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Abstract

In this paper, Ginzburg-Landau equation coupled with BBM equation with periodic
initial boundary value conditions are discreted by the finite difference method in spatial
direction. Existence of the attractors for the spatially discreted Ginzburg-Landau-BBM
equations is proved. For each mesh size, there exist attractors for the discretized system.
Moreover, finite Hausdorff and fractal dimensions of the discrete attractors are obtained
and the bounds are independent of the mesh sizes.
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1. Introduction

In this paper, we consider the following periodic initial value problem for the system of
Ginzburg-Landau equation coupled with BBM equation

et +ve — (1 +i0)ewe + (B1 +if2)|e*e — idne = g1 (x), (1.1)
Ng 4+ nng + YN — ANy — Nt + €2 = g2(2), (1.2)

e(x + 2m,t) =e(x,t), n(zx+2m,t) =n(x,t), (1.3)
e(z,0) =eo(z), n(z,0)=no(z). (1.4)

where g(z,t) is a complex function, n(z,t) is a real scalar function, v, «, 4§, v, a1, as, 81, B2
are real constants, and g1 (), g=(x) are given real functions.

This problem describes the nonlinear interactions between Langmuir wave and ion acoustic
wave in plasma physics, e(xz,t) denotes electric field, n(x,t) the perturbation of density (see
[1,9, 2]). In [3] Guo proved the global existence of smooth solution (ay = v = 0), and in [6],
Guo and Jiang considered the periodic initial value problem with the weak dissipative case and
obtained the upper bounds of Hausdorff and fractal dimensions for the global attractors, both
are on a bounded domain. In [7] Guo and Jiang studied the existence of the global attractors
of the problem (1.1)-(1.2) and (1.4) on an unbounded domain.

Although the existence and uniqueness of the global smooth solution for the problem (1.1)-
(1.4) in one dimension have been obtained, but we still do not know if the existence of the
attractors for the spatially finite difference equations of the problem (1.1)-(1.4) is available and
the attractors independent of the mesh sizes. Moreover, we still need to know if the finite
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dimensionality of the attractors still hold for the spatially finite difference equations. On the
other hand, in order to simulate the properties of the solution numerically, we need to discrete
the equations. These are the main questions we would like to consider. In this paper, we
discrete Ginzburg-Landau equation coupled with BBM equation with the periodic initial value
conditions by the finite difference method in spatial directions. It is proved that for each mesh
size, there exist attractors for the discretized systems. The bounds for the Hausdorff and fractal
dimensions of the discrete attractors are obtained, and the various bounds are independent of
the mesh size.

2. Discretization of Ginzburg-Landau-BBM Equations and a Priori
Estimates

Let 2 = [0, 27] be a domain in real one dimensional Euclidean space R, and J a nonnegative
integer and h = 27” the space step length. The interval 2 is divided into discrete lattice
Qn = {z1,29,--,2,}, where z; = jh. The discretized function u = (uj,us,---,us)’ and
uj = u(x;).

The difference operators are defined by

(uj — uj1),

S =

1
Uje = 3 (Uj41 = uj) = Vg,  ujz =

1 1 1
Ujz = Q_h(“m —uj-1) = Q_hAOUJa Ujaz = ﬁ(“jﬂ = 2uj +uj1) = Apuy.

Spatially finite difference discretized version of the problem (1.1)-(1.4) can be defined by

d . . .
%Ej +ve; — (Oé1 + Zaz)Ejzf + (,31 + Zﬂ2)|€j|26]‘ - Z5nj6j = 0j, (21)
d 2
31"+ Dof(ng) +mj — anjez — njeze + lejli = 924, (2.2)
Ejtra(t) =€j(t),  mjrrs(t) = ny(t), (2.3)
£j(0) =eolx;), n;(0) =no(z;). (2.4)
where Dy f(n;) = %njAonj + %Ao(ni). v,y,a,ai, B >0, ris an integer, j = 1,2,---,.J.
Denote the scalar product of two discrete complex periodic functions v = {u; |j = 1,2,---, J}

andv:{vj |-7: 1727"'7‘]} by
J
(u,v)p = Zujﬁjh.
j=1

Here 7; denotes the complex conjugate of v;. For the norms of the discrete function u and its
difference quotients V’flu of order k > 0, we take the expressions
J—k s
IVEulls = | D IViul’h | , 1<s<oo

j=1

and
IVl = _max Vhu),

where V¥ =V}, - Vj, ---Vj, and k > 0 is any nonnegative integer and p is a real number.
Now we state some interpolation relations between the norms of several difference quotients
for the discrete function w on the finite interval Q.
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Lemma 2.1. (Zhou [11]) For any discrete function v = {u;|j = 1,2,-,J}, there are

1 1
lulloo < Kallull ([[Vaull + [lul))>,
1 1
IVhull < Ks|lull ([[Apull + [lul))>,

k+%—% ket

IVhullp < Ksllull'=— (IViull + [Jul)

1
p

[N

3

where K1, Ky and K3 are constants independent of the discrete functions u and the steplength
h,2<p<oo,0<k<n.

Lemma 2.2. (Guo and Chang [4]) Assume that the two complex discrete functions u = {u;
li=1,---,J} andv =A{v; |j=1,---,J} satisfy the periodic conditions u; = ujty, v; = Vj+J,
there are the identities

(wjvj)e = Uj1Vjz + Ujevj, (u,vz) = —(Ug,v).

Lemma 2.3. Assume that eo(z) € L2(Q), gi(z) € L2(Q). Then for the solution of the
problem (2.1)-(2.4), there is

. v
le®I” < lleolle™" + =51 = e™™). (2.5)

Proof. Multiplying (2.1) by g;, summating the equation about j from 1 to J and taking the
real part, one have

J J J
1d . _ ) _
55”8“2 +vlle||* — Re E (a1 + iaz)ejazEh + Re E (B1 +iBo)|gj*h = E g1;Ejh.
=1 i=1 =1
This implies that
Ld, o V. o 2 4 1 2
S Z < — . .
el + Zlel? + aalI Vel + Buelld < -l (26)

By Gronwall’s inequality, we get (2.5) and

lim ||e(#)])? < M = Ey.
t—o00 - y2?

Lemma 2.4. Suppose that eo(z),n0(z) € HY(Q), g1(z) € Hy(Q), g2(z) € L3(), = € R.
Then for the solution of the problem(2.1)-(2.4), there are
i (0 + im0 < B, 27)

where Ey is a constant independent of the mesh size h.
Proof. Multiplying (2.1) by &;,7, summating about j from 1 to J, taking the real part of
equation, we have

J
LANVael? + vIIVaell? + aal|Anel = Re(Br +B2) Y lej|*es8jazh
i=1 (2.8)

J J
+Re(id Z nje;€jazh) = Z 91jaEjah-
j=1 j=1
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Lemma 2.1 implies
5 1
lulld < Kallull= (Apull + [lul)z,

3 1
lulloo < Ksflufl*([|Anu|l + [[ul)?,
1 1
IViull - < Kellull> ([Anull + [[ull).

Noting that for a,b > 0,p < 1,(a + b)? < aP + bP. Thus by Young’s inequality and above

inequalities, we get

J
Re(f1 + i) Z lej*ejEjumh
j=1

< (87 + B3)= 1| Anell el

. PO 5 1
< Ka(B7 + B2)= || Anell llell (| Anell + [lell)
< Gl Agel* + 1,
J J
Re(25 Z(njEj)Ing h) =Imd Z njgva’:‘jgjzh
Jj=1 Jj=1
< 10HIVrel [IVanl] llelloo
< Kqlo] [lellF (| Arell + llel) F IV anll
< ElArel® + FIVanll* + Cs,

where s ‘
C1=3(%) "K{(B? + B3)°E] + 2 K36} + B3) B3,

Co = da~ (%) "KESE} + 2 K26°E.
Thus, (2.8) follows

1d 9y U 5 o 5 9
e v U Ape < & .
2dt||vh5|| + 2||Vh€|| +3 lArell” < <IVan|l” + Cs

Secondly, multiplying (2.2) by n; and summating about j from 1 to J, we get

(2.9)

J J
S P + 174l + Al + alanl? + Fon) + D lesBnsh = 3 gojnsh,  (2.10)
j=1 j=1
where
J J 1 1
F()(’nj) = anDof(nj)h = an(gnjAonj + ngni)h
J:1J Jj=1
= %Z[nj (nj41 —nj—1) +nj(nj —nj_y)]h
= 073 '
J ‘ J ‘ ‘ o ‘ 17
=Y leilingh = =5 (lelz + lej3)nsh < §||th||2 + 5 > leil*h,
j=1 j=1 j=1
J
=Y leilth = &l < KsllellZ (| Anell + llel)®
j=1

IN

%||Ah5||2 +C4.
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(2.10) gives
4

. . . (0] . « .
Sl + [V anll?) + 2iinll? + SVl < 22 [Asel? + Cs. (2.11)
f

DN | =

t
The summation of (2.6), (2.9) and (2.11) implies

sz (lellf + lInllz) + Sllell® + (an + ) 1 Vael® + Znl®
+§IVanl® + G 1Arel® + Bullells < Cs.

By Gronwall’s inequality, (2.7) holds.
Lemma 2.5. Suppose that eo(x),no(x) € H2(Q), 91 (x) € H2(Q), g2(x) € H) (). Then for
the solution of the problem (2.1)-(2.4), there are

lim ([|Agel? + [|Apnl?) < B, (2.12)
t—o00

where Ey is a constant independent of the mesh size h.
Proof. Multiplying (2.1) by Zj,z2z, summating about j from 1 to J, taking the real part,
we have

J
Sl Anell” + vllAnel* + ar|Viel® — Re(B1 +i62) Y (Iejl*ej)eZjumeh

J J o (2.13)
—Re(lé Z(n]{—:])wfgﬂfh) = Z gljwfgjwfh.
j=1 j=1

Similarly
J

Re(ﬁl + 7/52) Z(|5j|25j)ng1:5wh
j=1
<3(82 + 822 [lello I Vel | V3el|
< K| Viell llell3 (IV3ell + lell) 3
< 9| Vie|]? + Cr,

J J
Re(id _(nje))ezEozh)| = [Imd Y (nje;)uEjuzahl
j=1 j=1
0](lInllso IV rell + llellos [V RnIDIViell

aL||Viel|? + Cs.

IN A

Thus, (2.13) gives

1d v aq
§£||Ah€||2 + §||Ah5||2 + 7||V25||2 < Cy. (2.14)
On the other hand, multiplying (2.2) by nj,z to get
1d . . 5 .
S LAl + 1An?) + LI9n ] + S Aunl < Cro (2.15)

Combining (2.13) with (2.15), (2.12) holds.

3. Existence of the Attractors

In view of the priori estimates in section 2, one can obtain the existence of the attractors
for the discrete system (2.1)-(2.4) with respect to || - [| zz-norm.
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By Lemma 2.3 and 2.4, using Galerkin method, we have the following theorems.

Theorem 3.1. Assume that eo(z),no(z) € H;(Q), g1(z) € H2(Q), g2(x) € Hy (). Then
there exists a unique solution (e,n) € Hg x Hj of the problem (2.1)-(2.4). The mapping
(e0,m0) € Hg X Hg — (e,n) € Hg X Hg defines a continuous semigroup S(t).

Theorem 3.2. Let Q = [0,27] and B = {(g,n) € H} x H2; |lell32 + [In|l32 < 2E2} The
semigroup associates with the 2mw-periodic initial boundary value problem (2.1)-(2.4) possesses
a mazimal attractor A C B, which is bounded in HS X Hg. A attractors the bounded set of
H? x H? and it is convex and connected.

4. Estimates of the Upper Bounds of Hausdorff and Fractal
Dimensions for the Attractors

In this section, we give the estimates of the upper of Hausdorff and fractal dimensions for
the attractors. Writing the problem in the abstract form:

d
i) = Flu; (1),

We consider the following linear variation corresponding to the problem (2.1)-(2.4):

d A o
—Uj +vU; — (o1 +ica)Ujz + (B +i62) (2|e|*U; + €°U;) — id(nU;j + €V;) = 0, (4.1)

dt
%VJ + (nVj)e +vVj — aVjuz — Vieme + 2Re(EU;); = 0, (4.2)
Uj+7’J(t) = Uj (t)a ‘/}JrrJ (t) = V} (t)a (43)
Uj(0) = uo(z;), V;(0) = vo(w;)- (4.4)

where (g,n) is the solution of the problem (2.1)-(2.4) with the initial data (g9, n0). It is easily
proved that problem (4.1)-(4.4) has a global smooth solution as long as the solution of the
problem (2.1)-(2.4) is mildly smooth, and the semigroup S(¢) of the problem (2.1)-(2.4) is
Fréchet differentiable in L2 x L2 with differential L : (g,n) — (U, V), where (U,V) is the
solution of the problem (4.1)-(4.4).
In fact, set ¢(t) = S(t)(&o +m0) — S()0 — DS()o)no = &i(t) — £(t) — n(t), then
#C = F&) - FE®) + LE®)n(®)
= F (@) +n(t) + () — FE®1) + LE@)n(?), (4.5)
o) =o0.

therefore, (4.5) can be rewritten in the form

200 + LED) = AE,0), (1.6)
where
A&, Q) = F(&(t) +n(t) + ¢(8)) — F(E(8)) + L(&(1)) (n + C)-
Taking the scalar product of (4.6) with ¢, we find that
1d
2 dt

Using the theory of linear partial differential equations, estimating every terms in (4.7), we can
get the L2-estimate

€N + (LE®)C@), <(1) < CUIKI* + I A (€ m OII).- (4.7)

I < Cllnol .
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It dives the differentiability of the semigroup operator S(t) in Lf) X Lf).
Now we introduce an energy equality of the solution (U(t),V (¢)) of the problem (4.1)-(4.4).
Set u; = e"Uj,v; = €7V}, then (u;,v;) satisfies:

Luj + (v —7)uj — (1 + i2)ujez + (B1 + i62)(2]e|?u; + 2T5) — id(nu; + cv;) =0,

(4.8)
%vj + (nuj)z + (7 — @)vjuz — Vjaze + 2Re(Euy); = 0.
Similar to (2.2), (2.8) and (2.10), we have
J
Lallell® + v = llell? + ar|[Vaull? + Imd Y~ (sv;u;h)
; =1 (4.9)
+Re(B1 +if2) Z (2e)?|u;|? +€2E§)h =0,
j=1
J
L4V null? + (v = DITaull? + x| Apul? + T Y (s + 20752
, i=1 (4.10)
—|—Re 61 + Zﬂz Z 2|6|2’U/jﬂjw5 + Ezﬂjﬂjwf)h = 0,
j=1
1d !
EE[HvH2 + |[Va|*] + (@ = 9) ||V o] |* + Z(n'l)j)j;'l)jh + 2Re(gu;)zv;h = 0. (4.11)
j=1
Define
Tu(u,0) = [lull® + IVpul® + pllvl* + pl|Violl?,
J
L(u,v) = 2[(y = v)|lull® + (v = v — 1) Vaul* — an || Apull* — Tmé Y (v0,u;h)
j=1
J J
—Re(B1 +if2) Y (2lel*|u;* + 27T
=1
5
—Re(B1 +1iB2) > (2le[*tjTjne + £°UjTjuz)h
=1
J J
—Imé Z(nujﬂjﬁ + eVjUjge )b + p(y — @)|| Vi)
j=1
S
—1 Z(nvj),;.vjh — 2puRe(Zuj)zv5h.
j=1
Then (4.9)-(4.11) have
dJ,(u,v)
# = IH(U,’U), (412)
where p is a positive constant sufficiently large such that J,(u,v) induces an equivalent norm

on Hy x H}.
Let X be a bounded invariant of S(t) in H} x H,, then

S(t)X =X, for all t>0.
Let & € X, then S(t)¢o = S(t) (€0, n0) = (e(t),n(t)) € X. So
1Xloo = sup sup{lle(®)llcc + [[Vre®)lloo + [IR(E)lloc + IVaR()lloc} (4.13)
EoEX t>0
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is finite. By definition of J,(u,v), we deduce that there exist p > 0 and M, My > 0 such that
My (Il + llolly) < T v) < My(lulyy + pllvliZ), (4.14)

for all (u,v) € X, that is an equivalent norm on H; X H;. Suppose that 5 = (n1,72), & =
(&1,&) € X. Define

U(n, &) =V - Vil + Viane - Vo + pmé, + ppés.

It is well known that ¥(n,£) is an R-linear symmetric form on H) x H}, and ®(n,1) = J.(1,n)
is coercive by (4.13). It means ¥(1,7)? is an equivalent norm on H) x Hy.

Now let & = (¢7,n7),j = 1,2,---,m be m elements in H} x H}, &(t) = (DS(t)&)no the
corresponding solution of the problem (4.1)-(4.4). Let n;(t) = e7*¢/(t), j = 1,2, ---, m. Then
77 (t) = (ul (t), v (t)) satisfies (4.8) with 77(0) = (u,v)). Note that

|fl(t) A £Z(t) A .gm(t”im(Hl) = efmmtml A 7)2 A A nm|/\'"(H1)
= e ™ dety<; j<m (' (), 77 (1))

Set H,,(t) = deti<; j<m ¥(n'(t),n’(t)), we have

dH,, (1) n LTz (1)
i O max min SO o)

=1 4imF =1 ¢#0

Since [|n]|o, le|loo are uniformly bounded for (g9,m0) € Hy x Hy, and
(v —v —a)[[Vaull® < (v = v — c0) K3 |ul|([[Anul] + [|ul])

o 274
< Sl + [ =y — o) K3 P

a1

J
_ 1
Mmd Y (evymih)| < [8llleflocllull o]l < 5181 lelloo lull® + [10]1%),

i=1
J
tmd >~ (nujuz + 205z h| < [8](|[nlloollull + [lellool oI Anull
j=1
o552
< GNA Rl + 2= (Il Nl + llellZ ol?),
J
Re(B1 +i82) > (2lel*[u;[* +223)h| < (83 + 83)23lel % [lull®,
=1
JJ
)2

Re(B1 +i62) Y (2leltjlljre + £°TjTjza)h
=1

ji
. oy 1 . .
< (bt + B3) 2 3llellull 1A nu]l*
< FlARull? + 287 + BD)llellllul?,

J J
1
Z(m)j)ivjh =3 Z”(WH —vj-105) =0,
j=1 j=1
d el e
2Re(Eu;)zvih < |[elloo D ujavih < (a — )| Apv|” + [|ul]”.

A(a—7)

=1
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Thus we get
3k 3L
Lu(u,0) < 2My(flul® + [[ol?) = 2Ma(Jull=llull= + [lvll=[|v]|=)
3 1 3 1 (4.15)
<200y (Ifull o llull? + ol 2 1ol 2)
here

My = max { 313] lello + 2 el

o 2 s
y—v+(y—v—a)K:+ % + L10]llelloo +

. PN . . . .
13082+ 63)HlellZ + 2 (8 + B el + sy el )

From (4.15) and (4.15), we have

2
iz

dH (1)

2M,
<
dt  — Hu(?) Z

M;

max min
= FCR™ z€eF
dimF =1 z#0

3
LAPSTE-} ™
13wl 1307, Dy
DD i

HZ
2M, s )
T, Hn(® ) max, - min l
=1 GimF=1 z#£0

1
zjuj||2

R—
Lzl 2ol Ej
VHIE T

zjvill%, Lzl

1
zjv;2
JUJUJ||H1

1
12255 =l N 125 =il |°
[ 12255 @05l

IN

4M1 i

=1

)

A

where we have used the Max-Min Theorem and JA; is the I'th eigenvalue of —A.

Note that ¢y € L?(Q),k € N be an orthogonal basis which the eigenvectors of the difference
operator —Ay and Ag = J2 sin ( ), k=1,2,- [—] are the corresponding double eigenvalues
of the {¢;} and 22z > 2 (0<x< ), wehavethat for0<s< 3

m

_ Ui J —2s . _ kﬂ'
Z)‘ks =D (&) Tsin™ (=)
k;l
SE R
k:21 —2s 1 1
S (;) "1-25 " mZ-L-
Then
dHp,(t) _ 4M, N 1
i S Hm(t);)\l < 4Cm3 Hp (),
and

Then we have
Theorem 4.1. The universal attractor A defined in Theorem 3.2 has finite Hausdorff and
fractal dimensions in H) x H.
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