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Abstract

Let A be a real square matrix and VT AV = G be an upper Hessenberg matrix with pos-
itive subdiagonal entries, where V' is an orthogonal matrix. Then the implicit ()-theorem
states that once the first column of V is given then V' and G are uniquely determined. In
this paper, three results are established. First, it holds a reverse order implicit ()-theorem:
once the last column of V' is given, then V and G are uniquely determined too. Second, it is
proved that for a Krylov subspace two formulations of the Arnoldi process are equivalent
and in one to one correspondence. Finally, by the equivalence relation and the reverse
order implicit )-theorem, it is proved that for the Krylov subspace, if the last vector of
vector sequence generated by the Arnoldi process is given, then the vector sequence and
resulting Hessenberg matrix are uniquely determined.

Key words: Implicit Q-theorem, Reverse order implicit @-theorem, Truncated version,
Arnoldi process.

1. Introduction

It is well known [1] that for a general real square matrix A of order n there exists an
orthogonal matrix V = (v, vs,...,v,) such that VYAV = G is an upper Hessenberg matrix
with nonnegative subdiagonal entries, where the superscript T denotes the transpose of a vector
or matrix. This is called an upper Hessenberg decomposition of A. The implicit Q-theorem
states that if the subdiagonal entries of G are positive then such a decomposition is unique
once vy is given. That is, V and G are uniquely determined [4, 1]. For A symmetric, it can
be trivially proved in the same way that V' and G are also uniquely determined once the last
column vy, of V is given [4], where G now reduces to a symmetric tridiagonal matrix. This
is called the reverse order implicit @-theorem. The Hessenberg decomposition is a commonly
used tool in matrix computations. Its uniqueness is critical for efficiently implementing the QR
algorithm to solve the eigenproblem of A [1]. When A is symmetric, the reverse order implicit
@-theorem plays a central role in the QL algorithm [4].

In this paper, we generalize the reverse order implicit ()-theorem and its truncated version
to the unsymmetric case. It turns out that their proofs are nontrivial. Meanwhile, we prove
that for a Krylov subspace, two formulations of the process are equivalent and in one to one
correspondence. That is, let

AQm = QumHy + ey, (1)
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and

QZ%AQm = Hm: (2)
where e; is the ith column of the n x n identity matrix I,,, QT r = 0 and H,, is an upper
Hessenberg matrix with positive subdiagonal entries and Q,,, = (q1,¢2,- .-, ¢n) is orthonormal.

Then (1) is equivalent to (2). Using the above relations and the truncated version of the reverse
order implicit @)-theorem, we prove that for the Krylov subspace, @,, and H,, generated by
the Arnoldi process are uniquely determined if g, of the vector sequence is given. One of the
results in our paper plays a key role in characterizing a refined Ritz vector by polynomials [3].

Throughout, let A be an n x n real matrix and K, (q1,4) = span{q1, Aq1,..., A" tq1}
denote a m-dimensional Krylov subspace.

2. The implicit ()-theorem

Theorem 1 (the implicit Q-theorem [1]). Assume that both Q = (q1,¢2,...,q,) and
V = (v1,v2,-..,0,) are orthogonal matrices. Let

QTAQ=H and VYAV =G,

where H and G are upper Hessenberg matrices with positive subdiagonal entries. Then if v; =
q1, we have V =Q and G = H.

This theorem has the following two truncated versions.

Theorem 2. Assume that Q,, = (q1,¢2,..,qm) and Vi, = (v1,02,...,v,,) are both
orthonormal and satisfy

Q’;AQm = Hp, VTEAVm = Gn,

where Hy, and G, are m X m upper Hessenberg matrices with positive subdiagonal entries. If
vy = q1, then Vi, = Qu and G, = Hypy.

Theorem 3. Assume that Q., = (q1,92,.-.,qm) and V,, = (v1,va,...,0,,) satisfy the
Arnoldi process

AQm = QmHm+7“€%;,

AVy = ViuGp + fel,
where QL Q. = VIV, = L, QLtr = VI'f = 0, and H,, and G,, are upper Hessenberg
matrices with positive subdiagonal entries. If vi = q1, then Vi, = Qpn, Gy = Hy and f = .

3. The reverse order implicit ()-theorem

In this section we prove the reverse order implicit ()-theorem and its truncated version. To
this end, we need the following lemma.
Lemma 1. Assume that Q = (q1,qz2,...,qm) s orthonormal and QT AQ = H = (h;j) is

an upper Hessenberg matriz with positive subdiagonal entries. Let Q) = (qm, @m—1,---,q1) and
S Pon—1m cie e hig
hmmfl hmflmfl L] v hlmfl
H=
hsa  haa  hiz
ha1  hn

Then QTATQ = H is an upper Hessenberg matrixz with positive subdiagonal entries.
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Proof. Since Q = Q(em,em_1,-..,e1), we have by QT AQ = H that
hmm hmm—l

hmflm hmflmfl

Q'4Q = :
th h2m—1 e e hgl
hlm hlm—l e e h11
which gives that QTATQ —H. Obviously, the subdiagonal entries of H are positive. a

Theorem 4. All the assumption are as above. If v, = qp, then V = Q and G = H.
Proof. Let

V = Vien,n-1,---,€1)

(Unavn—la R 71}1)7

Q = Q(enaen—la"'ael) = (Qn:Qn—la---alh)-

By Lemma 1, we know VIATY = @ and QTATQ = H are upper Hessenberg matrices with
positive subdiagonal entries. On the other hand, since v,, = ¢, is the first column of V and of
@, we have from Theorem 1 that V = Q. Therefore, V = Q and G = H. |
Analogously, we can derive the truncated version of Theorem 4, i.e., the reverse order
truncated implicit @-theorem.
Theorem 5. The assumptions are as in Theorem 2. If vy, = qm, then V,, = Q,, and
G, = Hp,.

4. Uniqueness of the Arnoldi process in the reverse order

Given the m-dimensional Krylov subspace K,,(q1,A), the Arnoldi process generates an
orthonormal basis {¢; }* of the subspace [5]. Let Qmn = (q1,¢2,--.,¢m). Then the process can
be written in the matrix form

AQm = QmHy + 7“631, (3)

where H,, is an upper Hessenberg matrix with posive subdiagonal entries, and QL r = 0.
Premultiplying (3) by QY immediately gives

Q;[;,AQm = Hy, (4)

which is called the matrix representation of A in Ky, (g1, A) with respect to the basis {¢; }{.

For m < n, Theorem 3 says that once ¢; is given then @, and G,, in (3) are uniquely
determined. Naturally, we hope that for m < n there holds the reverse order version of Theorem
3, namely, given g¢,,, then @,, and H,, are uniquely determined. To do this, an important
problem to be solved is whether or not we can derive unique (3) from (4), i.e., whether or
not (3) and (4) are equivalent and in one to one correspondence. If the answer were positive,
we would conclude from Theorem 5 that if g, in (3) is given then @, and H,, in (3) can be
uniquely determined. It is trivial and direct to derive (4) from (3), as seen above. This is a
well-known fact in the field. However, it appears that no one has considered its opposite side:
if an orthonormal basis @, of K, (q1, A) satisfies (4), must @), be generated by the Arnoldi
process? The following theorem gives a positive answer to this question.

Theorem 6. Assume Q. = (q1,¢2,---,qm) to be an orthonormal basis of K (q1,A). If
QT AQn = Hy, is an upper Hessenberg matriz with positive subdiagonal entries, then AQ, =
QmH,, + el , where QL r = 0.
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TProof. By definition, 7, = Q,,QL is the orthogonal projector onto K,,(qi,A). Since
QmAQym = Hyp, and Aqi € Kpu(q1, A), we have

Aq = i Aq = QuQmAq = QpHner.
Therefore, we obtain from A%q; € K, (g1, A) that
Aq = A = AAq = T At Ag = QuQnAQumOnAq = QuHuHper = QuHyer.
Similarly, we can prove by induction that

Alqy = QmHle, i=3,4,...,m—1.
Define the matrix K,,(q1,4) = (q1, Aqi, ..., A™ 1q;). Then we get
Kn(q,4) = (Qmer, QuHner,...,QnH "))
= QmKn(er,Hp)-

Clearly, K,,(e1, H,,) is upper triangular, and we can verify that its diagonal entries are 1, ho;
ho1hsa, ..., horhss -+ - huypm—1, which all are positive. Hence K, (e1, H,;,) is nonsingular. There-
fore, we get by letting R = K, (e1, Hy,) ™!

1 r2 - Tim
0 ra2 -+ Tom
Qm = Kn(p,A)R  with R= | . e (5)
0 O T'mm
We now have from (5) that
Ag; € Km(qi, A),i=1,2,...,m — L. (6)

Noting that 7, is the orthogonal projector onto K., (g1, 4), we have

TmAq = Aq,i=1,2,...,m—1.
(L — ) AQm, = (0,0,..., (L, — 7)) Agim). (7)
On the other hand, it follows from Q} AQ,, = H,, and 7, = Q,, QL that
TmAQm = QmHp,. (8)

Let r = (I, — ) Agm. Then QL r = 0. Combining (7) with (8) yields
AQm - QmHm = (0, .. .,0,7‘) = T'e%,Qg;r =0.

This completes the proof. O

Now, since (3) and (4) are equivalent, we have proved by Theorem 5 the uniqueness of the
Arnoldi process and its reverse order form.

Theorem 7. The assumptions are as in Theorem 3. If v, = @, then V,, = Qu, Gy = Hp,
and f =r.

We see that Theorem 6 requires @), to be an orthonormal basis of &, (g1, A). This condition
is necessary. Otherwise, the assertion can be false, as shown below.
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Proposition Assume that Q. = (q1,42,---,qm) is orthonormal such that
Q’;AQm = Hm;

is an m X m upper Hessenberg matrixz with positive subdiagonal entries. Then the columns of
Qm may not be a basis of Kn(q1, A).

Proof. Suppose the assertion does not hold, namely, Qm must be an orthonormal ba-
sis of K,,(q1,A4). Then we know from Lemma 1 that if Qm = Qmem,m-1,...,€1) =
(¢m»Gm—1,---,q1) then QT ATQm = Hm, where H,, is an upper Hessenberg matrix Wlth posi-
tive subdiagonal entries. So Qum is an orthonormal basis of K, (gm, AT). It follows from

span{Qn} = span{Qm}

that
Km (lh , A) =Kn (Qm: AT)- (9)
In fact, (9) does not hold generally. For example, if
1 2 3
A= 2 31
0 4 0
and we take for m = 2
1
q1 = 0 )
0
then
1 1 0
’CZ (ql:A) = Spa‘n{ 0 ) 2 }7 q2 = 1
0 0 0
So
0 2
Kolge, ATy =span{| 1 |,] 3 [}.
0 1
It is easily verified that
Ka(q1, A) # Ka(gm, A, (10)
A contradication! O

5. Conclusion

We have considered the reverse order analogue of the implicit ()-theorem and of its truncated
version for the unsymmetric A, and we have proved that the Arnoldi process has such a property:
once the first or last one of the Arnoldi vectors is given, then the Arnoldi vectors and the upper
Hessenberg matrix are uniquely determined. In the meanwhile, we have shown that the two
formulations of the Arnoldi process are equivalent.

In recent years, the second author has proposed a refined Arnoldi method for large ma-
trix eigenproblems. The resulting algorithms are considerably faster than their conventional
counterparts [2, 3]. Theorem 4 of this paper was implicitly used for characterizing refined Ritz
vectors by polynomials for a Krylov subspace.
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