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Abstract

In this paper, a kind of rational cubic interpolation function with linear denominator is
constructed. The constrained interpolation with constraint on shape of the interpolating
curves and on the second-order derivative of the interpolating function is studied by using
this interpolation, and as the consequent result, the convex interpolation conditions have
been derived.
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1. Introduction

Design of high quality, manufacturable surfaces, such as the outer shape of a ship, car or
aeroplane, is an important yet challenging task in today’s manufacturing industries. Although
significant progress has been made in the last decade in developing and commercializing pro-
duction quality CAD tools, demand for more effective tools is still high due to the ever increase
in model complexity and the needs to address and incorporate manufacturing requirements in
the early stage of surface design. Within this content, constrained design has been identified as
one of the surface design problems that need to be solved [1]. This problem deals with control
of the bound of curve/surface, the shape and the curvature in the design process.

Spline interpolation is a useful tool for curve and surface design [2,3,4). But in general, the
common spline interpolation, such as B-spline, cubic spline, is a kind of fixed interpolation.
It means that the shape of the interpolating curve is fixed for the given interpolating data.
If one wishes to modify the shape of the interpolating curve, the interpolating data need to
be changed. How the shape of the curve can be modified under the condition that the given
data are not changed? In recent years, based on the idea of adding the parameters in the
interpolating function, the rational spline have been of interest[6,7,8,9]. But because of those
rational cubic splines with quadratic or cubic denominators, it is not convenient to do the tasks
such as constraining the interpolating curves to be in the given region or constraining them
to be concave or convex. In [10], a rational cubic spline with linear denominators based on
function values has been constructed, and it can be used to do the constraint in some case. In
this paper, a kind of rational cubic interpolation function with linear denominator based on the
function values and the derivatives is constructed. The method proposed is C* continuous but
under certain conditions, a C? rational spline can be got.

This paper considers the constrained curve interpolation problem both on the shape and the
second-order derivative of the interpolant. The sufficient conditions for the interpolating curves
to be above (or below) a straight line and/or a quadratic curve in an individual knot interval
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and the necessary and sufficient conditions for constraining the second-order derivative of the
interpolating function are derived. In fact, not only necessary and sufficient conditions are given,
but the existence conditions for this constrained rational cubic interpolation have been derived
also. More interested is that because the second-order derivative of the interpolant function
can be controlled by this method, the convex interpolation conditions can be got easily as the
consequent result.

This paper is arranged as follows. In Section 2, the general form of the rational cubic spline
curves is given, and some of its properties is considered, including the tri-diagonal system
of equations for the construction of such a C' rational cubic curve. Section 3 is about the
shape constraint problem. Section 4 is about second-order derivative control problem. The
convex interpolation conditions which are the consequent result of the second-order derivative
constraint and its existence are considered in Section 5.

2. Rational Cubic Interpolation

Let {fi,i =0,1,...n} be a given set of data points, where f; = f(¢;) and tg < t1 < -+ <ty
is the knot spacing. Also, let {d;,i = 0,1,...n} denote the first-order derivatives of the being
interpolated function f(¢) at the knots. Define the C'-continuous, piecewise rational cubic
function by

pi(t)

P(t) [ti,tiﬂ]: q@-(t)’ (1)
where
pit) = (1—6)2a;fi +60(1—0)*V; +6%(1 — )W, + 0°Bifis1,
q(t) = (1-0)a; +08,
0 = (t—t;)/h,
hi = tip1 —ts,
and
Vi = Qa;+Bi)fi + aihid;,
Wi = (o +28:)fiy1 — Bihidiga,

with «;, 8; > 0. P(t) satisfies P(tl‘) = fi, P’(t,') =d;, 1=0,1,--+ n.
P(t) is the standard cubic Hermite interpolant if a;; = ;. If d;,4 = 0,1, -+, n, are not fixed,
P(t) can be a C? rational cubic spline by requiring

P”(ti-f—) — P”(ti—)

for ¢ = 1,2,---,n — 1. This condition leads to the following tri-diagonal system of linear
equations:
Qi Qi ; ;
hiﬁz—_idifl + (hi(1 4+ ﬁz—i) +hi1(1+ g—z))dz + hiilg_zdi+l
= b (22 A b+ 22 A = 1,2, (2)
Q; Bi-1

where

A; = (fix1 — fi)/hi.
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If the knots are equally spaced, equation (2) becomes

a1 B Bi
By " ai)dl T dit1
5@Ar+a+2anApu i=1,2,---,n—1. (3)

;g i—1

Qi1
—di_1 +(2+
Biq ! (

= (1+2

Furthermore, if a; = f3;, then (3) becomes the well known tri-diagonal system for cubic spline

di—1 +4d; + dip1 = 3(A;+ Aiy); t=1,2,---,n—1. (4)

3. Constrained Interpolation on Shape Control
Given a function g(t) and a data set {(¢;, fi,d;) : i =0,1,---,n} with
fiZg(ti): 7::0717"'7”/

let P(t) be a rational cubic function defined by (1), if P(t) > g(t) for all ¢ € [to, t,], then P(¢)
is called a constrained interpolant above g(t). Within this content, consider the following two
cases.

Case 1. Let g(t) be the piecewise linear function defined on [tg,t,] with joints at the
partition A : tg <t < --- < t, and

fi > g(ts), i=0,1,...,n.

Since ¢;(t) > 0 for t € [t;,t;41], then

is equivalent to

Let

it follows
Ui(t) = (]. — 9)3aif,- + 0(1 — 9)2‘/@ + 92(1 — H)W@ + 03ﬂ,'f,'+1
— (1= B)as + 88)((1 - B)gi +8gisr) > O, (6)
where g;, g;+1 represent g(t;), g(t;+1) respectively. Since
(1 =0)a; +68:)((1 — 0)gi + git10)
= (1=0)%cigi + 0(1 = 0)(igis1 + Bigi) + 6°Bigin

= (1-0)aig; +0(1 —0)*(aigiv1 + Bigi + igi) + 0°(1 — 0)(igiv1 + Bigi + Bigis1)
+6°Bigit1,

(6) becomes

Ui(t) = (1= 0)°ai(fi — gi) + 0(1 = 0)*A; + 6*(1 — 0) B + 6°Bi(fi1 — gi1) 2 0, (7)
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where
A = Vi—(aigiy1 + Bigi + igi)
= ai(2fi — gi+1 — 95 + hidy) + Bi(fi — 9i)s
Wi — (igiv1 + Bigi + Bigit1)
= Bi(2fis1 — giv1 — gi — hidig1) + ai(fir1 — git1)-
If A; >0, and B; > 0, since

=
I

Ui(ti) = ai(fi—gi) >0,
Uiltiv1) = Bi(firr — 9i+1) 20,
then U;(t) > 0 for all ¢ € [t;,¢;4+1]. Hence, the following theorem holds.
Theorem 3.1. Given {(t;, fi,d;),i =0,1,---,n} with f; > g;, the sufficient condition for
the rational cubic curve P(t) to lie above the piecewise linear curve g(t) is that the positive
parameters oy, B; satisfy the following linear inequality:

Ai = @i2fi — giv1 — gi + hidi) + Bi(fi — 9:) > 0, (8)

Bi = ai(fiv1 — giv1) + Bi(2fix1 — giv1 — gi — hidiy1) > 0. 9)

For a given data set {(¢;, fi,d;),i = 0,1,---,n} the corresponding A;, B; in the above theo-
rem are called the criterion numbers for the rational cubic interpolant above the straight line

in the subinterval [t;, t;+1]-
Case 2. Let g(t) be a quadratic function, and f; > g(t;). Since

gi(t) = (1 —0)%g; + 0(1 — 0)(2g; + gihi) + 6% gir1, t € [ti, tit1]

where
gi = 9(ts), git1 = g(tit1), g; = 9'(t:),
then 0
Di
P(t) = > g(t
(6= 25 2 a0

is equivalent to

Ui(t) = (1= 0)a;(fi — g:) +0(1 — 0)*Ci + 6*(1 — 0)D; + 0*Bi(fix1 — git1) > 0, (10)

where
Ci = Qoi+pBi)(fi —gi) +aihi(di — g;)
= a;i(2fi — 29i + hidi — hig;) + Bi(fi — 94), (11)
D; = (2Bi + i) fiy1 — aigiv1 — 2Bigi — Bihi(diy1 + g;)
= ai(firr = giv1) + Bi(2fir1 — 29i — hidiv1 — higy). (12)
For a given data set {(¢;, fi,d;)i = 0,1,---,n}, and a given quadratic (maybe piecewise)

function g(t), C; and D; are called the criterion numbers for the rational cubic interpolant
above the quadratic curve in the subinterval [¢;, t;11].
In the same way as in case 1, there is the sufficient condition theorem for Case 2.
Theorem 3.2. Let {(t;, fi,di),i = 0,1,---,n} be a given data set, and g(t) be a given
quadratic function satisfying f; > g;, then the sufficient condition for the rational cubic curve
P(t) defined by (1) to lie above the quadratic curve g(t) is that the parameters «y, B; satisfy

;i (2fi — 2g; + hid; — hig}) + Bi(fi — gi) >0, (13)
i(fiv1 — giv1) + Bi(2fix1 — 2gi — hidiry — hig) > 0. (14)
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The existence of a constrained rational cubic interpolant p(t) satisfying the constraints in
[ti,ti+1] depends on the existence of the solution paramenters a;,3; of the inequality system
(8)&(9) or (13)&(14) for case 1 or case 2, respectively. For simplicity of notations, we shall
write the system as follows:

aro; + 018 >0 (15)
aza; + b3 > 0 (16)

with a1, b1, as, and by defined as follows for (8)&(9)

ar = 2f;i — git1 — gi + hid;

by = fi—g

az = fiv1 — git1

b = 2fit1 — giy1 — 9i — hidita

and defined as follows for (13)&(14).

ap = 2fi—2g;i+ hidi — hig;

by = fi—gi

az = fit1 — git1

b = 2fit1 — 2g9i — hidig1 — hig;

By elemetary analytic geometry, it is easy to get the following existence conditions for the
interpolation.

Theorem 3.3. For the constrained rational cubic interpolation discussed in section 3,

1) if fi > gi for all i = 0,1,...n (i.e. by > 0,a2 > 0), then the set of positive solution
parameters «;, 3; of the inequality system (15)&(16) is nonempty except when a; < 0,b2 < 0
and a1by > asb;.

2) if fi = gi and fiz1 > git1 (i-e. by =0 and az > 0) for interval [t;,t; 1], then the set of
positive solution parameters a;, B; of the inequality system (15)&(16) is nonempty except when
ar <O0.

3) if fi > ¢gi and fiz1 = giy1 (i-e. by > 0 and ay = 0) for interval [t;,t;+1], then the set of
positive solution parameters a;, 3; of the inequality system (15)&(16) is nonempty except when
by < 0.

4) if fi = g; for alli = 0,1,...n (i.e. by = as = 0) then the set of positive solution
parameters «;, B; of the inequality system (15)&(16) is nonempty if and only if ax > 0 and
by > 0.

The techniques used in this sections for constrained interpolation above a straight line or a
quadratic curve can be used for the "below” case as well. Therefore, one may actually consider
constrained interpolation between two curves.

4. Constraint on the Second-order Derivative of the Interpolant

The second-order derivative of an interpolant has been used in estimating the strain energy
and, consequently, smoothness of the interpolant. Smaller energy generally implies smoother
shape. However, it is possible that the overall energy of an interpolant is small while great
enough to generate abnormal shape at some points or even some small intervals. A better way
would be to control the second-order derivative directly. When ¢ € [t;, ¢;41], from (1) it is easy
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to get

P"(t) (hi((1—0)a; +68:)°)~" -
{((1 = 8)a; +08:)*(6(1 — O)a; f; + (60 — 4)Vi + (2 — 60)W; + 60, fis1)
—2(8;i — i) (1 — 0y + 06;)(—3(1 — 0)%a; fi + (1 — 46 + 360*)V; + (260 — 36*)W; +

30%Bi fir1) +2(Bi — ai)* (1 — )’ fi + 0(1 — 0)°V; + 6> (1 — )W, + 6° B, fir1) }-
Let P"(t) < M, then

Q) = Mni((1-0)ai+68)° +
{—=((1 = )i +608:)*(6(1 — O)cvifi + (60 — 4)Vi + (2 — 60)W; + 6600: fi11)
+2(8; — a)((1 —O)a; +685;) -
(=3(1—0)a;fi + (1 — 40 + 30*)V; + (20 — 36*)W; + 30%3; fis1)
—2(Bi —i)* (1= 0)ifi + 0(1 = 0)*Vi + 6°(1 — O)W; + 6°5; fiy1)} > 0.

Note that
Q'(60) = [(1 — )i + 08:]*[3(Bi — i) M I + 6(cifi = Vi + Wi = Bifir1)),
hence, Q(#) is monotone in [0, 1]. On the other hand,

Q(0) = 2a;Bi(2fi — 2fis1 + hidi + hidiy1) + of (MB] + 2f; — 2fi1 + 2hid;),
Q) = BX(MRh? —2f; +2fiy1 — 2hidir1) + ;37 (4fip1 — 4fi — 2hidiyy — 2hid;),
thus, it follows
Theorem 4.1. For the rational cubic interpolant function P(t) defined by (1) , the second-

order derivative P"(t) is less than or equal to M in [t;, t;+1] if and only if the positive parameters
«;, B; satisfy the following inequality system

268i(2fi — 2fiy1 + hidi + hidigr) + «i(Mh7 + 2f; — 2fis1 + 2hid;) > 0, (17)
ﬂz(Mh? — 2fz + 2fi+1 — 2hidi+1) + 2ai(2fi+1 — 2fz — hidi+1 — hzdz) > 0. (18)

As is known that when «; = 8;, P(t) is the standard cubic Hermite interpolate function
H(x). Obviously, for Theorem 4.1, the following corollary holds.

Corollary 4.1. For a standard cubic Hermite interpolante function H(t), the sufficient
and necessary condition for the second-order derivative H''(t) to be less than or equal to M in
[tiytiv1] is that the given data {fi, fit1,di,dis1} satisfy the following conditions:

th —6fiy1 +6f; +4h;d; + 2h;d;i11 > 0,
Mh? +6fiy1 — 6fi — 4hid;y — 2h;d; > 0.
As far as the existence condition for the second-order derivative of P(t) in [t;,t;4+1] to be

less than or equal to a given number M is concerned, from Theorem 4.1, by setting \; = 5;/a,
where A\; > 0, and let

a = 4f; —4fi1 + 2hid; + 2hidiga,
b o= MK —2fi + 2fis1 — 2hidisy,
¢ = MR +2f; —2fiy1 + 2hid;,

then, the conditions (17) and (18) become

aXi +¢ >0, (19)
bA;i —a > 0. (20)
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Obviously, the following theorem holds.

Theorem 4.2. For the given {(fi,d;),i = 1,2,---}, there must exist the parameters a; >
0, 8; > 0 for the interpolation function P(t) defined by (1) such that the second-order derivative
of P(t) in [t;,ti+1] keeps less than or equal to the given number M except the following cases:

1) a <0 andc<0; or

2)a=0andc<O0; or

3)a=0and b <O0; or

4) a >0 and b <0.

Similarly, the techniques used in this section 4 can be used for the case that the second-order
derivative is greater than or equal to a given number N. Thus one may also consider constrained
interpolation in which the second-order derivative of the interpolating function is bounded in a
given interval [N, M].

5. Convex Interpolation Condition

Engineering practice usually demands the interpolating function to retain the shape shown
by the given data. For instance, if the inequalities f;—1 + fi+1 — 2f; > 0(< 0) hold, the inter-
polating function is required to construct a convex (concave) function in the whole interval or
subinterval, according to need, this is called the convex interpolation. Because of the flexibility
of the rational cubic interpolation, this task can be carried out just by selected the suitable
values of the parameters «;, ;- The condition to be met by the parameters «;, 3; to keep the
shape of the given data is called the convex interpolating condition.

As done in Section 4, it is easy to get the conditions for the second-order derivative of the
interpolant function P(t) defined by (1) to be greater or equal to zero in [t;,t;41], it is the
following convex condition theorem.

Theorem 5.1. The sufficient and necessary condition for the rational cubic interpolation
function defined by (1) to keep convex in the interval [t;,t;+1] is that the parameters [;,a
satisfy the following conditions.

{ Bi(2fiv1 — 2fi — hidi — hidiy1) + ai(fiyr — fi — hid;) > 0, (21)
Bi(fi — fixr + hidiy1) + i (2f; — 2fir1 + hidiyy + hid;) > 0.

The related problem with Theorem 5.1 is that whether the parameters «; and f3; exist to
satisfy (21) such that the interpolation (1) keeps convex in the subinterval [¢;,¢;41]7 let

a’ = fiy1 — fi — hid;,
b* = fix1 — fi — hidigy,

the conditions (21) becomes

{ (a* +b*)Ai +a* >0, (22)

—b*); — (a* +b*) > 0.

If the inequality (22) has the solution A; > 0, there are some a; and f; to satisfy (21). The
following Theorem 5.2 is about the existence of the parameter ;.

Theorem 5.2. For the given {(fi,d;),i = 1,2,---}, there must exist the parameters a; >
0,8; > 0 for the interpolation function P(t) defined by (1) such that the interpolation function
P(t) keeps convex in the subinterval [t;,t;+1] except the following cases:

1) a* +b* <0 and a* <0; or

2) a* = —=b* <05 or

3) a* +b* >0 and b* > 0.

The correspoding sufficient and necessary conditions for cancave interpolation can be de-
duced similarly.
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