preconditioned interface matrix has the same condition number as M S.

Remark 9. Theorem 4 indicates that an ideal approximate solution of (5.1) can be obtained
provided that n"<h™.The positive number 7 can not be very small, otherwise, the condition
number of the local stiffness matrix A;; may be great. It is clear that, when A™ is not very
small,extrapolation will unnecessary (namely, set n = A™). In most circumstance, “extrapola-
tion” need to be done for one time at most.

6. Numerical Examples

At first,we consider example
—Au+nu=f, in Q=1[0,4]%
u=g, on 09,
where f and g are given functions such that its exact solution u = sin(z + y).
The domain 2 is decomposed into 4x4 or 5x5 squares with same size, and each square is
divided alternately (number the squares in the usual way) into 20x20 or 18x18 small squares
with the same size (the grids is non-matching). We consider the @), finite element approximation
space.
_ In order to show effect of our preconditioner, we calculate condition numbers of the matrices
S and M S, and iteration times of solving the interface equation by conjugate gradient (CG)
and preconditioned conjugate gradient (PCG) methods. The effect is confirmed by Table 1 and
Table 2, here, the iteration domination error is 1075, The resulting solution error is less than
2.107E-3.

(6.1)
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Table 1
4x4 subdomains,d=1
n n=1 n=0.1
condition numbers | iteration times | condition numbers | iteration times
S MS CG PCG S MS CG PCG
31 354 16 48 13 3318 21 74 15
41 930 27 65 14 8714 36 100 17
5 | 2401 35 91 16 22387 49 157 18
6 | 6785 90 114 17 63712 120 182 19
Table 2
5% 5 subdomains,d=0.8
n n=1 n=0.1
condition numbers | iteration times | condition numbers | iteration times
S MS CG PCG S MS CG PCG
3 602 19 76 19 3790 21 123 22
4 1574 32 102 21 9901 36 170 23
5 | 4052 40 136 22 2362 49 221 25
6 | 11388 107 172 24 72163 125 289 26

Table 1 and Table 2 indicate that the preconditioner advanced in this paper are very effective.
However, the condition numbers cond(M S) in Table 1 and Table 2 has not polylogarithmic
bound proven in Theorem 3. This phenomenon does not contradict our theoretical result,
because Theorem 3 is valid only under the assumption Hy.

In applications, we are interested only in the effect of our preconditioner for the same n, h
and d (or N), so the assumption Hy is not absolutely necessary (provided that n?h/d is not
large, refer to Table 1 and Table 2).

Now we consider Poisson equation:

—Au = fo, mn Qo = [0, 1]2,
{ U = 9o, on 8907 (62)
where fy and go are given functions such that its exact solution u = sin(z + y).

The “approximation” equation is (6.1) with f = fo,9 = go and Q = Qy. The theoretical
results stated in §5 are confirmed by Table 3. For convenience’ sake, we use the L? norm instead
of the H! norm. Note that from two r — 1 level “neighbouring” extrapolation results, we can
only obtain one r level extrapolation result.

Table 3
4x4 subdomains,d=0.25,h=0.05,n=4,7=0.4

C_ 0 _ () _
J | lung —ullx ||uh7- ullx ||Uh7' ul|x
0 3.34D-1 4.82D-2 6.13D-4
1 1.91D-1 1.22D-2 7.66D-5
2 1.02D-1 3.06D-3 \
3 5.03D-2 \ \

All numerical results are obtained by using Liang’s finite element program generator (see

[22]).
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